
Master’s Thesis

The Niels Bohr Institute

Magnetoresistance Peak and Commensuration Effects on
the Insulating Side of the Field-Driven
Superconductor-Insulator Transition

Author: Katrine Rasmussen
Supervisor: Charles M. Marcus
August 1, 2019





Abstract

The superconductor-insulator transition (SIT) in two dimensions (2D) is an archetypal
quantum phase transition, which has made it an intensively studied problem. In spite
of more than four decades of combined theoretical and experimental efforts, the topic of
superconducting transitions in 2D remains a lively field with greatly disputed questions.
Two of the most essential controversies regard the origin of an anomalous metallic be-
havior, which has been found to intervene the direct SIT in a number of experimental
studies, and the origin of a peak in the magnetoresistance (MR) on the insulating side of
the field-driven SIT. Both of these phenomena are in disagreement with the conventional
SIT framework. An obstacle of this field is posed by the great complexity of the systems
in which the superconducting transitions are observed, combined with the limited control
of experimental parameters in the traditional systems for studying SITs.

In this work, superconducting transitions in 2D, driven by perpendicular magnetic
field and dissipation, in the form of reduced carrier density, were investigated in an in-
novative and greatly unexplored platform, which offers a high degree of control. The
system consists of a shallow 2DEG residing in an InAs/InGaAs-hetorostructure, proxim-
itized by a thin layer of epitaxial aluminum, patterned to form a regular array of square
islands, of area 250 × 250 nm2, covered with a global top gate, providing in situ control
of the Josephson coupling, EJ , between islands. This platform was found to exhibit
both the disputed anomalous metal regime and magnetoresistance peak, along with the
well-understood commensuration effects characteristic of artificially patterned systems.
Evidently, the system studied here makes for a promising candidate for providing answers
to some of the long standing questions regarding SITs in 2D. Results from a similar ex-
periment on larger islands, of area 1µm2, were recently published by Bøttcher et al. [1].
The experiment presented in this thesis was designed to investigate the effect of charging
physics in a low-capacitance array in comparison to the results of Ref. [1]. Increasing the
charging energy of the islands, by roughly a factor of 16 as compared to Ref. [1], released
an intriguing regime in which the competition between EJ and EC was extremely close,
giving rise to an interesting interplay between single-particle and many-particle physics.
This interplay manifested itself in the simultaneous observation of a magnetoresistance
peak and the reentrant superconductivity on the insulating side of the field-driven SIT, at
commensuration filling factors f = 1/2 and f = 1. An observation which provides strong
evidence that the MR peak in this system is governed by superconducting correlations.
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1
Introduction

1.1 Why Study Superconductor-Insulator Transitions in Two
Dimensions?

Phase transitions, in general, are interesting to physicists, as they reveal details about
the microscopic properties of the given material undergoing a phase transition. Once
a material is well understood, its accessible phases and their mutual transitions should
be predictable from the associated theoretical model. To an outsider of the field, the
expression superconductor-insulator transition might not sound like an overwhelmingly
interesting physics problem; afterall, we1 know what both a superconductor and an insu-
lator is, so how can the transition between such two phases be of much interest? While
we do know the defining characteristics of these two phases of matter, we do not yet
understand the mechanisms behind superconductivity entirely, and likewise we are only
able to fully describe the simple case of an ideal insulator.

In fact, the existence of materials that can possess both superconducting and in-
sulating properties came as quite a surprise which lead to an intense effort to verify it
experimentally and explain the underlying mechanism theoretically [2]. To complicate
the situation further, the superconductive and insulating phases may arise in a great
variety of material systems, which all seem to influence the character of these phases.
Hence the wealth and depth of this problem is almost incomprehensible. As a result

1Referring to humanity.

1



Chapter 1. Introduction 2

of this complexity, the mechanisms behind the destruction of superconductivity in the
superconductor-insulator transition (SIT) remains one of the unsolved problems of con-
densed matter physics, in spite of more than four decades of dedicated experimental and
theoretical efforts.

The overall motivation for the work presented in this thesis has been to gain a deeper
understanding of the nature of superconductivity in a class of material systems which are
promising candidates for the hardware of a topological quantum computer. Obtaining a
solid understanding of the mechanisms behind the superconductivity in these material
systems and its transition to an insulating phase is a necessary step towards gaining bet-
ter control over the behavior of the material systems.

The following section is aimed at the reader who is familiar with condensed matter
physics. The reader who is unfamiliar with the concepts of superconductivity and semi-
conductor heterostructures is referred to Chap. 2, where an introduction to these concepts
is given.

1.2 The Choice of Josephson Junction Arrays as the Plat-
form for Studying SITs

Initially, the material systems for studying SITs consisted of thin films of superconducting
metal, either uniform or granular [3]; to date, studies of these systems still represent the
vast majority of SIT-studies. In these thin-film studies, the experimental parameters for
driving the system through an SIT consist of the variation in film thickness and grain
size respectively, along with increasing disorder and applied magnetic field. The phase
occurring upon the destruction of 2D superconductivity is not necessarily an insulator;
for many studies of superconducting transitions in 2D, the observed transition has rather
been to a metallic state or an SIT with an intervening metallic phase. However the
orthodox belief in the impossibility of a low-temperature metal phase in 2D electron
systems due to electron localization at low temperatures, has led to the expectation that
any non-superconducting terminal phase would necessarily be an insulator. As a result
the term SIT has been used predominantly to refer to a superconducting transition in 2D,
even in the case of a superconductor-to-metal-transition (SMT). An alternative system
for studying superconducting transitions in 2D, which has gained increasing attention,
is the 2D Josephson junction array (JJA). It has proven very hard and maybe even
impossible to produce truly uniform homogeneous thin films of superconductors [4–6],
hence most reported studies of superconductivity in thin films have been performed on
either granular or disordered homogeneous films, in which the superconducting order
parameter is predicted to be inhomogeneous, as shown by Efetov [7]. Both cases are
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presumably better described by a JJA theory than by a continuum theory.
2D JJAs provide a convenient platform for investigating superconducting transitions

as they simulate both thin granular films and critically disordered homogeneous films of
superconducting material, while at the same time allowing for greater control of various
parameters [8]. In the JJA experiment the two competing energy scales EC and EJ , of
respectively single-electron and many-electron physics, can be controlled and calculated
to high precision. EC is the charging energy; describing the energy cost of transfering an
electron between neighboring neutral islands [9]

EC =
e2

CΣ
, (1.1)

where e is the elementary charge and CΣ is the sum of the island’s capacitance to ground,
C0, and the junction capacitances, C, to the neighboring islands. For a square 2D array
in the limit C0 � C, CΣ is estimated by CΣ ≈ 1

2(C0 + 5C) and in the limit C � C0

the exact value CΣ = 2C is obtained for an infinite array [9]. In most JJA studies the
relation C � C0 applies; thus the charging energy is commonly taken to be EC = e2/2C,
see e.g. the review article by R. Fazio and van der Zant [10]. It should be noted that this
limit does not apply to the JJA studied here, as we will return to shortly. Capacitance
is a geometric property which origins from the mutual Coulomb repulsion of electrons;
it is directly proportional to the size of the conductor 2. Thus reducing the size of the
superconducting islands will increase the charging energy, hereby emphasizing the role of
Coulomb physics in the problem.

The Josephson energy, EJ , is associated with the tunneling of Cooper pairs 3 between
neighboring islands. EJ is governed by the ratio between the strength of the supercon-
ducting state in the islands, which is described by the superconducting gap ∆, and the
normal-state junction resistance, RN , which will dissipate the tunneling of Cooper pairs,
thereby leading to phase decoherence between the islands. EJ is given by

EJ =
Φ0Ic
2π

(1.2)

' 1

2
· h

(2e)2
· ∆

RN
, (1.3)

where the junction critical current, Ic, has been approximated by the Ambegaokar-
Baratoff value (Eq. 2.13 ), which neglects charging effects and thermal fluctuations.

The competition between EC and EJ is at the heart of the physics problem studied
here, as this competition can drive a quantum phase transition between superconducting
and insulting phases. Due to the particle-wave duality inherent to quantum mechanical

2Roughly speaking capacitance is a measure of ’how many electrons can be fit onto the conductor’
3The bound state of two electrons, responsible for the supercurrent.
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objects, the number of Cooper pairs, N , on an island and the phase, φ, of the macro-
scopic collective wavefunction they form, i.e. the superconducting orderparameter, on
the island are complementary variables (i.e. they are non-commuting) [11, 12]. Thus the
uncertainties of N and φ must satisfy Heisenberg’s uncertainty principle which in this
case has the form [12]

∆N∆φ ≥ 1

2
, (1.4)

stating that N and φ cannot simultaneously be well-defined variables. In order to main-
tain a superconducting coupling between neighboring islands, the phase difference be-
tween the islands must be constant, hence φ must be the well-defined variable, whereby
∆N is increased. This indefiniteness of the number of charges on the islands leads to an
effective charging of the islands. Thus if EC is increased by decreasing the island size,
∆N will be suppressed, whereby the fluctuations of φ are increased, eventually leading to
the quenching of the superconducting coupling [9, 11]. In 1994 Elion et al. [12] published
an experimental demonstration of Heisenberg’s uncertainty principle for the number of
Cooper pairs and the phase of the macroscopic wavefunction in a single superconducting
island.

Summarizing the above, the combination of controllable fabrication and a simple
theoretical model, makes for a strong advantage of the JJA system.

Proximity Induced 2D JJA with in situ Control of EJ

In a conventional 2D JJA the junctions consist of overlapping areas of the superconduct-
ing islands, separated by a non-superconducting material, e.g. oxide or normal metal. In
this way the junctions of conventional JJAs resemble small parallel-plate capacitors, with
superconductors as the conducting plates. The characterizing capacitance of a conven-
tional JJA is the junction capacitance, C, rather than the self capacitance of the islands,
C0. Hence the relevant expression for the charging energy of the conventional 2D JJA is
EC = e2/2C. For conventional JJAs the relationship between the self-capacitance, C0,
and the junction-capacitance, C, is generally described by C � C0 whereas the relation-
ship C � C0 is more appropriate for granular films, which have a short-range Coulomb
interaction [10]. For the proximitized JJAs studied in this thesis the relationship is
estimated to be C . C0. However for proximitized JJAs the relevant characterizing
parameter of the junctions is the normal-state junction-resistance, RN , rather than the
junction-capacitance.

The proximity induced JJA studied in this thesis, sketched in Fig. 1.1, consists of a



5 1.2. The Choice of Josephson Junction Arrays as the Platform for Studying SITs

250 nm

Al

InGaAs

C0
EJ

RN

C

Vortex pinning-potential 

Tunnel  junctions

Fig. 1.1. Proximitized semiconductor JJA. A sketch of the proximitzed JJA,
with labeling of the characterizing parameters along with the most essential fea-
tures of the JJA. Since aluminum is a type-I superconductor, magnetic flux pen-
etratiting the sample in the form of vortices, will be expelled from the islands.
The field-induced vortices will experience an egg-crate-like potential with minima
at the corners of the square islands; these potential minima are referred to as the
vortex-pinning potential. The data presented in this thesis was taken on a JJA
with square islands, 250× 250 nm2 separated by 60 nm.

regular two-dimensional array of square aluminum islands on top of an InAs semiconduc-
tor heterostructure. Due to the shallowness of the two-dimensional electron gas (2DEG)
in the InAs heterostructure, combined with the pristine surface between the supercon-
ductor and the semiconductor, which is obtained by growing the aluminum directly on
the surface of the InAs heterostructure in the molecular beam epitaxy system (MBE),
the 2DEG inherits some of the superconducting properties of the aluminum. This phe-
nomenon is called proximity induced superconductivity and the mechanism behind it is
the process of Andreev reflections, which is briefly described in Sec. 2.2. The resulting
system is a regular array of proximity induced islands of 2DEG with superconducting
properties embedded in a normal metal, i.e. the non-proximitized 2DEG 4, which can be
described as a JJA consisting of unconventional SNS-junctions as illustrated in Fig. 3.2.
In this sense the system, studied here, bears greater resemblance to a thin granular super-
conducting film than it does to a conventional JJA. Aluminum is a type-I superconductor,
which will expell an applied magnetic field until the critical field is reached, however due
to the array pattern, an applied magnetic field can enter the array in the areas which
are not covered by aluminum; as such, on a length scale large compared to the junc-

4A 2DEG in zero magnetic field is essentially a 2D metal.
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tion size, the the proximity induced JJA can be viewed as a homogenous, weak, type-II
superconductor [6].

In an SIT experiment, the key difference, between the gated proximitized JJA and
a conventional JJA, is the experimentalist’s ability to tune the parameter x = EC/EJ

in situ during the experiment. This knob is enabled by an electrostatic gate, providing
control of the carrier density in the 2DEG, which in turn governs RN , thereby tuning
EJ .

In spite of the advantages of the gated proximitized JJAs as a platform for studying
SITs and related phenomena, only a limited number of studies in these kind of systems
have been reported. To the knowledge of the author, the only reported experiments on
superconducting transitions in gated proximitized JJAs were performed by Han et al.
[13] in 2014 and Bøttcher et al. [1] in 2018. In Ref. [13] superconducting transitions
were investigated in a back-gated hybrid tin-graphene JJA. In Ref. [1] the system for
studying the superconducting transitions closely resembled the JJA investigated in this
thesis 5. A similar use of gate-voltage for tuning the carrier density was applied in a 2005
study of homogeneously disordered (amorphous) ultra-thin bismuth films by Parendo et
al. [14]. In 1996 Rimberg et al. [9] observed a dissipation-driven SIT in an array of
square Al-islands, capacitively coupled to a back-gated GaAs-hetorostructure. However
since there was no proximity induced superconductivity in the 2DEG, the system studied
by Rimberg et al. [9] poses a different physics problem than the one studied here.

This thesis presents an investigation of the electrodynamical response of a low-
capacitant proximitzed JJA to changes in the controllable parameters: temperature,
T , gate voltage, VG, and applied perpendicular magnetic field, B⊥. The motivation
for focusing on the behavior of small-island arrays, was the question of how charging
effects would affect the character of the SIT, in comparison to the previous work from
our research group, performed on large-island arrays on the same type of semi-super-
conductor hybrid, reported in Ref. [1]. The island-area of the arrays studied in Ref.
[1] was 1µm2, a factor of 16 larger than the area of the islands studied in this thesis.
Assuming that the dielectric constant of the insulator and the spacing between the topgate
and the Al-islands is the same in these two samples, then EC of the array studied here is
16 times greater than that of Ref. [1]; a difference which is expected to drastically alter
the physics of the studied problem.

5The measurements were even performed in the same dilutional refrigerator at Center for Quantum
Devices.



2
Theory

This chapter is dedicated to familiarize the reader witht the most essential concepts
necessary for understanding the method and results presented in this thesis. The level
is aimed at physics students and other inquisitive beings who are unfamiliar with the
topic of condensed matter physics, in particular superconductivity and superconducting
transitions. However subsections are generally on a higher level and are aimed at the
familiar reader. Since the dimensionality is essential to the physics problem studied in
this thesis, we will start by explaining the experimental realization of a two-dimensional
system.

2.1 Two Dimensional Electron Gas

The world we live in has three spacial dimensions and yet the experiment presented in
this thesis was performed in two dimensions. Strictly speaking a two dimensional system
is a purely mathematical concept. However many interesting phenomena arise in theo-
retical models of two- and lower-dimensional particle systems, phenomena which do not
exist in three dimensions. As one of humanity’s many accomplishments of shaping and
taming the nature of our world1, techniques have been developed for engineering sophis-
ticated particle systems which effectively simulate a two-dimensional world. The overall
concept of these techniques is to restrict the motion of particles in the vertical dimen-

1for better or worse.

7
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sion, z, while leaving their motion in the horizontal (x, y)-plane unrestricted, effectively
rendering the system two-dimensional. Such a two-dimensional (2D)system is referred to
as a 2D electron gas (2DEG) or a 2D hole2 gas (2DHG), depending on the nature of the
charge carriers. The following description is restricted to 2DEGs as the work presented
here utilized a 2DEG.
There are different ways of realizing a 2DEG. Relevant to this thesis are two techniques
based on the phenomena of surface inversion layers in semiconductors3 and semicon-
ductor heterostructures respectively. Common to both systems is the utilization of the
phenomenon of band bending to create a so-called quantum well in the growth direction, z,
in which the charge carriers - elctrons in our case - are trapped. Due to the particle-wave
duality of electrons4, the constriction in the vertical dimension leads to standing waves
with a discrete energy spectrum in the z-direction and a free electron gas (i.e. continuous
energy spectrum) in the xy-plane. The electron gas can only be considered truly 2D, if
all the trapped electrons reside in the lowest-energy state of the quantum well. How this
is ensured, will be explained in brief detail below.

The material system studied in this thesis is a heterostructure, but the quantum
well in which the 2DEG resides is placed unconventionally close to the surface making it
reminiscent of a surface inversion 2DEG.

2.1.1 Surface Inversion 2DEG

As the name implies a surface inversion 2DEG is a phenomenon related to the surface
physics of the material. At the surface of a crystalline structure the translational sym-
metry is broken, leaving unsaturated bonds dangling as illustrated in Fig. 2.1a. In this
situation it is energetically favorable for the surface atoms to rearrange and form bonds
with neighboring atoms, see Ihn [17], ch. 5, or Kittel [15], ch. 17. This reconstruction
of the surface leads to different unit cells in the top-layer(s)5 and the creation of bound
surface states in the forbidden energy gap between the valence and conduction band of
the bulk6 semiconductor. These surface states introduce a difference between the Fermi
energy of the bulk and the surface. The Fermi energy is the chemical potential of the
electron system and is often labeled µ. In order to establish equilebrium, the Fermi ener-
gies must be aligned, resulting in a charge transfer between surface and bulk. The uneven
charge distribution induces electric fields which bend the energy bands, the so-called band

2A hole can be understood as the lack of an electron; as such it carries a charge of +1e. For a further
introduction to the concept of holes, please refer to Kittel [15].

3A semiconductor is neither a conductor, nor an insulator, it is a type of intermediate material class,
which acts as an insulator up until a certain amount of applied voltage after which it turns conducting.

4For a pedagogical introduction to the basic principles of quantum mechanics I refer the unfamiliar
reader to the textbook classics by Griffiths [16].

5The surface usually consists of the three top-most atomic layers.
6The term bulk is synonymous with the interior of the material.
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bending effect. If donors are added to the material, the amount of freely moving charge
carriers will increase, leading to a greater imbalance in the charge distribution, which
in turn leads to an increased bending of the bands. The alignment of the bulk Fermi
energy with the surface Fermi energy is called Fermi level pinning. It should be noted
that strictly speaking the Fermi energy and the Fermi level are not identical quantities.
The Fermi level is the electrochemical potential of the electron system, and often labelled
by EF or εF .7

……

…

Surface

Bulk

Dangling bonds

(a) Crystal surface (b) Band bending effect

Fig. 2.1. Surface inversion 2DEG. (a) When the translational symmetry of
the crystal is broken at the surface, dangling unsaturated bonds arise. The surface
atoms rearrange in order to saturate the dangling bonds, hereby creating surface
states that differ from the bulk states. (b) Surface states (not drawn) introduce
electric fields that bend the energy bands. For a hole (p)-doped semiconductor the
bands are bend downwards and vice versa for an electron (n)-doped semiconductor.
The sketch illustrates an example of hole-doped InAs, in which the doping has
been sufficient to bend the conduction band below the Fermi energy (chemical
potential), µ, at the surface, hereby creating an inversion layer 2DEG. Figure (b)
is reprinted with permission from the PhD thesis of M. Kjaergaard [19].

An example of a surface inversion 2DEG is illustrated in Fig. 2.1. In a hole-doped
semiconductor, the band bending effect results in a downwards bending of the band edges
at the surface. As a result the majority of charge carriers at the surface is electrons, as
opposed to the bulk where the charge carriers are holes. Hence the name inversion layer.

The surface inversion 2DEG has long been a popular choice for the study of prox-
imity induced superconductivity at super-semiconductor interfaces, owing to the natural
formation of the 2DEG at the semiconductor surface, which allows for direct contact
between the superconductor and the electron gas [19]. The transfer of superconducting
properties, from the superconductor to the 2DEG, is highly dependent on the proxim-
ity of the two. However many other factors are of importance to the quality of the

7In condensed matter physics there is a long-lasting confusion concerning the Fermi energy, µ and the
Fermi level EF , which has led to the two designations being used more or less interchangeably. For a
clarification of this confusion please refer to Sec. 3.1. of Apertet et al. [18].
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proximity-induced superconductivity, e.g. the quality of the interface and the mobility
of the carriers in the 2DEG. A disadvantage of the surface inversion 2DEG is the low
carrier mobility, due to the proximity to the surface. A material surface will always be
associated with disruption of the periodic ordered potential as compared to the bulk; a
disruption which leads to a decrease in carrier mobility. A low mobility of the 2DEG
will cause a fast decoherence of the electron wavefunctions which in turn will weaken the
proximity induced superconductivity [19]. The concept of proximity effect is elaborated
in subsection 2.2.5 and subsection 3.1.1. An improvement of the 2DEG mobility can be
achieved by burying the quantum well deeper below the surface, which is enabled by the
technique of growing semiconductor heterostructures.

2.1.2 Heterostructure 2DEG: Engineering of an Electrical Potential
Landscape

2DEGGaAs

Silicon donors
AlGaAs

2D Electron GasG
ro

w
th

 d
ire

ct
io

n

(a) (b)

Fig. 2.2. Heterostructure 2DEG GaAs/AlGaAs heterostructure. (a) The
material stack. (b) The potential landscape formed in the conductance band of
the semiconductor-structure. The dotted line labeled εF marks the Fermi level, i.e.
the chemical potential, of the semiconductor. This heterostructure has a triangular
quantum well at the interface of the two different semiconductor compounds.

A heterostructure is a multi-layered stack of semiconductor heterojunctions8, grown
atomic layer by atomic layer in a molecular beam epitaxy (MBE) system. When engi-
neering these semiconductor heterostructures the art is to choose compounds which have
matching lattice constants and crystal structures, while having different band gaps. A
mismatch in the lattice constants or crystal structures will create strain and potentially
dislocations in the material, leading to a reduction of the carrier mobility in the 2DEG.

8hetero refers to the junction of two different semiconductors.
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Due to the alignment of the chemical potential of the materials, joining together semicon-
ductors of differing band gap sizes, creates a potential landscape in the growth direction
of the material, with hills and valleys forming in the conduction band, as illustrated in
Fig. 2.2. Through the process of quantum mechanical tunneling the charge carriers, in-
troduced by remote modulation doping, will wander9 through this landscape until they
fall into the deepest energy valley - the quantum well. The shape of a heterostructure
quantum well (QW) can be approximated by either a square or a triangle. When the
material hosting the 2DEG is layered between materials of equal sized band gaps 10,
the resulting shape of the QW will be square-like. A triangular QW results when the
band structure surrounding the QW is asymmetric, i.e. when the 2DEG-hosting material
is enclosed by materials of unequally sized band gaps, as in Fig. 2.2. It applies to all
heterostructures that a QW is only realized when the band gap of the 2DEG-hosting
material is smaller than that of the neighboring materials.

The density of the 2DEG can be controlled by doping. Doping is the process of
exchanging a small fraction of the elements of the semiconductor compound with an
element belonging to another group of the periodic table, i.e. the doping atom either
has an excess (or a shortage) of valence electrons as compared to the element it replaced.
These incommensurate electrons (or holes) are donated to the gas of free carriers, hence
increasing the density of the 2DEG (2DHG).

Likewise sophisticated methods of material engineering and processing have been
developed to enable the fabrication of zero- and one-dimensional systems. A further
introduction to the concept of semiconductors, band gaps and crystal structures is beyond
the scope of this thesis, instead the unfamiliar reader is referred to the introductory
textbooks by Kittel [15] and Ihn [17]. While the technique of realizing a 2DEG facilitated
the experimental platform for the work presented in this thesis, the lead role of the
problem was played by superconductivity.

2.2 Superconductivity

Superconductivity is the phenomenon of a material exhibiting zero electrical resistance
combined with the exclusion of magnetic flux fields, the so called Meissner effect. It is a
state of matter (a phase), which some materials can transition into when the temperature
is decreased below a critical temperature, Tc, as depicted in Fig. 2.3. This threshold
temperature is a material specific parameter, which for the classical or so called low-

9Actually they will take the shortcut, tunneling directly through all the potential barriers, as if a
mountain tunnel had been dug for them. You can say that the mountain tunnel is the principally infinite
extension of the wavefunction, which however falls off exponentially with distance, making it more and
more unlikely for the particle to tunnel, the further the distance is.

10Usually it will be the same material on both sides.
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(a) Schematic illustration.

.

(b) Experimental data.

Fig. 2.3. Critical Temperature. In a superconducting material the resistivity
abruptly drops to zero upon lowering the temperature below Tc. (a) Schematic
illustration of the temperature dependency of the resistivity of a normal metal vs.
a superconductor. (b) Original data from the 1911 discovery of superconductivity
by H. K. Onnes, showing that Mercury (Hg) turns superconducting below 4.2
degrees Kelvin. The handwritten graph is from lab notebook nr. 56 of H.K.
Onnes and borrowed from the Physics Today feature article by van Delft and Kes
[20]11.

temperature superconductors is below 77K (the boiling point of liquid Nitrogen). For
this reason superconductivity was discovered relatively late on in the history of physics;
only after the techniques for achieving such low temperatures had been developed—
achievements which are both ascribed to the Dutch scientist H.K. Onnes in the early
1900s.

It was not until more than 20 years after the discovery of the first defining charac-
teristic of superconductivity, i.e. zero electrical resistance, that the other defining char-
acteristic of superconductivity was discovered. In 1933 W. Meissner and R. Ochsenfeld
found that the induced magnetic field, B, in the interior of a superconducting mate-
rial is always12 zero, regardless of whether the external magnetic field, H, is applied
prior or subsequent to the onset of superconductivity. It is this defining character of
superconductivity which distinguishes a superconductor from a perfect conductor13. The

11A warm recommendation is given to read this article. It demonstrates the great importance of
careful and clear documentation when performing experimental work and gives an exciting peek into the
discovery of one of the most exotic physics phenomena.

12As long as the field strength is below a certain critical field value, Hc.
13In the case of a perfect conductor, applying a magnetic field prior to cooling below Tc, would lead to

trapping of the magnetic flux, since a perfect conductor would resist the change in magnetic field, and
hence generate currents to maintain the magnetic flux, after the applied field was turned off.
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microscopic mechanism behind the Meissner effect is perfect diamagnetism [21]; induced
currents on the surface of the superconductor screens an applied magnetic field from the
bulk. This screening can only withstand a certain strength of magnetic flux; thus above
the critical field, Hc, superconductivity breaks down. Just like Tc, the critical field is a
material-specific property. Since currents induce magnetic fields, superconductors also
have a critical current, Ic, above which superconductivity is destroyed.

2.2.1 Type II Superconductivity and Field-Induced Vortices

In fact, not all superconductors are perfect diamagnets. Some superconductive mate-
rials, called type II superconductors, can allow for a certain amount of magnetic flux
penetrating, before the breakdown of superconductivity. Type II superconductors have
two critical fields: the lower value, Hc1, at which the partial penetration of magnetic flux
is introduced and the upper value, Hc2, at which superconductivity in the material breaks
down [21]. This difference between type I and type II superconductors is illustrated in
Fig. 2.4.

Fig. 2.4. Critical Field. Flux penetration, B, as a function of applied magnetic
field, H. Type II superconductors have an intermediate regime between Hc1 and
Hc2, where partial penetration of the applied field is allowed. At Hc1 exactly one
magnetic flux, Φ0, penetrates the superconductor. The phase between Hc1 and
Hc2 is called the mixed phase or Shubnikov phase. Figure adapted from Tinkham
[21].

When a magnetic field enters a type II superconductor, it does so in the form
of a vortex. Such a vortex consist of a normal core—a region in which the supercon-
ducting properties are lost—encircled by supercurrents which concentrate the magnetic
flux towards the core [21]. Each vortex accommodates a single magnetic flux quantum,
Φ0 ≡ h/2e. This quantization of the magnetic flux gives rise to an initial jump in the
induced magnetic field, B, at Hc1; as the first vortex is allowed to enter the superconduc-
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tor (note that this jump is exaggerated in Fig. 2.4). Vortices can be treated as quantum
mechanical particles; they are commonly believed to obey Bose-Einstein statistics, i.e.
they are usually treated as bosons. Their presence and motion has a great impact on
the electrodynamic properties of the host superconductor [22]; hence vortices play an
important role in the topic of superconducting transitions, as we will see in Sec. 2.3.

The defining line between type I and type II superconductivity is given by κ = 1/
√

2.
κ is the Ginzburg-Landau (GL) parameter, a dimensionless ratio which is approximately
independent of temperature, when T ∼ Tc,

κ =
λ

ξ
. (2.1)

Here λ is the penetration depth of an applied magnetic field and ξ is the GL coherence
length. We are jumping a bit ahead here, and will return to a more in depth discussion
of these parameters in the subsequent section. For now, we will just ascertain that type
I superconductors are classified by κ < 1/

√
2 and type II by κ > 1/

√
2. Thus for type II

superconductors ξ . λ—it is this relationship which makes it energetically favorable for
a type II superconductor to allow for partial penetration of an applied magnetic field.

2.2.2 Ginzburg-Landau Theory

While a useful phenomenological model of the electrodynamics of superconductors was
presented by the London brothers as early as 1935 [23]—the London equations—it was not
until the ’50s that explanatory theories were developed; shedding light on the mechanisms
behind superconductivity. The GL theory (which introduced the parameter κ given by
Eq. 2.1) was the first such explanatory theory. Presented by V. Ginzburg and L. Landau
in 1950 [24], this theory introduced a complex order parameter for the superconducting
state

Ψ(r) = |Ψ(r)|eiφ(r) , (2.2)

where φ(r) is a quantum mechanical phase and the modulus |Ψ(r)| is related to the local
density of the anticipated superconducting electrons, ns; which had been introduced
phenomenologically in the London equations,

|Ψ(r)|2 = ns . (2.3)

Later, Ψ(r) was interpreted as a wavefunction of the superconducting electrons and to-
day this pseudo-wavefunction order parameter serves as an intuitive and useful tool, when
describing the interaction of a superconducting state with its surroundings. GL theory
reduces to the London theory, when spatial variations of ns can be neglected [21]. The
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coherence length, ξ, as introduced in Eq. 2.1, is the characteristic length scale of spa-
tial variations of Ψ, hence it provides a measure of how far the phase correlated state
can extend into a non-superconducting region, as illustrated in Fig. 2.5. In GL theory
the coherence length is derived from the first Ginzburg-Landau equation, a differential
equation for Ψ; analogous to the Schrödinger equation for a free particle but with the
addition of a nonlinear term (please refer to Eq. (1.16) of Tinkham [21] or Eq. (26.4.12)
of Solyom [25]). This derivation leads to a characteristic length,

ξ(T ) =
~

|2m ∗α(T )|1/2 (2.4)

where m ∗ is the mass of the superconducting electrons (which we will later learn is
twice that of the electron mass), and α(T ) is an expansion coefficient from the GL wave
equation. α(T ) vanishes as (T − Tc); thus ξ(T ) diverges as (Tc − T )−1/2. For a pure
superconductor, at very low temperatures, ξ(T ) can be approximated by the temperature-
independent Pippard coherence length, ξ0, of the London theory,

ξ(T � Tc) ≈ ξ0 = a
~vF
kBTc

(2.5)

where a is a numerical constant which was experimentally fitted to be a = 0.15 and
later shown to be given by a = 0.18 in the microscopic theory developed by Bardeen,
Cooper and Schrieffer (BCS), which we will return to in subsection 2.2.3. In 1953 Pippard
deduced the existence of this coherence length based on the argument that the transport
of superconducting electrons should have a characteristic length scale analogous to the
mean free path, `, in the nonlocal electrodynamics of normal metals. The definition of
ξ0 given by Eq. 2.5 can be derived from an estimate based on the uncertainty principle
for the position and momentum of quantum mechanical particles, ∆x∆p & ~. Assuming
that the electron states of relevance to superconductivity are within ∼ kBTc of the Fermi
energy, EF ; then the momentum of these particles is confined to the range ∆p ∼ kBTc/vF ,
where vF is the Fermi velocity, thus leading to

∆x & ~/∆p ∼ ~vF /kBTc (2.6)

Taking the uncertainty in position, ∆x, as an estimate of the coherence length leads to
Eq. 2.5.

GL theory provides a useful framework for treating and understanding supercon-
ductivity in a simple way. For this reason it is still used for many practical purposes,
although it is less accurate and complete than the microscopic BCS theory. While GL
theory is only concerned with the superconducting electrons, the BCS theory explains
the existence of an energy gap—which, since the mid ’40s, had been anticipated to be at
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the heart of the phenomenon of superconductivity—and it comprises the excited states
above this gap. Thus GL theory falls short when it comes to more complex problems,
especially those where excited states play an important role.

λ(T)

ξ(T)
|Ψ|2 = ns

H

NormalSuperconducting

Interface, x=0 

x

B (x)

Fig. 2.5. Penetration depth and coherence length of a superconductor.
At the interface between a superconductor and a normal metal the superconduct-
ing correlations will extend into the normal region, for a distance governed by the
coherence length, ξ(T ), as discussed in the main text. In the case of an applied
magnetic field, H, an interfacial layer will form at the surface of the supercon-
ductor, in which a partial penetration of the field is allowed. The thickness of
this interfacial layer is called the penetration depth and denoted by λ(T ). An
elaborate description of λ is postponed to subsection 2.2.3 on BCS theory, as this
will provide us with some useful concepts for giving an intuitive explanation of the
penetration depth. This sketch shows an example where ξ > λ⇒ κ < 1, hence it
illustrates type I superconductivity. Figure adapted from Tinkham [21].

2.2.3 BCS Theory

In 1957 Bardeen, Cooper and Schrieffer presented their groundbreaking microscopic the-
ory of superconductivity [26], in which the superconducting electrons, that had been
phenomenologically introduced by previous theories, were shown to be bound pairs of
electrons with energies E . kBTc. These bound pairs are called Cooper pairs and were
initially introduced by L. N. Cooper in 1956; he showed that the Fermi surface of the elec-
tron gas is unstable to electron bound pairs with opposite momenta and spins, (k ↑,−k ↓),
for any finite attractive interaction, −V , however small it might be. The concept of at-
traction between two mutually repelled electrons is somewhat counterintuitive and calls
for a physical picture to guide our intuition. While the electrons do experience a strong
repulsive force (the Coulomb force), they also interact with the positively charged ions
on the lattice cites as they move through the lattice; it is this interaction which leads
to an effective attraction between the free electrons. The first electron polarizes the
medium by attracting the positive ions and because the frequency of the lattice vibra-
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tions (phonons) is much lower than that of the electrons, the second electron will still
’see’ an accumulation of positive charges, long after the first electron has moved on [21].
Hence the electrons avoid their mutual Coulomb repulsion by being displaced in time
[27]. This is the so called electron-phonon coupling which explains one form of super-
conducting pairing. Other pairing mechanisms exists but it is outside the scope of this
thesis to describe them. In theoretical treatments of the problem, this phonon-mediated
attractive electron interaction only results when higher order terms, which account for
the motion of the lattice ions, are included. These terms had previously been discarded,
due to their negligible size, which was the main reason why the microscopic theory of
superconductivity was so long in coming.

-Δ0Δ

DOS

E

a b Δ

TTc

Nnormal

Fig. 2.6. The energy gap. (a) The density of states (DOS) of the excited
states of a superconductor as a function of the energy. The DOS of the Cooper-
pair condensate can be pictured as a delta function at E = 0. For |E| � |∆|
the superconductor DOS asymptotically approaches the DOS of a normal metal,
Nnormal (marked by the horizontal dashed line). At the edges of the energy gap the
superconductor DOS diverges; this feature is called the coherence peaks and can
be understood as the piling up of normal states with |E| < |∆|, which have been
expelled from the gap. A blue color-fill has been added to the ’right side’ of the
DOS, in order to illustrate that these states are occupied (since they reside below
the Fermi-level at E = 0). (b) The superconducting gap is reduced with increasing
temperature, until it vanishes at Tc. In terms of the DOS this suppression of ∆ is
caused by the expelled states gradually repopulating the gap, leading to a flattening
of the coherence peaks and filling of the gap, until the DOS takes the form of a
normal metal at T ≥ Tc.

The Energy Gap and The Cooper-Pair Condensate

Since a bound pair of two electrons—which are fermions and hence have half-integer
spins—has an integer spin of either S = 0 (singlet state) or S = 1 (triplet state), Cooper
pairs are bosons; as such they can condense into the same quantum ground state14.
The lowest possible energy configuration, i.e. the ground state, is that in which all the

14For fermions such a condensation is prohibited by Pauli’s exclusion principle.
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Cooper pairs have aligned their vibrations with the lattice vibrations; hence they all have
the same phase (the phase of the lattice). It is this highly correlated state of matter,
referred to as the Cooper-pair condensate, which enables the dissipationless transport
in a superconductor. The collective phase of the Cooper pairs is the phase, φ(r), of the
superconducting order parameter, Ψ(r), given by Eq. 2.2. While the GL order parameter,
Ψ(r), provides an intuitive discription of the Cooper-pair condensate, it should not be
confused with the wavefunction of the superconducting ground state.

Although the concept of Cooper pairs is of great importance to our understanding
of superconductivity, it was the derivation of the emergent energy gap in the density of
states (DOS) of normal carriers, which constituted the true triumph of BCS theory. This
energy gap is given by Eg = 2∆, where ∆ is the pairing potential which describes the
energy up to which it is energetically favorable for the electrons to pair up [28]. From
BCS theory the size of the gap can be shown to be given by [21]

Eg(T = 0) = 2∆(0) = 3.528 kBTc . (2.7)

The energy Eg = 2∆(T ) is the minimum energy required to break a Cooper pair at
temperature T . Unlike for semiconductors and insulators, the gap of a superconductor
is pinned to the Fermi level [19], i.e. it is always centered around the Fermi level. This
implies that irrespective of whether the Fermi level is shifted up or down by an applied
voltage, there will be no available states within ±∆ from the Fermi level. Commonly the
Fermi level is taken to be E = 0 as illustrated in Fig. 2.6a. In 1959, L. P. Gor’kov showed
that GL theory is a limiting form of the BCS theory, valid near Tc, in the case when
|Ψ(r)| is directly proportional to the pair potential, ∆, [21]. Hence ΨBCS(r) ' ∆(r)eiφ(r)

[2].

As promised, we will briefly return to the penetration depth, λ, which was intro-
duced in the GL parameter, Eq. 2.1, and illustrated in Fig. 2.5. The penetration depth is
the characteristic thickness of a domain wall between the interior of the superconductor,
where the magnetic field is expelled (B=0), and the exterior of the superconductor where
a magnetic field, H, is applied. The domain wall of thickness λ results from the min-
imization of the total energy of the superconductor. While it is energetically favorable
for electrons of energy |E| < |∆| to participate in the Cooper-pair condensate, there is
a great energy cost associated with keeping the magnetic field out. As a compromise,
the outermost Cooper pairs are sacrificed to form an interfacial layer in which excited
electronic states form currents to induce a magnetic field which cancels the external field.

In [26] Bardeen, Cooper and Schrieffer introduced a variational wavefunction |ψG〉
describing the superconducting ground state, please refer to Eq. (3.14) of Tinkham [21].
While it is outside the scope of this thesis to go into detail with the formalism of BCS, it
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is relevant to mention that the Bogoliubov-de Gennes (BdG) formalism of BCS - which
is very powerful in describing the interface of a superconductor and a normal metal (a
problem of high relevance to this thesis) - leads to the description of excitations from
|ψG〉 as being quasi-particles constituted by linear superpositions of hole- and electron-
states, weighted by the factors vk and uk respectively. vk and uk are called the coherence
factors and satisfy the relationship |vk|2 + |uk|2 = 1. The coherence factors are complex
variables, differing by a phase φ, which turns out to be the phase of the macroscopic
condensate wavefunction [21], i.e. the GL order parameter. A pedagogical and brief
introduction to the Bogoliubov-de Gennes (BdG) formalism of BCS is given in the PhD
thesis of M. Kjaergaard [19], section 2.2; where a simple derivation of the superconductor
DOS is performed.

The spatial extend of a Cooper pair is roughly estimated by the Pippard coherence
length, ξ0 ∼ ~vF /∆, which is typically large compared to the lattice spacing; for pure
type I superconductors ξ0 can correspond to thousands of lattice spacings. Hence the
Cooper-pair condensate should not be pictured as a gas of tightly bound pairs which do
not interact, but rather as a complex liquid of intermingling pairs. A crossover from the
BCS regime to a Bose-Einstein condensate (BEC) regime occurs when the relative size
of the Cooper pairs is decreased, i.e. when Cooper pairs are tightly bound, reminiscent
to the situation of tightly bound molecule pairs in the case of superfluid helium, which
is described by the BEC model.

2.2.4 The Josephson Effect and Cooper Pair Tunneling

The Josephson effect was predicted in 1962 by B. D. Josephson [29]; it describes the co-
herent tunneling of Cooper pairs between two superconductors coupled through a weak
link, which can either be a region of non-superconducting material, a weaker supercon-
ductor, or a narrow constriction in the superconductor. Such a device is referred to as a
Josephson junction. Depending on the material type of the weak link a Josephson junc-
tion is referred to with the following abbreviations: (SIS) refers to a superconductor–
insulator–superconductor junction, (SNS) refers to a superconductor–normal(metal)–
superconductor junction, and (SsS) refers to a superconductor–weak superconductor–
superconductor junction [22].

When multiple Josephson junctions are coupled together, they form a device wich
is referred to as a Josephson junction array (JJA). Typically JJAs are made of arrays of
SIS or SNS junctions. In the SIS the supercurrent flows by the process of Cooper pair
tunneling through the junction. For the SNS the process of supercurrent flow is described
by Cooper pair diffusion through the normal region [22]. Indifferent to the mechanism
behind the current flow, the supercurrent, Is, through a single junction is given by the
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Fig. 2.7. The Josephson effect in an SIS-junction (a) Schematic of an SIS
junction in terms of the DOS of the two superconductors SL and SR, described
by the complex order parameters ΨL and ΨR. (b) The non-linear IV-curve of a
Josephson junction in the case of the DC Josephson effect, which results when no
voltage is applied accros the junction, i.e. eVsd = 0.

Josephson equation[29], which in the case where the normal-state carriers are electrons,
takes the form [22],

Is = −Ic sin

(
φR − φL +

2e

~

∫ R

L
A · dr

)
. (2.8)

Ic is the critical current of the junction, i.e. the maximal supercurrent the junction can
carry. φL and φR are the phases of the order parameters of the two superconductors as
labelled in Fig. 2.7a, which shows a simple schematic of an SIS junction, in terms of the
DOS of the two coupled superconductors.

Following Feynman’s approach, as presented in Sec. 26.5 of Solyom Vol. II [25],
a simpler and more intuitive expression for the supercurrent through the junction, as
compared to Eq. 2.8, can be obtained from the solution of the time-dependent Schrödinger
equation, i~ ∂Ψ/∂t = µΨ, for ΨL and ΨR respectively, where µ is the chemical potential.
The resulting expression for the supercurrent, given by Eq. (26.5.11) of Solyom [25], has
the form,

Is ∝ |ΨL| · |ΨR| sin(φR − φL) . (2.9)

For identical superconductors on each side of the junction |ΨR| = |ΨL| and the time-
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dependent variation of the phases is given by

∂

∂t
(φR − φL) = ~−1(µL − µR) (2.10)

Where µL and µR are the chemical potentials (Fermi energies) of the two superconductors.
If no bias voltage is applied (eVsd = 0 in Fig. 2.7a) then µL = µR, hence

∂

∂t
(φR − φL) = 0 . (2.11)

When the phase difference of the two superconductors is constant a constant supercurrent
can flow through the junction, even though no bias voltage is applied. This phenomenon
is referred to as the DC Josephson effect. Fig. 2.7b shows a sketch of the I-V curve of a
Josephson junction with no applied voltage.

The Josephson current can be written as

Is = Ic sin(φR − φL) , (2.12)

The maximum supercurrent that can be driven through the junction without any voltage
drop can be derived from the microscopic BCS theory. A useful approximation of Ic
is given by the Ambegaokar-Baratoff value, which neglects charging effects and thermal
fluctuations,

Ic(T = 0) ' π∆

2eRN
. (2.13)

With RN being the normal-state resistance of the junction. The treshold voltage Vc,
where normal current starts to flow through the junction, is marked in the I-V curve in
Fig. 2.7b.

When a bias voltage is applied across the junction, a relative shift of the chemical
potentials will result; µL − µR = −2eV . When inserted in Eq. 2.10, this shift leads to a
time-dependent phase difference. In the case of a DC bias voltage, V , the phase difference
will depend linearly on time, hence the Josephson current will oscillate sinusoidally, as
seen from Eq. 2.12. This pheonomenon is called the AC Josephson effect. The frequency
of the oscillation is given by ν = 2eV/h, where the quantity 2e/h ≡ KJ is referred to
as the Josephson constant and is on the order of ∼ 5 106 GHz/V. When the applied
voltage is of the order of millivolts the frequency, ν, is in the microwave range. The
AC Josephson effect can be explained as the Cooper pairs emitting a photon of energy
~ω = 2eV upon tunneling, since they must compensate the energy difference between the
chemical potentials in order to remain bound pairs. This explanation has been varified,
by the measurement of these emitted photons from Josephson junctions. Likewise a
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Josephson junction can absorb radiation of energy ~ω = 2eV , this is called the inverse
AC Josephson effect and leads to exciting phenomena such as Shapiro steps (please refer
to Sec. 26.5.3 of Solyom [25] for more details).

JJAs are commonly categorized in classical and quantum arrays, divided at EJ =

4EC (for square arrays), where EC is the charging energy of the junction. For EC � EJ

an array is referred to as classical, because the phases of the superconducting islands can
be taken as constants in this case, i.e. fluctuations, ∆φ, of the phases can be neglected.
Due to the quantum mechanical nature of Cooper pairs, i.e. the particle-wave duality, the
phase of the superconducting order parameter, φ, and the number of Cooper pairs, N , on
a superconducting island, are complimentary variables (i.e. canonically conjugate), and
hence the product of their uncertainties must fulfill Heisenberg’s uncertainty principle,

∆N∆φ ≥ 1

2
. (2.14)

As long as the islands are so large that charging effects play no significant role, thenN and
φ can be treated as semi-classical variables, i.e. their quantummechanical fluctuations can
be ignored. Classical 2D JJAs in zero magnetic field, have been shown to be isomorph to
a 2D XY-spin model with rotational symmetry, where the order parameter phases of the
islands play the role of the spins [22]. When an external field is applied, the Hamiltonian
of the system evolves into a frustrated Hamiltonian. The frustrated array can be described
in terms of a 2D Ising-spin model of discrete symmetry, for the orientation of the vortices
in addition to the XY-model description of the phases. We will return to this magnetic
frustration of a JJA in subsection 2.3.2.

Quantum arrays, where EC dominates EJ , are achieved experimentally by construct-
ing arrays of junctions with low capacitance and high resistance. This is the case for the
array investigated in this thesis when the gate voltage is highly negative, VG . −4.3V.
These low-capacitance arrays manifest a platform for studying macroscopic quantum
effects [22].

The first experiments on 2D JJAs were reported in 1979 and 1981 by Sanchez and
Berchier [30, 31] In 1981 large 2D JJAs (of about 106 junctions) were introduced by
Resnick et al. [6] as a platform for the studies of superconducting transitions in 2D and
model systems for granular materials.

2.2.5 The Proximity Effect and Andreev Reflection

The proximity effect is closely related to the phenomenon of the Josephson effect. In
simple terms the proximity effect refers to the the induction of a gap, ∆eff , in the DOS
of a normal metal (semiconductor) or a strengthening of the pairing potential ∆s of a
weaker superconductor, when brought in close proximity to a superconductor of pairing
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potential ∆S . The proximity of the two materials must be close enough for the wave
functions to have a slight overlap and the quality, i.e. the transmissivity, of the interface
must be high. The microscopic mechanism behind both the proximity effect and the
Josephson effect is the process of Andreev reflection; a type of scattering event which can
occur at the interface of a superconductor (S) and a normal state material (N). In short,
an Andreev reflection is the retroreflection of an electron with energy E < ∆, incident
on the NS-interface from the normal state material, as a hole with opposite spin and
velocity but equal momentum. This process transfers a charge −2e across the interface
in the form of a Cooper pair, (k ↑,−k ↓), added to the superconductor at the Fermi
energy, µ. Thus Andreev reflections increase the conductance below the gap. A simple
sketch of Andreev reflection is included in the illustration of an SNS-junction in Fig. 3.2.
It is beyond the scope of this thesis to go into further detail with the process of Andreev
reflection, instead the interested reader is referred to Chap. 4 and 5 of the thesis of M.
Kjaergaard [19], Sec. 2.2 of the thesis of A. Drachmann [28], and Sec. 11.5.1 of Tinkham
[21].

2.2.6 Superconductivity in Two Dimensions and Topological Order

In two dimensions, at zero applied magnetic field, a temperature-driven superconducting
transition, different from the BCS-transition which occurs when the gap closes above Tc0,
can occur. Thermal fluctuations will lead to excitations of the 2D superconductor in the
form of vortices and anti-vortices15, since the energy cost of introducing a vortex-pair in a
2D superconductor can be similar to kBT , even in the absence of an external field [32]—
this is not the case in 3D. At zero magnetic field the number of vortices and anti-vortices
are in equilibrium. In the superconducting (ordered) state, the vortices are bound in
vortex-anti-vortex pairs, which break up upon heating and become free vortices at the
BKT-transition temperature. The unbound mobile vortices cause phase decoherence
of the superconducting order parameter, thereby introducing resistive transport as the
superconductive correlations are suppressed. As the temperature is increased the density
of vortices increases and the order parameter is eventually supressed to zero, Ψ(r) → 0,
at Tc0, leading to a state in which superconductivity is lost and the normal-state behavior
takes over.

Superconductivity in two dimensions is an interesting topic, since the existence of
true long-range order is not possible in 2D, within the conventional Landau theory of
phase transitions, as was shown in the 1930s by Peierls [33] and Landau [34]. They found
that the order parameter of a 2D ordered state, if it was to exist, would be highly unstable

15An anti-vortex is equivalent to a vortex, as introduced in subsection 2.2.1, but the variations in the
phase of the superconducting order parameter rotate in opposite direction as compared to the ’positve’
vortex. In the case of an applied field, this corresponds to opposite direction through the superconductor,
hence the antivortex is referred to as negative sign.
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due to the limitless growth of the order-parameter fluctuations, as the size of the system
was increased [35]. In the early ’70s J. M. Kosterlitz and D. J. Thouless showed that
a different kind of long-range order could arise in 2D, namely topological order. A few
years prior to the work of Kosterlitz and Thouless, the now deceased Russian theorist V.
Berezinskii had developed an equivalent description of topological order in the form of
vortices [35]. Within this formalism J. M. Kosterlitz and D. J. Thouless explained the
transition from a neutral superfluid phase to a non-superfluid phase in 2D by a novel con-
cept of vortex-unbinding [36–38]. More than 40 years later they would receive the Nobel
prize in physics for this work. A neat and accesible introduction to their work is given
in the Scientific Background on the Nobel Prize in Physics 2016, published by the Royal
Swedish Academy of Sciences [39]. For a fact, in their initial letter to the editor of Jour-
nal of Physics C [36] (1972), Kosterlitz and Thouless stressed that the vortex-unbinding
transition—now known as the BKT transition—would not occur in superconductors due
to the finite energy of flux lines being dependent on the penetration depth. However by
the end of the decade it was shown in a series of theoretical publications, Beasley et al.
[40], Halperin and Nelson [32], and Doniach and Huberman [41], that the formalism of
the vortex-unbinding transitions also applies to 2D superconductors, if the perpendicular
penetration depth λ⊥ is larger than the sample width and length [40]. Since then, 2D
superconducting systems have been the main platform for experimental studies of BKT
transitions.

When published in the early 1970s, the BKT-transition theory was in stark contra-
diction to the prevailing paradigm of Landau theory, which describes second-order phase
transitions through the concept of spantaneous symmetry breaking at the onset of the
order parameter (which characterizes the ordered state below the critical temperature)
16. In the BKT transition there is no symmetry breaking associated with the onset of
the superconducting order parameter; instead the dynamics of the particle interaction
changes at the transition. In the normal state, T > Tc, BKT, the two-point correlation
function for vortices decays exponentially. Upon the onset of the superconducting order
parameter, at T < Tc, BKT, the decay of the correlation function takes on a power law
form [3]. Thouless and Kosterlitz developed their theory of the vortex-unbinding phase
transition in the 2D XY model, which is well presented by a 2D JJA. The 2D XY model
describes the interaction in a regular 2D array of planar spins with rotational symmetry.
In the 2D XY model, a single vortex is a topologically protected configuration, whereas
a bound vortex-antivortex pair is not [39].

16To most, associating the establishment of order with the reduction of symmetry feels a bit counter-
intuitive. E.g. one would often tend to think of the highly ordered system of a crystal lattice as symmetric,
this is generally true for the translational symmetry, however the total symmetry is higher in a luquid
of randomly distributed particles.
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Vortex BKT transition in JJAs

A vortex-undbinding BKT transition was first reported in a JJA in 1981 by Resnick et al.
[6]. The effects of a BKT transition on the resistive behavior of a square JJA were first
described by Lobb et al.[4] in 1983. According to their model the resistive behavior of a
square JJA near the BKT transition is predicted to follow a square-root cusp dependence
[4]

RS
Rn

= c exp−b/(τ−τV )1/2 , (2.15)

where τ is the normalized temperature, τ = kBT/EJ and τV is the normalized vortex
BKT-transition temperature. The simplified notation of 2.15 has been adopted from van
der Zant et al.[42].
The Josephson energy, is related to the size of the superconducting gap as

EJ(T ) =
Φ0Ic(T )

2π
' 1

2
· h

(2e)2
· ∆

RN
, (2.16)

where the critical current has been approximated by the Ambegaokar-Baratoff value,
given by Eq. 2.13.

The experimental studies of vortex-BKT transition in (conventional) JJAs has been
dominated by research from the Delft-group mainly carried out by H.S.J. van der Zant, J.
E. Mooij, L. J. Geerligs [42–45] in the 1990s. They presented fits of the superconducting
transitions in JJAs to the square-root cusp expression given by Eq. 2.15.

2.3 Superconductor-Insulator Transitions in Two Dimensions

In superconducting systems a quantum phase transition from the superconducting state
to an insulating state can be driven by the change in an external parameter such as
applied magnetic field, disorder, or carrier density. Strictly speaking, a quantum phase
transition only occurs at T = 0K, which is experimentally impossible to achieve; how-
ever implications of quantum phase transitions are observable at finite temperatures
as discussed in further detail in subsection 2.3.3. At first, the phase transition from
superconductor to insulator was a rather intriguing finding, since most conventional su-
perconductors are metals at temperatures above Tc0; hence it was natural to expect the
destruction of superconductivity to result in the return to the normal-state behavior of
the system, i.e. metallic transport [2]. A rich variety of models have been proposed for
the superconductor-insulator transition (SIT) in 2D, during the four decades of research
on this topic. Yet the mechanism behind the destruction of the superconductivity and the
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nature of the resulting insulating state remains a disputed question, due to contradictory
results in the numerous experimental and theoretical studies.

Fig. 2.8. Phase diagram of Fisher’s dirty-boson model. Reprinted figure
with permission from Matthew P. A. Fisher, Phys. Rev. Let., 65, 7, 932, 1990
[46]. Copyright 1990 by the American Physical Society.
The schematic phase diagram, illustrates Fisher’s discription of phase transitions
for disordered (dirty) superconducting films. At T = 0 the model describes two
distinct quantum phase transitions: an SIT driven by disorder, occuring at ∆c

(marked by the filled circle at the axis) and a field-driven SIT occuring at the
critical field Bc(∆), which is suppressed with increasing disorder. The vortex
lattice in the superconducting phase at ∆ = 0 is the well establish Abrikosov lattice,
which was predicted by Abrikosov in 1957 [47] and since varified by noumerous
experimental studies. The ground plane of the diagram illustrates how the critical
temperature of the BKT transition, Tc, is suppressed with increasing disorder. Tc0
is the BCS critical temperature, where the thermal energy reaches the size of the
superconducting gap and Cooper pairs are broken.

2.3.1 The Fermionic and Bosonic Scenarios

The majority of the proposed models take offset in the superconducting order parameter,
Ψ = ∆eiφ, which was introduced in Eq. 2.2. In general, the rich variety of proposed
models of the superconductor-insulator transition in 2D can be divided into two groups:
Those in which the destruction of superconductivity is ascribed to fluctuations of ∆ (the
amplitude of the order parameter), referred to as the fermionic scenario since Cooper
pairs are broken in the insulating phase, and those in which the destruction of supercon-
ductivity is ascribed to fluctuations of ψ (the order parameter phase), referred to as the
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the bosonic scenario, since Cooper pairs are present at both sides of the transition in this
scenario.

Some studies question the validity of Ψ(r) as a suitable order parameter for the
superconductor-insulater transition (SIT) [48]. Especially in the bosonic scenario where
∆ and hence Ψ are finite on the insulating side of the transition, i.e. the side of the
transition where conventional order parameter theory would dictate the order parameter
to go to zero.

The bosonic scenario was introduced by M. P. A Fisher and co-workers in 1990
[46, 49]. The model is referred to as the dirty-boson model, since it treats disordered (i.e.
dirty) superconductors; it describes two distinct SITs driven at T = 0K by disorder, ∆,
and applied magnetic field, B, respectively.The iconic phase diagram of Fisher’s dirty-
boson model is reprinted with permission in Fig. 2.8. This bosonic model treats the
vortices and Cooper pairs in a dual-picture where Cooper pairs form a condensate and
vortices are localized in the superconducting state. At the transition the roles are switched
around such that the Cooper pairs are localized and vortices condense in the insulating
phase. In the absence of an applied field, the dirty-boson model predicts a BKT vortex-
unbinding transition even in the presence of disorder (the ground plane of the phase
diagram).

The effect of disorder on superconductivity was first investigated by P. W. Anderson
in 1959 [50]. Anderson showed that the electron-electron Coulomb interaction is key
to the role of disorder introduced by non-magnetic impurities. Without the Coulomb
interactions the changes of the background potential do not lead to a substantial decrease
in the transition temperature. Disorder is believed to introduce fluctuations of the order
parameter, whereby the transition temperatures Tc,BKT and Tc0 are suppressed.

2.3.2 Magnetic-Field-Driven SIT

Broad consensus prevails on the description of the superconducting phase in weak mag-
netic fields and weak disorder, as described by Fisher’s phase diagram, Fig. 2.8. When a
magnetic field is applied to a 2D superconductor, unpaired vortices will enter the super-
conductor above the threshold value Bc1. In the absence of disorder the unpaired vortices
will form an Abrikosov lattice [47] which will melt above a temperature-dependent mag-
netic field, Bm(T ). As disorder is introduced the regular Abrikosov lattice is distorted
and the vortices will instead be arranged in a vortex glass, where vortices are pinned by
potential minima introduced by the disorder and impurities. As long as the vortices are
localized, transport will be dissipationless in the superconducting phase. However, since
strong disorder is believed to introduce mesoscopic fluctuations of the order parameter,
the vortices will likely experiences a non-static pinning potential in the case of strong
disorder, which would result in a vortex liquid rather than a vortex glass.
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Consensus has not yet been reached on the mechanism that leads to isolating be-
havior. The research field is split into two camps: On one side the dirty-boson models
inspired by Fisher’s original work [46], explains the transition as owing to Cooper-pairs
being scattered out of the superconducting condensate into a Bose-glass. On the other
side theories based on a percolation description of the system are gaining territory [51].
The percolation descriptions build on the fermionic scenario, and use percolation theory
to describe how the number of possible paths for superconductive transport are conti-
nously reduced as the superconducting order parameter is supressed by the field in a
growing area of the sample. The great question is whether the concept of Cooper pairs
and vortices is applicable on the insulating side of the SIT. In the case of a fermionic
scenario, there would be no superconducting correlations on the insulating side of the
transition, thus the concept of Cooper pairs and vortices in the insulating phase would
be meaningless.

In the case of a magnetic field applied perpendicularly to a 2D superconductor, the
field primarily couples to the orbital motion of the electrons; thus Zeeman coupling of the
magnetic field to the electron spin is negligible [52] and Cooper pairs cannot be expected
to be destroyed by Zeeman splitting.

Field-Driven Transitions in JJAs and Commensuration Effects

In JJAs with a ratio of the competing charging- and Josephson-energies close to but still
below criticality, i.e. x = EC/EJ . xc, the array will be superconducting at B = 0 but
can be driven through an SIT by an external magnetic field. One of the most striking
differences of the studies of field-driven SITs in JJAs from the studies in superconduct-
ing films, is the commensuration effect which arises from the periodic pinning-potential
realized by the regular arrays. When vortices enter a 2D JJA, they experience an egg-
crate-like potential [22], as illustrated for a square array in Fig. 2.9b. The potential
minima are located at the corners of the superconducting islands, where the distance
to the superconducting regions is maximal, thereby forming a square lattice with lattice
sites at the center-distance between the corners of the squares, as illustrated in Fig. 1.1
and Fig. 2.9. When the energy is lower than the potential barrier, EBV , between the
minima of the pinning-potential (i.e. at low magnetic fields, low temperatures, low bias
current, etc.) the vortices are localized by the pinning-potential [10, 45] and the array
resides in a superconducting state as long as x . xc. For a square array, in the limit of
large lattice size, the energy barrier for a vortex to move from one potential minimum
to the adjecent minimum, crossing the saddle point at the junction between two islands,
has been calculated to be EBV = 0.199EJ [22].

As mentioned in subsection 2.2.1 the magnetic field enters a superconductor in
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Fig. 2.9. Plaquette and vortex-pinning potential of a JJA. (a) A plaquette
of the array consists of the closed loop of four nearest and next-nearest neighboring
islands (grey-shaded squares) coupled through four Josephson junctions (marked
by crosses). When studying the commensuration effects of the array in a perpen-
dicular magnetic field, it is necessary to know the value of B0, in order to infer
the filling factor, f = B⊥/B0. B0 is defined from the full filling at f = 1 where
exactly one magnetic flux quantum, Φ0 = h/2e, threads each plaquette of the
array, hence B0 = Φ0/A, where A is the area of one plaquette, as illustrated by
the green-shaded area. The blue-filled circle in the center of the marked plaquette,
illustrates a vortex threading the plaquette at the pinning cite. This figure is pro-
duced in collaboration with Tine Tobiasen. (b) The egg-crate pinning potential
for a vortex in an array. For a square array, in the limit of large lattice size, the
energy barrier for a vortex to move from one potential minimum to the adjecent
minimum, crossing the saddle point at the junction between two islands, has been
calculated to be EBV = 0.199EJ [22].

quantized values of nΦ0, where n is an integer; these quanta are called magnetic flux
quanta. The variation of the phase of the superconducting order parameter must take on
a value of interger multiples of 2π, upon going around the closed loop of a single plaqutte
[22, 53]. The ratio between the number of flux quanta penetrating the array and the
number of pinning-cites is called the filling factor, and is given by [54]

f =
B⊥
Bo

=
B⊥ ·A
φo

. (2.17)

Where A is the area of a unit cell of the array. The unit cells are commonly referred to as
plaquettes and consist of a square of four nearest and next-nearest neighbors, forming a
closed loop of four josephson junctions, as illustrated in Fig. 2.9. When f = 1 the number
of magnetic fluxes penetrating the array is commensurate with the number of plaquettes.
When the filling factor takes on a rational number, f = p/q, the ground state of the
system consists of a checkerboard configuration of vortices on a lattice with an elemental
cell of q × q, [10], as illustrated in Fig. 2.10b. These ordered configurations at rational
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filling factors support superconducting correlations and hence lead to local minima in the
magnetoresistance, R(B), as seen in Fig. 2.10a. Studies of the effect of different array
geometries on the ground state configurations have been performed by Shih and Stroud
[55] and van der Zant et al.[45].

250 nm 250 nm

0 5 10 15 20 25 30 35 40 45 50
10

-4

10
-3

10
-2

10
-1

10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
a

f=1/2 f=1

250 nm

f=0

b

Fig. 2.10. Commensuration effect. (a) A sneak peek at the data, reveals that
the studied array, exhibits the commensuration effect, as expected. Commensuari-
tion dips are clearly visible at f = 1/2 and f = 1. The experimentally determined
value of B0 was found to be Bexp

0 ∼ 22.65mT, in agreement with the calculated
value Bcalc

0 = 21.5mT (see subsection 3.1.1). (b) Illustration of the filling factors
of the array. The colored grids superimposed on the SEM picture of the square Al-
array, illustrate the plaquettes of the array. The yellow dots represent magnetic
vortices penetrating the array in a minimum-energy configuration for the given
filling factor.

2.3.3 Quantum Phase Transitions in General

As mentioned above, SITs are quantum phase transitions (QPTs), which is the main
reason why they have recieved so much attention in condensed-matter research. A QPT
is a transition between qualitatively different ground states of a quantum mechanical
system. In contrast to classical phase transitions (CPTs), which are driven by thermal
fluctuations, quantum phase transitions are driven by quantum fluctuations. This means
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that QPTs only occur at the absolute zero of temperature, where thermal fluctuations are
absent and hence cannot excite the system out of the ground state. At T = 0K classical
systems generally freeze into a fluctuation-less ground state, whereas quantum systems
have fluctuations even in the ground state. These quantum fluctuations are driven by the
Heisenberg uncertainty principle, as discussed in subsection 2.2.4. A QPT occurs when
the smooth change of one or more coupling parameters entering the Hamiltonian, abruptly
alters the ground state of a many-body system at the absolute zero of temperature [56].

Fig. 2.11. Quantum Criticality Phase diagram of a second-order QPT. The
axes are temperature, T , versus some dimensionless coupling parameter g. The
horizontal axis (T=0) corresponds to the changing ground states (GSs) of the
system, as g is tuned. The dashed line marks the classical transition, at the
critical temperature Tc(g), which is suppressed from Tc0 all the way to 0 by the
external parameter g. The grey-shaded region around the dashed line, is where the
theory of classical phase transitions driven by thermal fluctuations can be applied.
The QPT occurs at the quantum critical point, gc, only ; however in the quantum
critical region, shaded in light blue, the dynamics of the excitations are strongly
influenced by the dynamics of the complicated critical GS in gc.

A feature of second-order QPTs is the vanishing of the characteristic energy scale,
∆, of fluctuations above the ground state as g approaches gc. If the energy spectrum of
the system is gapped, then ∆ would be the size of the energy gap between the ground
state and the lowest excited state, hence in the case of a superconductor, this ∆ is the
pairing potential (which we already denote by ∆). If the energy spectrum is gapless,
then ∆ is the scale in the energy spectrum, at which there is a qualitative change in the
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nature of the system behavior. In most cases ∆ vanishes as 17

∆ ∼ J |g − gc|zν , (2.18)

where zν is a critical exponent and J is the energy scale of a characteristic microscopic
coupling. The value of zν is predicted to be universal. Such a universality would mean
that critical exponents would be equal for entire classes of phase transitions, occurring in
potentially widely different physical systems. These universality classes are determined
only by the symmetries of the order parameter and by the space dimensionality of the
system. The behavior in Eq. 2.18 describes both sides of the transition at gc, however
the characteristic energy scale ∆ is not the same for g > gc and g < gc due to different
non-universal constants of proportionality.

In addition to a vanishing characteristic energy scale, second-order quantum phase
transitions always have a diverging characteristic length scale, ξ, which is commonly re-
ferred to as the correlation length. Close to the critical point g = gc, for distances shorter
than ξ, the ground state wavefunction takes the complicated critical form of a quantum
entangled state, which cannot be written out as a product state. At lengths greater than
ξ, the wavefunction takes a non-critical product form. The correlation length diverges as

ξ−1 ∼ Λ|g − gc|ν , (2.19)

where Λ is an inverse length scale, which for a lattice system is of the order of the inverse
lattice spacing. The critical exponent ν is equal to the ν appearing in Eq. 2.18. The
ratio of the exponents in Eq. 2.18 and Eq. 2.19, z, is called the dynamic critical exponent.
From Eq. 2.18 and Eq. 2.19 we get that the characteristic energy scale vanishes as the
zth power of the characteristic inverse length scale

∆ ∼ ξ−z. (2.20)

It is the divergence of the correlation length, which is responsible for the universality of
critical exponents. Due to this divergence the system effectively averages over large vol-
umes, whenever g is close to gc, thereby leaving the microscopic details of the Hamiltonian
irrelevant.

Quantum Criticality and Finite Temperature Transitions

A quantum phase transitions only occurs at one specific point, the quantum critical point
(QCP), at the absolute zero of temperature, T = 0K, which can never be achieved ex-

17Some exceptions to this behavior are described in Sachdev [56] Sec. 20.2.6
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perimentally. Due to Heisenberg’s uncertainty principle for the complemantary variables
momentum and position, it is impossible to reach T = 0K, were all particles will cease to
move. The uncertainty principle states that the more precisely you know the momentum
of a particle, the less precisely you can know its position. So unless your experiment is the
size of the Universe, there must be some uncertainty on the momentum of the particles
of your experiment, in order for them to be confined within your setup; this uncertainty
in momentum effectively leads to motion of the particles 18.

Even though the direct observation of a QPT is an impossibility, the topic of QPTS
still poses an interesting experimental problem, due to the large region of the nonzero-
temperature part of the phase diagram, the quantum critical region marked in blue in
Fig. 2.11 in which the dynamics are affected by the quantum entangled ground state in
the critical point. Hence one can infer knowledge about the quantum critical ground state
in gc, by investigating the dynamics of the excitations in the quantum critical region [57].

The description of quantum critical dynamics is a difficult challenge and the subject
of much on-going research in both theoretical and experimental physics. For the the-
ory part the challenge is that none of the analytic, semi-classical, or numerical methods
of condensed-matter theory yield exact results (except for some special systems in one
spatial dimension). However there is one general characterization, in terms of the ther-
mal equilibration time τeq, which applies to essentially all strongly interacting quantum
critical points in two or more spatial dimensions. The thermal equilibration time is the
characteristic time in which local thermal equilibrium is established after the the system
has been disturbed by an external perturbation. In other words τeq is a relaxation time.
The value of τeq can be given as a function of g− gc and T. The dynamics at T > 0K are
characterized by comparing the thermal energy kBT to the characteristic energy scale ∆

defined in Eq. 2.18. The energy scale ∆ characterizes the ground state, since any fluc-
tuations (thermal or quantum mechanical) with energies lower than ∆, will not be able
to excite the system out of the ground state. By comparing ∆ with the thermal energy
kBT , the quantum critical regime marked by solid lines in the phase diagram of Fig. 2.11
can be established.

The reader interested in more details on the topic of quantum phase transitions is
referred to the textbook by Sachdev [56] and the research papers [57–59].

18In a thermodynamic picture, one can think of it as follows; it takes more and more work to cool a
gas as the temperature is lowered, meaning that an infinite amount of work would be needed to cool the
gas to T = 0K





3
Experimental Method

This chapter is devoted to a presentation of the technical aspects of the experimental
study. We will start out with an introduction to the investigated device, then move on to
describe the measurement setup and closing this chapter with a brief description of the
device fabrication.

3.1 The Device: Proximitized Semiconductor Josephson Junc-
tion Array

The data presented in this thesis was taken in a square two-dimensional Josephson junc-
tion array (2D JJA) of proximity induced superconducting islands in an indium arsenide
(InAs) two-dimensional electron gas (2DEG), as illustrated in Fig. 3.1. Fig. 3.1a shows
the material composition of the InAs heterostructure with epitaxially grown aluminum
(Al) on top, which will be discussed in further detail below. The JJA resides on a Hall-
bar-shaped mesa, depicted in Fig. 3.1a, which has seven bonding pads; of which six are
ohmic contacts, providing contact to the 2DEG, and the seventh is a Schottky contact
for the gold top gate (colored yellow in Fig. 3.1c). The two ohmic contacts at the ends
of the Hall bar constitute source and drain and the four ohmic contacts on the the side
of the Hall bar constitute voltage probes, which enable four-terminal measurements of
longitudinal voltage, Vxx, and Hall voltage, Vxy. Only Vxx data is presented in this the-
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Fig. 3.1. Gated proximitized 2D semiconductor JJA. Figure adapted from
Bøttcher et al. [1] with permission. Besides from some differences in the material
stack of (a), the main difference between the experiment presented in [1] and the
study presented in this thesis, was the size, a, and separation of the Al islands, b,
as illustrated in the artificially colored SEM picture in (b). The data presented
in this thesis was acquired from a JJA with a = 250 nm and b = 150 nm. In
comparison the JJA of Ref. [1] had a = 1µm and b = 60 nm. (c) The hall
bar, with the square Al-island-array (gray squares on blue background), covered
by the Au-top-gate, marked with yellow. The cut-out in the top gate is made for
illustrative purposes, to show the JJA beneath; it is not present in the real sample.
The adaption of this figure was performed in collaboration with Tine Tobiasen.

sis. The Hall bar has dimensions 150 × 40µm2 with the length taken as the distance
between the source and drain contacts (roughly marked by the top gate in Fig. 3.1c). It



37 3.1. The Device: Proximitized Semiconductor Josephson Junction Array

should be noted that the relevant length for calculating the sheet resistance RS , which
is plotted in the data analysis of Chap. 4, is the center-to-center distance between the
side probes, which is L = 100µm. An artificially colored SEM picture of the array of Al
squares is shown in Fig. 3.1b. The JJA measured in this thesis has islands of dimension
a = 250 nm separated by b = 60 nm, hence the number of islands in the array is roughly
125×322 = 40 250 (counting only the islands between the centers of the two longitudinal
probes). Thus the number of junctions in this sample is ∼ 80 053, which should secure
that finite-size-effects will not play an important role, see Abraham et al. [5].

The full sample (sometimes referred to as the chip) has dimensions 2.5 × 5mm2

and contains 12 identical etched Hall-bar mesas, of the type illustrated in Fig. 3.1c,
arranged in two rows of six Hall bars. The two rows hold JJAs of different inter-island
spacing; b = 60 nm in one row and b = 120 nm in the other. Each column of Hall bars
corresponds to a different island-size, a = 150 nm, 200 nm, 250 nm, 300 nm, 1µm and
2µm. A schematic overview of the 12 JJAs of this sample is presented in Fig. C.1. A few
measurements were performed on a JJA of large islands with a = 2µm and b = 120nm,
but the results have been omitted in this thesis. The number of islands in each JJA
depends on the dimensions a and b of the given device.

The square arrays were formed by selective chemical etching of the epitaxial Al in
a standard e-beam lithography process (please refer to Appendix D for the fabrication
recipe). This procedure leaves the 2DEG between the Al-islands exposed, as illustrated
with the blue marking in Fig. 3.1b. In order to gain control of the 2DEG density, a
top gate was deposited, covering the full JJA as depicted in Fig. 3.1c. The top gate is
electrically isolated from the JJA with a ∼ 60 nm thick dielectric layer of Al2O3.

3.1.1 Experimental Aspects of the Proximity Induced JJA

Since the proximity induced JJA studied in this thesis conceptually differs from conven-
tional JJAs, it is instructive to illuminate these differences, as they do play an essential
role in the observed physics. Conventional 2D JJAs are formed in a planar geometry,
where thin islands of superconducting material, such as Al, are capacitively coupled to
each other via tunnel junctions of capacitance C and to a far-distanced ground plane by
their self-capacitance C0. The tunnel junctions are commonly SIS junctions, consisting of
small areas where the superconducting islands overlap, separated by a thin layer of oxide.
The superconducting islands are usually of micron size, whereas the oxide layer can be of
sub-nm thickness, hence C � C0 is the common relationship between the capacitances of
a conventional JJA [10]. The normal-state junction resistance, RN , of the conventional
JJAs is governed by the thickness of the oxide layer and of course the type of oxide. For
a further introduction to the details of conventional JJA studies the reader is referred to
the excellent review by R. Fazio and H. van der Zant [10].
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In the gated proximity induced semiconductor JJA, studied in this thesis, the super-
conducting islands are resistively coupled to each other through the 2DEG, constituting
SNS junctions (we will return to discuss the details of this SNS junction just below) with
junction resistance RN . In addition each island is capacitively coupled to the top gate,
which acts as a ground plane, by their self-capacitance, C0. Thus the capacitance of the
junction area does not play the lead role in this system, and as a result the total charging
energy, EC , is mainly governed by the island size. The Josephson energy, EJ , is a tunable
parameter in the device presented here. Applying a negative gate voltage to the top gate
will deplete the exposed part of the 2DEG1, whereby RN of the inter-island junctions
is increased, thus leading to a decrease of EJ , see Eq. 1.3. Due to screening from the
Al islands on the surface, the proximitized regions of the 2DEG will experience a much
weakened field from the top gate. This construction allows for the in situ tuning of the
central parameter

x =
EC
EJ

(3.1)

However there is a limit to the extend of the tunability of x. As the 2DEG is
depleted, the electric field from the top gate will, at some point, reach a strength where
the Al islands no longer provide sufficient screening to leave the regions of proximitized
2DEG unaffected; they will ’turn normal’ at some point, which might be before the x-
value of interest is achieved. In addition there is a limit to the strength of electric field
from the top gate that the Schottky barrier can withstand. At some point the gate
will start leaking electrons into the 2DEG. In summary, this device allows for a bigger
flexibility and control than previous material systems used for investigating SITs; yet it
is still necessary to fabricate devices of differing islands-sizes in order to investigate all
values of the parameter x.

As mentioned above the proximity induced semiconductor JJA consists of SNS junc-
tions. However these SNS junctions differ from conventional SNS junctions, as they are
rather SN’-N-N’S junctions, with N’ referring to the region of proximity induced su-
perconductivity in the 2DEG. This difference between conventional SNS junctions and
proximity induced SN’-N-N’S junctions is illustrated in Fig. 3.2. The N’-regions of prox-
imitized 2DEG immediately beneath the Al islands do not inherit ’real’ superconductivity
in the form of electron-phonon interactions, which would lead to a pairing potential ∆N .
Instead the local density of states of the semiconductor develops a gap ∆eff - this gap is

1Depletion of a 2DEG is a metaphor for decreasing the electron density of the 2DEG, by ’pushing’
them out of the quantum well with the electric field generated by a negative gate voltage.
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Fig. 3.2. The SN’-N-N’S junction in the proximity induced JJA. (a) A
conventional SNS junction, with two superconducting banks (aluminum) joined
by a slab of normal conductor. An Andreev reflection of an electron (green ball)
from the normal region transmitted as a Cooper pair in the right superconduct-
ing bank is drawn for illustrative purpose. (b) The proximity induced SN’-N-N’S
junction constituting the junctions of the JJA studied in this thesis. (c) Zoom-in
on the SN’-N-N’S junction with an illustration of an electron’s multiple attempts
at Andreev reflecting at the interface of the (N’) and (S) regions until it is finally
reflected as a hole in the (N’) region leading to the transmission of a Cooper pair in
(S). The boundary between the (N) and (N’) is effectively transparent, leading to
no reflections. This problem has two transmission coefficients; the direct transmis-
sivity between the aluminum and the 2DEG (SN’-interface), which is denoted by
τ and the effective transmissivity between the two superconducting banks, going
through the normal region of 2DEG (N), denoted T . Figure reprinted with per-
mission from the PhD thesis of M. Kjaergaard [19]. Note that the coloring scheme
used for this figure differs from the coloring scheme used in the figures produced
for this thesis. Here the color blue is assigned to the aluminum and green to the
InAs 2DEG. This coloring scheme is repeated in Fig. 3.3 which is likewise reprinted
from [19].

sometimes referred to as the induced gap - which results from the renormalization of the
Greens function in the normal region due to the Andreev reflections on one side of the
quantum well. This renormalization of the Greens function was demonstrated in 1995 by
Volkov et al., (Ref. 108 of [19]).

The value of ∆eff is determined by the transmissivity τ of the interface between
the superconductor and the semiconductor. Since the aluminum of the hybrid super-semi
structures studied here was grown in situ in the MBE, the interface of the superconductor
and semiconductor is pristine, which results in a high transmissivity. The studies of M.
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Kjaergaard [19] have found the transmissivity of these epi-Al/InAs wafers to be of the
order τ ∼ 0.8 as ∆eff was found to be ∼ 190µeV for a wafer with ∆Al = 225µeV. Later
studies on similar wafers performed by A. Drachmann [28] provide support to this high
value of the transmissivity.
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Fig. 3.3. Band diagram and 2DEG wavefunction of a reminiscent epi-
Al/InAs wafer (a) Sketch of the wafer-stack of JS118 studied by M. Kjaergaard
in his PhD thesis from 2015 [19] and grown by J. Shabani, then at C. Palstroms
laboratory in UC Santa Barbara. This figure is reprinted with permission from
M. Kjaergaard [19]. (b) Self-consistent Poisson equation calculation performed by
J. Shabani. The red curve is the wavefunction of the 2DEG and the blue curve
shows the conduction band edge. From this calculation it is demonstrated that the
2DEG wavefunction lives predominantly in the quantum well and that it extends
to the surface, whereby proximity induced superconductivity in the 2DEG is made
possible. This figure is reprinted with permission from [19].(c) The wafer-stack
of QDEV441 which was used in this thesis and grown by P. Krogstrup in 2016
at Center for Quantum Devices, UCPH. The asymmetric construction around the
2DEG-InAs layer leads to a triangular well with a very strong barrier at the low-
side of the QW, thereby pushing the 2DEG wavefunction towards the Al interface,
in an attempt to improve the proximity effect.
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Fig. 3.4. Plaquette area for determining B0. When studying the commen-
suration effects of the array in a perpendicular magnetic field, as discussed in
subsection 2.3.2, it is necessary to know the value of B0, in order to infer the
filling factor, f = B⊥/B0. B0 is defined from the full filling at f = 1 where ex-
actly one magnetic flux quantum, Φ0 = h/2e, threads each plaquette of the array,
hence B0 = Φ0/A, where A is the area of one plaquette as illustrated in the sketch
above. The calculated value of B0 was found to be Bcalc

0 = 21.5mT. Experimen-
tally B0 was determined to Bexp

0 ' 22.65mT, based on the value of the field at the
minimum of the commensuration dip at f = 1. This figure is produced by Tine
Tobiasen.

3.1.2 The InAs Heterostructure

The InAs heterostructure with epitaxially grown aluminum, Fig. 3.1a, which was used for
the proximity induced JJA, was grown by P. Krogstrup, at Center for Quantum Devices,
in June 2016. The wafer is named QDEV441. While it was beyond the scope of this
thesis to produce a band diagram of the wafer QDEV441, some intuition of the form of
the band diagram can be build from the band diagram of a reminiscent epi-Al/InAs-wafer
(JS118) which was studied in great detail by M. Kjaergaard [19]. As mentioned before
this is also the wafer which was used in the experiment on large-island JJAs performed
by Bøttcher et al. [1].

Fig. 3.3a shows the wafer-stack of JS118, and Fig. 3.3b shows the calculated band
diagram along with the wavefunction of the ground state of the 2DEG quantum well. For
comparison the wafer-stack of QDEV441 (studied in this thesis) is shown in Fig. 3.3c.
The most important difference between these wafers is the construction around the InAs-
layer. JS118 is symmetric around the InAs layer, bordered by InGaAs on both sides,
which leads to an approximately square quantum well (QW) as seen in Fig. 3.3b. In
contrast the construction of QDEV441 is asymmetric around the InAs layer, with InAlAs
on the low-side, which leads to an asymmetric QW (approximated by a triangular shape).
InAlAs has a very large band gap which causes the significant jump in the conduction-
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band energy (blue curve) in the band diagram of JS118, Fig. 3.3b. The x-value of the
InAlAs-compound is very close for the two wafers, so the size of the band gap and hence
the effect on the conduction band edge is similar. In QDEV441 the InAlAs-layer placed
immediately beneath the InAs serves to push the 2DEG towards the Al-interface, in an
attempt to improve the proximity effect. In addition an asymmetric QW leads to an
increased spin-orbit coupling, which is desirable for many of the experiments performed
in these types of materials. As seen from the wafer stack in Fig. 3.3c, there is no doping
in this wafer; InAs is an intrinsic p-type semiconductor, due to the large electron affinity,2

so it is not always necessary to dope InAs-wafers. The InP substrate was however doped
which is to prevent for the creation of an unwanted conduction channel between the InP
substrate and the rest of the structure. A last comment on the differences between the
two wafers; in QDEV441 a cap of two monolayers of GaAs was introduced. This is the
second wafer in history which had this feature added, and it is the first which was used for
experiments. The GaAs cap was added to protect the InAs during the etching process,
when the epitaxial Al is selectively removed. Indium does not bind as strongly to arsenide
in InAs as gallium does in GaAs. When no GaAs cap is added, the Al etching process is
deteriorated due to the Al reacting with the As of the InAs layer.

Fig. 3.5a presents the resistance of the investigated JJA as a function of the gate
voltage, VG, and temperature, T . The dark blue region corresponds to the supercon-
ducting regime (the dark blue rim along the left is due to the resistance exceeding the
measurement capability of the setup). While an expected behavior would have been for
superconductivity to monotonically decrease with increase gate voltage strength, instead
the superconductivity was found to peak in strength at a quite negative gate voltage.
This feature is believed to be related to the non-monotonic behavior of the 2DEG mo-
bility which was observed for the wafer JS118 in the thesis of M. Kjaergaard [19]. Such
non-monotonic dependence of the mobility on gate voltage is a common feature in the
epi-Al/InAs wafers studied at Center for Quantum Devices. This feature is believed to
be ascribed to a sweet spot in the position of the 2DEG below the surface of the wafer.
It is unavoidable that impurities will form at the surface and these impurities will affect
the 2DEG, especially in a structure where the quantum well is so shallow (close to the
surface). Hence it is highly likely that pushing the 2DEG away from the surface will
increase the mobility. The corresponding increase in the mean free path will in turn
strengthen the proximity effect. This effect will turn around at a point, the sweet spot,
when the 2DEG is pushed so far from surface that the proximity effect begins to be
deteriorated. In addition to these observations, the InAs 2DEG of JS118 is believed to
have two occupied electronic subbands at gate voltages less negative than −2V [1]. The

2For an introduction to the concept of electron affinities the reader is referred to p. 65 of Ihn [17].
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a b

Fig. 3.5. 2DEG mobility as a function of gate voltage. (a) Plot of the
resistance of the investigated JJA as a function of gate voltage and temperature.
The dark blue region corresponds to the superconducting regime of the parameter
space. It was found that the superconductivity peaked in strength at VG ∼ −3V.
This feature is believed to correspond to the observed peak in 2DEG mobility of
the JS118 wafer as reported in [19], see sub-fig. (b). (b) 2DEG properties of the
wafer JS118 measured as a function of top-gate voltage, reprinted with permission
from M. Kjaergaard [19]. The left graph shows how the mobility increases as
the strength of the gate voltage is increased, until it reaches a maximum upon
which it decreases quite drastically. In contrast the density of the 2DEG decrease
monotonically with increased gate-voltage strength, which is the expected behavior
of a 2DEG. The right graph shows the gate-voltage dependence of the mean free
path, le, and the Fermi wavelength, λF , exhibiting an expected correlation of the
mobility with the scattering length and the inverse relationship between density
and Fermi wavelength.

desired regime of operation is to have just one occupied electronic subband.

3.1.3 The Epitaxial Aluminum

Due to the circumstances of this thesis work, a characterization of the aluminum film
was never performed. However it is possible to make some estimates of the properties
based on the characterizations of similar epitaxial Al-films performed by M. Kjaergaard,
H. Soumin and F. Nichele, and reported in the PhD thesis of M. Kjaergaard [19] in
conjunction with features in the data from the experiment reported in this thesis.

Bulk aluminum is an archetypal type I superconductor. It has a small gap and
hence low values of Tc and Bc. The choice of aluminum for the superconductor in this
experiment, is based on its availability in the MBE systems combined with its ability to
form an extremely stable oxide layer, Al2O3, in which imperfections do not lead to leaking
paths through the oxide. A characterizing property of aluminum as a superconductor
is the unusual strengthening of superconductivity as the size is decreased. Commonly
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Fig. 3.6. Tc0 of the epitaxial Al. Measurements of RS(T ) of the investigated
JJA for different values of gate voltage. The initial drop in resistance at T ∼ 1.6K
is interpreted as the Al islands turning superconducting. This value of Tc0 agrees
well with the critical temperature found for the similar wafer JS118, see Table 2
of the thesis of M. Kjaergaard [19].

superconducting properties are weakened as the size of a superconductor is decreased,
e.g. for most superconductors the critical field is reduced from the bulk value, when
reducing the dimensionality to 2D. 3 For bulk aluminum TBulkc 1.2K and BBulk

c2 10mT in
all dimension. In comparison the critical temperature of the 7 nm thick aluminum film of
the wafer QDEV441 is estimated to be of the order T 2D

c 1.6K, see Fig. 3.6, and the critical
perpendicular field is expected to be in the range B⊥c 30−40mT based on the observations
from the experiment of Bøttcher et al. [1] performed on the similar wafer JS118. In fact,
the data of the present study, showed signs of superconducting interactions remaining at
perpendicular fields as high as 80mT for the very lowest temperatures, T ∼ 20mK, see
Fig. A.1. It is not unlikely that B⊥c of the Al islands in this study is higher than in the
islands studied by Bøttcher et al. [1], since the islands of the present study have an area
16 times smaller than that of Ref. [1]. However no measurements were performed, from
which B⊥c could be conclusively inferred. The estimate of Tc0 ∼ 1.6K agrees well with
the values of Tc0 for similar aluminum films investigated at Center for Quantum Devices,
please refer to Ref. [1] and Table 2 of Ref. [19]. Based on the values listed in Table 2 of
[19] B‖ is expected to be of the order ∼ 2T, which is consistent with the expectation of
the grower P. Krogstrup.

The size of the gap can be inferred from the critical temperature, Tc, using the

3Utilizing this property of aluminum is the motivation of the research on oxidized aluminum films
and granular aluminum films.
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BCS-factor [21]

∆(T = 0) = 1.764 kBTc

↓ Tc ∼ 1.6K

∆Al ∼ 240µeV

Assuming that the quality of the interface between the epitaxial Al and the 2DEG is as
high as for the wafer JS118 studied in [19], suggests that the induced gap in the 2DEG
density of states should be of the order ∆eff ∼ 190µeV.

3.2 Experimental Setup

3.2.1 Measurement Technique

A standard four-terminal technique, was used, with a constant voltage bias of amplitude
5µV and frequency 31Hz. The measurement setup was adapted from a similar experi-
ment performed by C. Bøttcher and F. Nichele in the spring of 2016 [1], see Fig. 3.7. The
source signal was provided by a lock-in amplifier (SR830), which allows for the selective
probing of signals of frequencies matching the sourced AC signal of 31Hz. The signal
provided by the lock-in was passed through a voltage divider (1:10,000) to reduce the
signal amplitude to the desired value of 5µV. A larger signal amplitude would increase
the signal to noise ratio, but the small amplitude is necessary in order to avoid smearing
of the features in of the measurements due to heating in the sample. The current through
the sample is measured via a low noise/high stability IV converter (SP983/Basel IV con-
verter), converting the drain signal V AC

out to a current. The longitudinal voltage, Vxx is
probed using a home build pre-amplifier with a gain of 1000, made by F. Nichele using
techniques he learned at ETH-Zurich. The feedback resistor of this pre-amplifier was
100MΩ, which proved to be too small for the measurements of the very high resistances
achieved in the insulating regime of this small-island device. The voltage of the top gate
was applied using a DAC, providing a range of ±10V. For the studies of applied per-
pendicular magnetic fields, the necessary step size of sub millitesla, is much smaller than
what the Mercury power supply of the magnet enables. This fine step size was achieved
by amplifying the current provided by the magnet power supply through a combination
of a 2400 Kiethley Source meter and a Kepco Power Supply (of DC output range ±20A).
The current required for generating a magnetic field of strength 100mT with a standard
Oxford vector magnet, is 5.9 nA.
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Fig. 3.7. Measurement setup Reprinted with permission from the Bachelor’s
thesis of C. Bøttcher [60]. 4-terminal measurement of Vxx in a voltage bias setup.
Sourcing V AC

in = 5µV at f = 31Hz. Source signal provided by a Lock-in amplifier
and passed through a voltage divider (10:10 000). The current is measured from
V AC
out passed through an IV converter (Basel). The longitudinal voltage Vxx is

probed using a home build pre-amplifier, made by F. Nichele., with a gain of 1000.
The setup has a feedback resistor of 100MΩ.

3.2.2 Electrical Contact to the Sample

Electrical contact to the devices of the sample was achieved through thin Al-wires, which
were punched through the aluminum-oxide layer covering the bonding pads. This process
is called bonding and utilizes an instrument called a wire-bonder. It is important to use
the correct settings of the wire-bonder, in order to punch through the aluminum-oxide
layer, which unavoidably forms on the surface of the Al-bonding pads, without ripping
the delicate Al-wire. Prior to bonding, the sample was mounted on a customized print
board, called a sample board or sometimes also chip carrier, using a drop of PMMA A4
which was subsequently baked for 3 minutes at 185◦C. In Fig. 3.9c the bonded sample,
mounted on the sample board is shown. The sample board used for this experiment was



47 3.2. Experimental Setup

Fig. 3.8. Breakout box and schematic of bonded contacts. a Picture of
the breakout box with the filtering and pre-amplifiers described in Fig. 3.7 visible.
The numbering on the breakout box corresponds to the numbering on the bonding
pands in the schematic of the Hall bar shown in b. This numbering refers to the
line-numbering of the electrical lines installed in the fridge.

a Copenhagen board with daughter board CPH v0.40. After bonding the sample board
was mounted in a puck, as shown in Fig. 3.9a,b. A puck is a gold plated copper cylinder,
which enables the convenient loading of the sample through a bottom load-lock on the
dilutional refrigerator (referred to as the fridge throughout this section). In addition the
gold plated cylinder shields the sample from any residual radiation which might make it
through the layers of radiation-shields in the fridge. For this reason examination gloves
should always be worn when handling a puck, in order to avoid decreasing the shielding-
effect with greasy finger prints.

3.2.3 Achieving Sub-Kelvin Temperatures

The ultra-low temperatures necessary for studying the effects of quantum phase transi-
tions, were achieved through the process of dilutional refrigeration in a cryofree Triton
refrigerator from Oxford Instruments. Crudely speaking the cooling power in such a
dilutional refrigerator comes from the mixing of He3 and He4. These two liquids are
mixed in the mixing chamber, where the equilibrium phase is continuously disturbed by
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Fig. 3.9. Preparing for sample-load (a) Bonded sample mounted in the puck
(before the puck shield was slid on). This picture has been borrowed from the
bachelor thesis of C. Bøttcher [60]. (b) The bonded sample of this experiment
mounted in the puck. (c) Close up picture of the bonded sample.

the circulation of He3. Since He3 and He4 have different particle statistics, (Fermi and
Bose respectively) the two liquids have different entropies, whereby the mixing of them
will consume energy from the environment (endothermic process). The lowest achievable
mixing-chamber temperature (referred to as the base temperature) of such a dilutional
refrigerator is ∼ 10mK. The base temperature of the fridge which was used in this
experiment was ∼ 20mK. It is important to note that the ’real’ temperature scale of
the experiment is not set by the mixing-chamber temperature but by the electron tem-
perature, Te. Generally Te will be higher than the mixing-chamber temperature; it is
not uncommon to have Te ∼ 100mK at a mixing-chamber temperature of 20mK. Te is
coupled to the mixing-chamber temperature through thermal filtering and mechanical
thermalization techniques. The inside of a dilutional refrigerator is a beautiful sight, and
the operation of it is fascinating. In spite of this, the almost mandatory introduction to
the function of these fridges, will be left out in this thesis, in order to limit the volume.
This decision is justified by the fact that the setup of the fridge was not part of this thesis
work and so many well written introductions and guides to the operation of dilutional
refrigerators have been written in previous theses. The interested reader is referred to the
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theses [19, 28]. For a more technical explanation of the cooling mechanism of a dilutional
refrigerator the reader is referred to the excellent textbook by [61].

The experiment was performed in T8 (internal name of the fridge at Center for
Quantum Devices). At that time, the wiring of the fridge was installed with RF and RC
filters. The RC filter was a three stage filter; first a 7-pole π filter with a cut-off frequency
of fc = 80MHz, followed by two stages of low pass filters with R2 = 500 Ω, C2 = 2200 pF
and R3 = 1200 Ω, C3 = 1000 pF, respectively [60]. The vector magnet of the fridge had
the field strength (1,1,6)T, and the sample was oriented such that the highest field of 6
T pointed in the in-plane direction of the sample, see Fig. 3.9a. The reader is referred to
chapter 3, section 3.2.1 of the PhD thesis of M. Kjaergaard [19] for a introduction to the
techniques which are used for filtering of the electrical and thermal noise in the signal,
as it is passed through the fridge, from the sample ’sitting’ at the end of the coldfinger,
through the different stages of the fridge, and all the way to the breakout box outside
the fridge.

3.3 Device Fabrication

As mentioned above the sample was fabricated using a standard e-beam lithography
process. Since the fabrication of the sample has not been part of this thesis work it
is not described in detail here. However within the field of experimental condensed
matter physics fabrication recipes are important ’heritage’ which is commonly passed on
through theses. For this reason the fabrication recipe and info on the fabrication process
is included in Appendix D. For a more thorough discussion of the handling of these
types of hybrid epitaxial-aluminum-InAs wafers, the reader is referred to the theses of
M. Kjaergaard [19] and A. Drachmann [28], both of which can be found at the web page
of Center for Quantum Devices: https://qdev.nbi.ku.dk/student_theses/.

It should be noted that the width of the Hall bars is expected to be a bit smaller than
the 40µ, defined in the design-file, since the mesa-etch will not only ’eat’ its way vertically
into the wafer, but also horizontally into the sides of the mesas. The discrepancy is no
more than 600 nm, approximately 300 nm from each side of the mesa. This maximum is
set from the height of the mesas which was measured to be approximately 300 nm.

The internal naming of this sample, at Center for Quantum Devices, is QDEV441B_2.
It was fabricated by Asbjørn Drachmann in the Summer of 2016. The sample was shipped
off to the lab of Joshua Folk, Vancouver, by Fabrizio Nichele in the Winter of 2016-2017.





4
Data & Analysis

This chapter is devoted to the presentation and analysis of the data. Throughout the
chapter, the relevant literature is discussed in context to the observed behavior. In an
attempt to limit the extent of this chapter, a number of supporting figures, have been
added in Appendix A, and will be referred to in the relevant parts of the analysis. A whole
section regarding observations in the (VG, B⊥)-plane has been moved to Appendix B, as it
was not essential to the analysis presented in this chapter. Following a common practice
within experimental condensed matter physics, the applied magnetic field will be referred
to as B and not H. Although a few investigative measurements were performed with an
in-plane field B‖, it was outside the scope of this thesis to include them here. Hence any
reference to a B-field is implicitly meant as B⊥.

All data presented in this thesis was acquired in the fall of 2016 under close su-
pervision of Fabrizio Nichele, then assistant professor at Center for Quantum
Devices, now a research staff member at IBM Zurich Research Laboratory.

4.1 3D Phase Diagram

Setting the stage for the data analysis, we start out with an overview of the observed
behavior in the investigated parameter space, presented in the form of a phase-diagram-
like 3D plot in Fig. 4.1. The color scale represents sheet resistance, RS, as a function of
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Fig. 4.1. Experimental phase diagram. The color scale represents sheet resis-
tance, RS, as a function of temperature, T , gate voltage, VG, and perpendicular
magnetic field, B⊥. The black contour at 100 Ω is meant as a crude marking of
the boundary between the superconducting regime (S) and an intervening regime,
which will be referred to as the anomalous metal regime (M?). The green contour
at 1.65 kΩ marks the crossing between regimes of anomalous metal and normal
metal (M), in the (B⊥, T )-plane at VG = −3.75V. Plotting style adapted with
permission from Bøttcher et al. [1], in order to ease comparison to the results from
investigations of higher-capacitance arrays.

the controllable parameters temperature, T , gate voltage, VG, and applied perpendicular
magnetic field, B⊥. Plotting the sheet resistance, or resistance per square, is a means of
equalizing the effect of the sample dimension. RS is obtained by multiplying the measured
resistance with the ratio of the array dimensions 1.

RS = Rmeas ·
W

L
(4.1)

Fig. 4.1 is strongly inspired by the similar experimental phase diagram of Bøttcher et al.
[1], which in turn was inspired by the iconic theoretical phase diagram of Fisher’s ’Dirty
Boson’ model of SITs [46], reprinted with permission in Fig. 2.8 of this thesis. The black
and green lines in Fig. 4.1 mark the contours at 100 Ω and 1.65 kΩ respectively. They
should not be taken as phase boundaries, but rather as the crude marking of different
transport regimes. The 100 Ω (black) contour line roughly marks the boundary of the

1This relationship is simply derived from treating each unit square of the 2DEG as a resistor. Then
the sample can be modeled as a circuit of W×L equal resistors connected in parallel and series.
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superconducting regime (S). In this part of parameter space, the studied array is expected
to attain global superconductivity at T = 0K. The value of 1.65 kΩ for the green contour
line, is chosen to mark the resistance at the crossing point, in the VG = −3.75V plane
(back wall of the diagram), of isotherms which are affected by commensuration effects
and isotherms that are unaffected, see Fig. A.1c in Appendix A. Above this value, RS
only depends moderately on temperature and magnetic field. Based on this observation,
the green contour line could be interpreted as the boundary between a regime in which
transport is neither superconducting nor metallic and a regime of metallic transport (M).
Following the widely used terminology within the SIT community, this intervening phase
will be referred to as an anomalous metal2 (M?). The anomalous-metal phase is char-
acterized by a low-temperature saturation of the resistance at a value unconventionally
low as compared to the normal-state resistance at T > Tc. This behavior is inconsistent
with the conventional Drude-theory of metallic transport at low temperatures (Low-T),
likewise it is not described by the conventional BCS theory of superconductivity. In the
lack of I-V characteristics, similar to those presented in Fig.4 of Bøttcher et al. [1], which
could have determined the nature of the transport in the different regimes, through the
response to an applied DC current, the above outlined observations will stand alone as
justification for the categorization of data into the three transport regimes (S), (M?) and
(M). In the (B, VG)- and (T, VG)-planes an additional transport regime was observed, in
which the resistance increased as the temperature was lowered. This transport regime is
interpreted as an insulating phase (I).

According to the outlined categorization of data, the following transitions were ob-
served: In the (B⊥, T )-plane, at VG = −3.75V, a superconductor-to-metal transition
(SMT) was observed, with an intervening anomalous metallic phase (M?). In the (B, VG)-
and (T, VG)-planes, SITs were observed, with intervention of metallic (M) and anoma-
lous metal (M?) regimes. Commensuration effects, as discussed in subsection 2.3.2, are
clearly visible at f = 1/2 and f = 1 in the (B⊥, T )- and (B⊥, VG)-planes. An overview
of this categorization, is given in Fig. A.7, as a labeling,of the interpreted regimes, on the
experimental phase diagram of Fig. 4.1.

The (T, VG)-plane (ground plane of the diagram) is analyzed in further detail in sec-
tion Sec. 4.2. In Sec. 4.3 charging effects, in the field-driven transition, are investigated
in three different (B⊥, T )-planes, ranging from weak 2DEG depletion at VG = −3.75V
(back wall of diagram) to strong 2DEG depletion at VG = −4.5V, just above the separa-
trix of the gate-driven transition. The observations from the (B, VG)-plane are presented
in Appendix B.

2Often this intervening phase is also referred to as a Bose metal.
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A comment on the choice of the value for the green contour line

It should be noted, that if instead of 1.65 kΩ, the value 1.8 kΩ is chosen for the green
contour line, an unexpected non-monotonic behavior, in the regime which is interpreted
as metallic, is observed, see Fig. A.1a,b. The choice of 1.8 kΩ would be based on the
crossing of the 20mK-isotherm with the high-T isotherms at ∼ 70mT in Fig. A.1c. At
fields below ∼ 70mT, the resistance of the 20mK isotherm drops steadily, until it reaches
the noise level at ∼ 23mT. This behavior could justify the interpretation of the crossing
at (70mT, 1.8 kΩ), as a marking of the upper critical field, B⊥c2(20mK), of the Al-islands.
Taking into account, that the expected B⊥c2(TBase) of the 7nm Al-film is ∼ 40mT, it is
conceivable that superconducting pairing survives up to ∼ 70mT in the small Al-islands,
due to the inverse dependence on dimensionality, of the strength of the superconducting
state in aluminum. When studying the 1.8kΩ contour line in Fig. A.1a,b, there appears
to be a mechanism, at fields above ∼ 40mT and temperatures below ∼ 700mK, which
suppresses the conductivity. With the B-value of the 1.8kΩ-contour being ’suppressed’
from ∼ 70mT at 20mK to ∼ 42mT at T ∼ 350mK, after which the B-value of the
1.8 kΩ contour increases monotonically towards the value of ∼ 70mT which is reached
at ∼ 700mK. From ∼ 700mK the B-value of the 1.8 kΩ contour follows an expected
monotonic suppression with increasing temperatures. In the lack of actual measurements
of the normal state resistances in the investigated regimes, the RS-value at B=0 and
T > Tc ∼ 1.6K will be taken as a measure of the normal state resistance and referred to
as RN in the remainder of this thesis. According to this measure of RN , the normal state
sheet resistance of the (B⊥, T )-plane at VG = −3.75V is ∼ 1.7 kΩ. Similar non-monotonic
contour lines are observed in the other (B⊥, T )-planes, at resistances slightly higher than
RN . As an example see the 510 Ω-contour line of the (B⊥, T )-plane at VG = 0V in
Fig. B.1d.

4.2 Gate-Tuned SIT

In zero magnetic field a voltage-driven SIT was observed, as VG was swept from −3V
to −5V, at fixed temperatures ranging from 1.85K down to the base temperature of
∼ 20mK. Fig. 4.2 presents the sheet resistance, RS , as a function of temperature and
gate voltage, in three alternative ways, all of which are instructive for different parts of
the analysis.

For distinguishing the regimes of superconducting, insulating and metallic behavior,
at the different values of VG, Fig. 4.2a is studied. An initial drop in resistance was found
for all VG-curves, at T ∼ 1.6K. While the resulting kink in the curves is hard to see in
Fig. 4.2a, it is clearly seen in the zoom-in presented in Fig. A.2b. This is interpreted as a
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Fig. 4.2. Dissipation-driven SIT.(a) Sheet resistance, RS(T ) plotted on a log-
log scale, with the color scale set by gate voltage. At base temperature the sample
spanned nine orders of magnitude, from the superconducting to the insulating
state. (b) RS(VG)-isotherms plotted on a semi-log scale, with the color scale
representing temperature, T . The inset shows a zoom in on the crossing-point
along with a vertical line marking the separatrix gate voltage, V ?

G and a horizontal
line marking the average of the low-T and hight-T resistance of the separatrix. This
crossing-point is indicative of a quantum phase transition at T = 0K. (c) Color-
map plot of log(RS) as a function of T and VG. The lower left corner (low-T ,high-
VG), the resistance of the sample exceeded the limitation of the measurement
setup and data was cut-off for RS > 108 Ω, which is marked with a bright yellow.
Contour lines at 1 Ω,100 Ω and RQ = h/4e2 are shown.

sign of the Al-islands turning superconducting, i.e. Tc,Al-islands ∼ 1.6K. A similar initial
drop in resistance at temperatures close to the expected Tc, islands, has been reported
for other proximitized JJAs, [1, 6]. At gate voltages less negative than VG = −4.32V,
the resistance dropped below 1 Ω, at the lowest temperatures. The sensitivity of the
experimental setup did not allow for measurements of such low resistances, so in order
to avoid hiding the tick marks, of the T -axis, in the mess of the jumpy low-resistance
signal, the data has been cut-off below 0.5 Ω in Fig. 4.2. Additionally, only a selection of
the VG-curves are shown, to clarify features of the data. The full dataset is presented in
Fig. A.2, with a linear T -axis.
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The curves that drop below 1 Ω, are interpreted as a sign of global superconductivity
in the array at the corresponding gate voltage and low temperatures. At intermediate
gate voltages, −4.51V . VG . −4.32V, the resistance saturated at a voltage-dependent
value, as the temperature was decreased below ∼ 120mK. The saturation-value of RS(T )

spanned five orders of magnitude, from ∼ 1 Ω to ∼ 105 Ω, as marked with pink bars in
Fig. 4.2a,c. This regime of low-T saturating curves can be divided into two classes of
behavior: curves that either saturate at RS-values which are lower or higher than the
normal-state resistance measured above Tc ∼ 1.6K for the given gate voltage. The value
of VG, which separates these two classes of saturating behavior, is V ?

G = −4.475V, marked
with the blue-dotted curve in Fig. 4.2a. Adapting the nomenclature of conventional
SIT framework, this RS-curve will be referred to as the separatrix of the transition
and marked with a star. Conventional SIT theory predicts temperature independence
at the critical value of the driving parameter, which implicates a horizontal separatrix
and a well-defined crossing-point of the isotherms. As a result of the non-horizontal
separatrix of the observed transition, the crossing-point of the isotherms was broadened,
as shown in Fig. 4.2b. In the inset of Fig. 4.2b, the value of V ?

G is marked with a vertical
blue-dotted line. The horizontal black-dotted line marks the average of the low-T and
high-T values of the corresponding R ?

S . In Fig. A.2c,d the temperature dependence of
the crossing-point is demonstrated. In addition to being non-horizontal, the separatrix
is also highly non-monotonic, as shown in Fig. A.2b. Upon the initial resistance-drop at
T < Tc ∼ 1.6K, the separatrix begins an upturn at T ∼ 1.4K, which peaks at a value
of R ?

S,max ∼ 12 kΩ, before it starts decreasing around T ∼ 500mK and saturates below
T ∼ 120mK. The non-monotonicity of the separatrix is commonly observed in studies
of SITs in JJAs and granular thin superconducting films [2]. At the most negative gate
voltages, VG . −4.5V, the resistance increased with decreasing temperature, indicating
an insulating state of the array. The sample switched off at low temperatures, which is
seen as the cut-off at RS > 108 Ω in Fig. 4.2a,c. This cut-off is caused by the 100MΩ

feedback resistor in the setup, see Fig. 3.7. The color-map representation in Fig. 4.2c is
useful for getting an overview of the observed transport regimes and cross-overs between
these regimes.

4.2.1 The Question of 2D Metals and the Anomalous Metal Phase

There has been a long lasting controversy regarding whether a 2D system of interacting
electrons can exhibit/posses/reside in... a metallic state in the limit of zero temperature
and infinite volume. Theoretical orthodoxy stands firm on the impossibility of a true
2D metal, due to the localization of electrons in the limit T → 0 [52]. Yet numerous
experimental observations of apparent metallic behavior as T → 0 has been reported,
since the beginning. In fact the amount of reported observations of such an anomalous
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metal phase has been so extensive, that a 30 pages long review article by A. Kapitulnik,
S. Kivelson and B. Spivak was published on Arxiv in 2017 [62]3. As a consequence of
this long-held theoretical believed impossibility of a 2D metal, the original theories of
SITs in 2D did not predict an intervening metallic phase. Hence, strictly speaking, the
observed dissipation-driven transition cannot be referred to as an SIT, but instead should
be referred to as a SM-MI-T. However the intervention of a metallic phase, commonly
referred to as an anomalous metal or Bose metal, seems to be the rule rather than the
exception in experimental studies of SITs [1, 3, 62, 63]. The appearance of the debated
intervening metal-phase occurs to be related to the granularity and disorder of the studied
superconductor [63, 64]. One of the few examples of an observed direct SIT was made in
presumed homogeneous ultrathin films of Bi and Pb by Haviland et al. [64].

In a recent paper by Diamantini et al. [63] (unpublished4), a theoretical model,
for finite-T , is proposed, which explains the anomalous metal phase, as the result of
simultaneously prevented condensation of both vortices and Cooper pairs (CPs), due to
the strong quantum fluctuations near the quantum critical point, which occur in disor-
dered superconductors. They find the anomalous metal to be a Bose topological insulator,
with ballistic symmetry-protected edge-modes and the suppression of bulk transport by a
topological Chern-Simons (CS) gap. The procedures followed in [63] are closely reminis-
cent of the quantum Hall framework. Hence the sheet resistance of the Bose metal (BM)
is found to be described by a model of two parallel resistors resulting from the combina-
tion of ballistic transport in the edge modes and thermally activated transport over the
bulk CS gap. This description of the anomalous metal, complies with the commonly ob-
served disappearance of Hall resistivity and cyclotron resonance in the anomalous metal
phase [63, 65]. In [63] the bosonic CPs and vortices are treated as dual particles, a du-
ality which leads to the dual-picture of a superconductor, namely a superinsulator, in
which the CPs are fully localized and vortices are condensed. As a result of this duality
the superconductor-superinsulator transition is predicted to have an intervening metallic
phase, centered around RS = RQ, with resistances saturating at values both above and
below the separatrix at RS = RQ, just as the observed behavior in the present study, see
Fig. 4.2a. The experimental phase diagram of Fig. 4.2c has an appealing resemblance to
the experimental phase diagram of Diamantini et al. [63].

In the theoretical treatment of SMTs in highly conducting systems (R � RQ),
performed by Spivak et al.[52], an intervening phase of anomalous metallic behavior
is predicted, due the high inhomogeneity of the superconducting order parameter at
criticality, which results in a phase of isolated superconducting puddles embedded in a
normal metal. This state is treated as an array of resistively shunted Josephson junctions.

3Recently published as a shortened version in January 2019 in Rev. Mod. Phys., Vol. 91, No. 1
4Preprint is available for download at Arxiv.org and ResearchGate.com.
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As long as the puddles are not too dilute, the metallic phase will exhibit anomalous
behavior due to the finite tunneling of Cooper pairs. In this part of the phase diagram, the
correlation length is smaller than or comparable to the distance between superconducting
islands, but large compared to the size of an average island and the fluctuations of the
superconducting order parameter govern the physics. This model is believed to be an
adequate description of the system studied in this thesis. However instead of EJ being
suppressed by the increasing distance between superconducting islands, as in [52], it is
believed to be suppressed by the weakening of the superconducting gap in the islands, as
T and B⊥ are increased. The phase diagram of the (B⊥, T )-plane derived in [52] bears
great resemblance with the experimental phase diagram of the (B⊥, T )-plane presented
as the back-wall in Fig. 4.1, when ignoring the commensuration effects.

A comment on another recent paper, on the anomalous metal phase, published by
Tamir et al. [66], is in order here. The authors of [66] claim to have experimental evidence
which proves the intervening metal phase as a mere result of insufficient microwave-
filtering. This proposal is supported by the observations of Geerligs et al.[67] back in 1989.
In Ref. [67] the charging effects in JJAs of low-capacitance junctions were studied. They
reported that the low-T saturation observed in their earlier experiments, [68], disappeared
when a new improved filtering was implemented. While it is conceivable that the critical
state of the system in the proximity of the transition is highly sensitive to any noise, it is
found to be somewhat inconceivable that the experimental filtering in so many high-level
laboratories all over the world, has been inadequate, and that filtering techniques should
not have been improved sufficiently within the last 30 years. It is found to be conceivable
that, the VG-curves saturating at 1Ω . RS . 100Ω would go superconducting at T = 0K,
in the case of a perfectly filtered setup. Likewise it is a fair assumption that the same
logic applies on the insulating side of the transition, thereby narrowing the span of the
anomalous metal regime. There is also the possibility that the electron temperature
differs from the temperature measured by the thermometer of the mixing chamber. If
the electron temperature decreases at a smaller rate than the measured mixing chamber
temperature, this would also result in an apparent saturation of the resistance. This
explanation of the saturating behavior, is supported by the deviation from sub-activation-
transport fits found at T < 0.12K in the analysis below, see e.g. Fig. 4.6. In the context
of this discussion it is worth noting that vortices are very sensitive to microwave radiation
as pointed out by L. Benfatto in a private conversation with the author of this thesis and
professor C. Marcus.

4.2.2 Transport on the Insulating Side of the Gate-Tuned Transition

Understanding the nature of the insulating state, which terminates superconductivity, is
essential to uncovering the physics behind the observed SIT. In Fig. 4.3a the full data set
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is presented in a so-called Arrhenius plot, which is useful for characterizing the transport.
In the case of thermally activated transport the resistance follows the form [69]

RS(T ) ∝ R0 exp(T0/T ) (4.2)

where kBT0 is the activation energy, kB will be left out in the following when referring to
activation energies. Hence data from a state of activated transport will show up as straight
lines, of slope T0, in the Arrhenius plot, where log(R(T )) is plotted against T−1. From
Fig. 4.3a it is clear that transport at lowest T s was not thermally activated. However
for inspection of the transport at higher temperatures, it is necessary with a zoom-in, as
shown in Fig. 4.3b. For temperatures above T ∼ 350mK and gate-voltages well into the
insulating regime, VG . −4.57V, the data appears to be well-described by straight lines,
and hence the transport is interpreted as being activated in this regime. When the data
appears to exhibit sub-activation, as in the low-T part of Fig. 4.3b (positive concavity in
the Arrhenius plot), it is customary to check for variable-range-hopping,

The Efros-Shklovskii variable range hopping model predicts an exponent of (1/2)
[69],

RS(T ) ∝ R0 exp(T1/T )1/2 (4.3)

where T1 is the VRH activation energy. Variable-range-hopping describes a situations in
which it becomes energetically favorable for a charge to undergo a process of combined
thermal activation and tunneling, to an impurity-state further apart than the nearest
impurity-states, but with a smaller energy-difference. If the exponent in Eq. 4.3 is 1/3

instead, the expression is referred to as the Mott-law for 2D. The Mott-law predicts an
exponent of 1/(d+ 1).

In Fig. 4.3c an ES-VRH plot of the insulating high-T part of the data is shown. In the
intermediately insulating regime, −4.655V . VG . −4.565V, the transport appears to be
well described by the ES-VRH model, for T . 350mK. Accordingly in the intermediately
insulating regime, transport changes from ES-VRH below ∼ 350mK to thermal activation
at higher temperatures. In the weakly insulating part of the data, immediately above the
separatrix, transport appears to neither be described by activation nor ES-VRH. These
curves belong to the regime of resistance saturating at low T s and hence are interpreted
as an anomalous metal phase. Due to the cut-off of the data at the unmeasurably
high resistances, which were reached at the most negative gate voltages, it is difficult
to conclusively judge the behavior in the strongly insulating regime. It could look like
a part of the curves at VG . −4.655V, have a tendency to exhibit ES-VRH transport
below ∼ 350mK. These observations of transport in the insulating regime, agree to some
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Fig. 4.3. Transport in the insulating regime of the gate-tuned transition.
(a) The data from Fig. 4.2a plotted on a log-scale versus inverse temperature, with
the separatrix marked as the blue-dotted curve. (b) Zoom-in on the high-T part of
the Arrhenius plot in a. Only showing the insulating regime above the separatrix.
The linear fits (dotted straight lines) indicate activated transport in the medium
and strong insulating regimes, for temperatures T > 350mK. (c) Checking for
Efros-Shklovskii variable range hopping (ES-VRH), by plotting resistance on a
log-scale versus T−1/2. The curves of the medium insulating regime showed a
decent agreement with the linear fits (dotted straight lines), indicating ES-VRH
transport in the medium insulating regime, at T < 350mK. It could neither be
ruled out nor confirmed, whether the transport in the strong insulating regime was
governed by ES-VRH at T < 350mK. The weakly insulating regime, in which the
resistance showed a tendency of saturating for low T s, did neither exhibit activated
nor sub-activated transport.

extent with the findings of Bøttcher et al. [70].
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4.3 Field-Driven Transitions in Three Different Charging
Physics Regimes

At T = 0K a QPT from superconductor to insulator can be driven by a magnetic
field if the x = Ec/EJ value is close to, but still below, criticality. Most theoretical
and experimental treatments of SITs in JJAs agree that the critical x-value is given by
xc ≥ 1, [2, 10]. In the presented study, the parameter x was tuned via the top gate, with
an increase in negative gate voltage leading to the suppression of EJ . Due to the lack
of characterization measurements of the array, it has not been possible to make reliable
estimates of the Josephson energy, for the different values of VG, and hence estimates of
the x-values, for the presented measurements, could not be made.

Resistance, as a function of temperature and applied perpendicular magnetic field,
was investigated at seven different values of VG, in eight measurements of which two
had the same VG-value but exhibited slightly different normal-state resistances due to
hysteresis from the measurement sequence. An overview of all eight (B⊥, T )-planes can
be found in Fig. A.6, where they have been ordered by their normal-state resistance,
RN , starting from RN ∼ 500 Ω and ending at RN ∼ 11 kΩ. Please note that all but the
eighth measurement are plotted with filling factor, f = B⊥/Bo, on the horizontal axis,
instead of B⊥. As illustrated in Fig. 3.4 the calculated value of B0 was Bcalc

0 = 21.5mT.
Experimentally B0 was determined to Bexp

0 ' 22.65mT, based on the value of the field
at the minimum of the commensuration dip at f = 1.

An interesting observation was, that as the normal-state resistance was increased to
values close the the quantum of resistance for pairs, RN ∼ RQ = h/4e2 ≈ 6.453 kΩ, the
character of the transition went from SMT to SIT, which supports the categorization of
data in the above discussion of the experimental phase diagram in Fig. 4.1. Between the
measurements at VG = −4.35V, and VG = −4.375V, shown in Fig. A.6d,e respectively,
RN changed from ∼ 5.5 kΩ to ∼ 6.6 kΩ and an intriguing regime was entered, in which
the SIT took place at field-values below f = 1/2, and an emergent peak in the magnetore-
sistance (MR) appeared in combination with the tendency of reentrant superconductivity
at f = 1/2 and f = 1. As RN was increased the MR-peak increased in strength, while
the commensuration effects at f = 1/2, 1 were weakened but still present. This regime is
interpreted as a critical regime, in which the competition between EC and EJ is expected
to have been extremely close, giving rise to an interesting interplay between single-particle
and many-particle physics. From the measurements at VG = −4.4V(Fig. A.6g) to that
at VG = −4.5V (Fig. A.6h), the behavior of the sample changed dramatically. From ex-
hibiting global superconductivity at B = 0 for the lowest temperatures at VG = −4.4V,
the resistance at base-T and B = 0 increased to ∼ 45 kΩ, at VG = −4.5V.
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Fig. 4.4. Three different regimes of charging physics. (a) The regime of
weak charging physics, VG = −3.75V, exhibited a superconductor-metal-transition
(SMT), with some anomalous behavior in the metallic regime, as discussed in
Fig. A.1. (b) The regime of medium charging physics, VG = −4.4V, displayed an
exciting competition between EJ and EC . An SIT was observed at B ∼ 4.5mT,
followed by the onset of a peak in the magnetoresistance (MR). At commensuration
filling factors f = 1/2 and f = 1 this MR-peak was suppressed by the tendency of
reentrant superconductivity. As a consequence of the commensurate re-entrance,
multiple SITs were observed. (c) The regime of strong charging physics, at VG =
−4.5V, exhibited insulating behavior at B = 0, indicative of a situation where
EC > EJ . However the balance between EJ and EC was still close enough to
criticality that weak remains of the commensuration effect where observed in the
analysis of the MR-peak, please refer to Fig. 4.7.
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This behavior was expected, as it supports the interpretation of the gate-tuned
transition of Fig. 4.2 as being a SIT with separatrix V ?

G = −4.475V. Hence for VG =

−4.5V the x-value was expected to have passed criticality, i.e. EC > EJ .
The appearance of a significant peak in the magnetoresistance (MR) on the insulat-

ing side of a field-driven SIT has been reported by an increasing number of experiments
since the ’90s [1, 3, 71–83]. The MR-peak has been observed in both uniform disordered
films, nano-patterned disordered films with an ordered array of holes, conventional JJAs,
proximitized semiconductor JJAs and high-T superconductors. A few proposals for a
theory which explains this significant peak in magnetoresistance has been put forward by
Dubi et al. [51] and Galitski et al. [84], but the mechanism behind the MR-peak remains
an unresolved question.

As an illustration of the role that charging physics plays, in the studied array, three of
the measured (B⊥, T )-planes, Fig. A.6b,f,h, have been picked out, to represent the regimes
of weak, medium and strong charging physics respectively, as shown in Fig. 4.4. It should
be noted that the data has been smoothed quite heavily, due the strong fluctuations in the
signal of the low-T part of the data in the (B⊥, VG)-measurements. The source of these
fluctuations is not fully understood at present. In Fig. A.3 the un-smoothed data of two
of the (B⊥, T )-planes are presented along with a brief discussion of the observed features
of the fluctuations and a description of the smoothing-procedure used for the figures of
this section. The overview of (B⊥, T )-planes in Fig. A.6, also shows the un-smoothed
data.

The (B⊥, T )-plane representing the regime of weak charging physics in Fig. 4.4a, is
the plane at VG = −3.75V, which was used as the back wall in the experimental phase
diagram of Fig. 4.1. The observations from this (B⊥, T )-plane are discussed in Sec. 4.1,
and will not be discussed further in the current section.

4.3.1 Magnetoresistance Peak and Commensuration Effects in the Medium
Charging Physics Regime

In zero magnetic field, at VG = −4.4V, EJ was still the dominant energy scale of the
array, which is seen from the low-T superconducting behavior at B = 0 in Fig. 4.4b. This
is in agreement with the voltage-driven SIT, shown in Fig. 4.2a, where VG = −4.4V,
marked as the black-dashed curve, is well below the separatrix on the superconducting
side of the SIT. The 20mK isotherm of Fig. 4.5a should correspond to the black dashed
curve of the (VG, B⊥)-plane presented in Fig. B.1a, disregarding possible hysteresis be-
tween the measurements. As a perpendicular magnetic field is applied, the increasing
number of unpaired mobile vortices introduce decoherence between the phases of the
superconducting order parameter in neighboring Al-islands, whereby the Josephson cou-
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Fig. 4.5. The MR-peak in the regime of medium charging physics a
Smoothed RS-isotherms plotted on a log-scale vs. B-field on a linear scale. The
B-field-position of the resistance maximum of each isotherm, Bpeak, is marked with
green circles. The inset shows the T -dependence of Bpeak. b Zoom-in on the low-T
resistance dip at commensuration filling factor f = 1/2. Color scale corresponds
to the color bar of a. c Zoom-in on the low-T resistance dip at commensuration
filling factor f = 1. d RS(T ) plotted for fixed B-fields, represented by the color
scale. It should be noted that this plot presents the un-smoothed data.

pling, EJ , is suppressed. At a critical field of Bc, SIT ∼ 4.5mT an SIT was observed,
identified as the crossing of isotherms at a value Rc, SIT ∼ 6.5 kΩ in Fig. 4.5a. It should
be noted that Bc,SIT ∼ 4.5mT is far below the estimated value of Bc1, JJA ∼ 26mT in
the ’neighboring’ (B⊥, T )-plane on the low-resistance side, i.e. the plane of RN ∼ 5.5 kΩ

(Fig. A.6d). The observed SIT indicates, that the balance between EJ and EC shifted in
favor of EC at B ∼ 4.5mT. On the insulating side of the SIT a positive magnetoresistance
was observed. However the trend of rapidly rising RS , with increasing B and decreasing
T , was interrupted by a reversed T -dependence around the field values corresponding to
f = 1/2 and f = 1. Fig. 4.5b,c shows zoom-ins on the resistance dips at f = 1/2 and
f = 1 respectively. Crossings of the isotherms of the lowest T s were observed on both
sides of the commensurate resistance-dips. These crossings are interpreted as indicative
of true IS-SI-transitions at T = 0K. The reason that the observed reentrant supercon-
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ductivity does not develop fully at the base-temperature, as it does for B = 0, is believed
to be thermal activation of the vortices. The dip at f = 1/2 is less pronounced than that
at f = 1, which is interpreted as a result of the expected anti-ferromagnetic ordering,
which leads to two competing ground states, thereby introducing domain walls, as in the
case of a traditional anti-ferromagnet. The domain walls in turn introduce dissipation,
[85].

The MR-peak of each isotherm is marked with green circles in Fig. 4.5a. This plot
reveals a trend of the peak moving down in B-field as the temperature is decreased, a
behavior which has previously been found in other studies of MR-peaks, [3, 82]. Inspired
by these studies, the temperature dependence of the peak-position in field, Bpeak, was
plotted, see inset of Fig. 4.5a. Below B ∼ 53mT Bpeak was found to decrease with
decreasing T . Below T ∼ 500mK the temperature dependence saturated as Bpeak settled
around a value close to f = 3/2. For T . 100mK Bpeak increased slightly with decreasing
T . This feature is interpreted as the onset of a commensuration-dip at f = 3/2 at lowest
T s, as seen in Fig. 4.5a. However due to the extreme fluctuations of the signal, as discussed
above and in Fig. A.3, it is not clear whether this hint of a dip, at f = 3/2 in the smoothed
curves, is merely a coincidental artifact of the fluctuating signal. Regardless of this
detail, the interpretation of the data is, that in the absence of the strong fluctuations and
commensuration effects5, the peak position would tend towards a value of Bpeak & Bc,SIT

as T → 0, i.e. B0
peak ≡ Bpeak(T → 0). If the physics at f = 1 can be described as the same

problem as that of f = 0 (for an ideal system), which it can if an interpretation of the
problem in terms of an XY-model of the phases of the superconducting order parameters
of the islands is valid, then the data supports the expectation of B0

peak & Bc,SIT (T → 0).
This expectation was also found by Doron et al. [82] in their study of Bpeak(T ) in
disordered thin amorphous α-InO films. Determining the T = 0 limit of the peak position,
B0
peak, is an important step towards understanding the ground state of the system and

the T = 0 quantum phase transition.

Another noteworthy feature of the Bpeak(T )-plot, in the inset of Fig. 4.5a, is the
jump from Bpeak = 53.25mT, at 700mK, to Bpeak = 87.25mT, at 740mK, and the
following saturation of Bpeak up until 1.2K. The saturation of Bpeak at ∼ 87.25mT, for
almost 500mT, is interpreted as an artifact of the measurement ending at 87.25mT.
It is unknown whether the jump in Bpeak(T ) between 700mK and 740mK, would have
been even larger if the measurement had gone to higher fields. In a future experiment
it would be interesting to have a smaller step-size in this range of T and a larger range
in applied B-field, in order to investigate this apparent transition or crossover of the
state of the system. For T > 1.2K Bpeak decreased with increasing T and ended at

5i.e. if disorder had been imposed on the regular array, similar to the example of a percolation-
simulating JJA as shown in [85]
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Bpeak = 67.85mT, corresponding to f = 3, at Tmax = 1.85K, where the measurement
ended. A similar reverse of the T−dependence of Bpeak, for high temperatures, was
observed in Doron et al. [82]. The crossing of fixed-B curves at T ∼ 700mK and the
crossing of high-T isotherms at B ∼ 60mT is elucidated in Fig. A.4, in relation to the
characterization of electronic transport, which is presented in Fig. 4.6.

InFig. 4.5d the (un-smoothed) data is presented as RS(T )-curves for fixed field-
values, represented by the color scale. It should be noted that the color scale of the
color bar appears to be shifted from the color scale of the curves. This discrepancy of
the color scales is most clearly seen from the color of the fixed-field-curve which reaches
RS,max ∼ 37 kΩ at 20 mK. From the color bar of Fig. 4.5d, the field-value of the MR
peak is ∼ 45− 50mT, which disagrees with the plot in Fig. 4.5a, where the MR peaks at
B ∼ 43. A similar slight discrepancy between the color bars and color scales of curves
has been discovered in other plots, but unfortunately not in time for hunting down the
error in the plotting rutine and correcting the affected plots.

The two vertical lines, in Fig. 4.5d, mark the temperatures Tc,Al ∼ 1.6K and T =

700mK respectively. At T = 700mK a crossing of the high-field curves was observed, due
to the negative MR on the high-field side of the peak. The observed jump in Bpeak(T ),
in the inset of Fig. 4.5a, is interpreted as being related to this crossing, which in turn is
interpreted as the marking of the termination of the MR-peak. Adding to this observation,
the line at T = 700mK also seems to roughly mark the critical temperature of global
superconductivity in the array at B = 0.

When zooming in on the high-T behavior in Fig. 4.5a, a crossing of the highest-
T isotherms, T & 1.2K, was observed at B ∼ 60mT, see Fig. A.4b. This crossing is
interpreted as the critical field of the Al-islands, Bc,Al(1.2K) ∼ 60mT. An interpretation
which finds support from the initial resistance-drop observed for the fixed-field curves of
B < 60mT in Fig. 4.5d. For B = 0 this drop in resistance was found to reach a turning-
point at T = 1.2K, upon which the resistance increased drastically with decreasing
temperature. The resistance-drop was found to decrease in strength and the turning-point
was found to occur at a deceasing temperature, as the fixed-field value increased, until
this feature completely disappeared at B ∼ 60mT. Similarly the studies presented by
Steiner and Kapitulnik [75] and Mironov et al. [3] lead to estimated values of Bc2 & Bpeak.
Although Bc,Al(1.2K) ∼ 60mT seems as an unlikely high value, when compared to the
estimated Bc,Al(20mK) ∼ 70mT and the clear features indicating Tc,Al(B = 0) ∼ 1.6K,
it nevertheless seems to be what the data is expressing. In this relation it is relevant
to refer to the discussion of the ambiguity of Bc2 in the case of superconductivity in 2D
disordered material systems as presented in Steiner and Kapitulnik [75].

The combination of commensuration effects and an MR peak has been reported in
previous experiments [79, 80]. In [80] Kopnov et al. reported a significant MR peak
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interrupted by the tendency of reentrant superconductivity at f = 1 in an amorphous
indium-oxide thin film patterned by a nanoscale periodic array of holes. Nguyen et al.
[79] observed the combination of an MR peak and commensuration effects in ultrathin
amorphous Bi films patterned with a nano-honeycomb array of holes. It is unknown
whether reentrant IS-SI-transitions were also observed for this system, as the R(T,B)-
data was presented as a surface plot, from which it is hard to judge whether the isotherms
have multiple crossing points, as in Kopnov et al.[80] and the study presented in this
thesis. Commensuration effects at fractional fillings were not observed in these hole-
perforated systems.

A characterization of the transport in this charging physics regime is presented in
Fig. 4.6. As a first step the data was checked for activated behavior, through an Arrhenius
plot (see Eq. 4.2), shown in Fig. 4.6a. A zoom-in on the details of the high-T transport is
shown in Fig. 4.6b. No part of the data could be fitted to straight lines in the Arrhenius
plot, for a notably range in T , which strongly suggests that transport in this regime
cannot be ascribed to thermal activation. The curvatures in the Arrhenius plot indicated
sub-activated transport. In Fig. 4.6c a selection of fixed-field cuts, from the insulating
part of Fig. 4.5a, are shown to exhibit a decent agreement with a VRH-model with
an exponent of 1/4. For the local peaks between the frustration filling factors f = 0 to
f = 1/2 and f = 1/2 to f = 1, at B ∼ 9.3mT and B ∼ 16.5mT respectively, the straight
lines were found to fit in the range T = [0.3, 1.2]K. The linear fits yielded sub-activation
energies of T1 ∼ 1.15K and T1 ∼ 1.3K respectively. For fields B ≥ 25mT (from the
onset of the global MR-peak), the straight line fits were found to describe the data for
an increasing range of temperatures. At the maximum of the peak, B = 30mT and
B = 40mT, transport was found to be well described by an VRH-model with exponent
1/4, in the range T = [0.12, 1.2]K. The sub-activation energy of B = 30mT was found
to be T1 ∼ 1.57K. At fields B ≥ 50mT the transport could not be described by VRH.

Inspired by Doron et al. [82], the temperature dependence of the resistance-value
of the MR-peak, Rpeak, was investigated, disregarding the fact that the peak occurred at
different field-values. In [82] the T -dependence of Rpeak, was found to follow an activated
behavior in the range T = [0.19, 1.2]K, with an activation energy, T0, which was similar to
the critical temperature of the given α-InO thin-film, and R0/RQ = [0.6, 1.15], where RQ
is the quantum of resistance for pairs. However for a few of the investigated thin α-InO-
films, a sub-activated behavior was found instead. The authors of [82] did not manage
to find a characterizing feature of the films which exhibited this sub-activated behavior
of Rpeak. In the present study Rpeak was found to follow a sub-activated behavior, with
a an exponent of 1/4, as shown in Fig. 4.6d. An eye catching feature, of this plot, is the
abrupt change of the slope (i.e. activation energy), at T = 0.7K. This abrupt decrease
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Fig. 4.6. Transport in the medium charging physics regime a The data
of Fig. 4.5a presented in an Arrhenius plot. b Zoom-in on the high-T part of
the Arrhenius plot in a, using the same color scale. The crossing of the high-field
curves corresponds to the crossing of the high-field curves at 0.7K observed in
Fig. 4.5d. The Arrhenius plot did not reveal activated behavior, but indicated
sub-activated behavior. c Plotting the data versus T−1/4. The best linear fits for
the three peaks, appearing below f = 1/2, below f = 1 and above f = 1, were
achieved for the exponent of 1/4 in the VRH-model. d The strength of the MR-
peak, Rpeak, was found to exhibit sub-activated behavior with a VRH exponent of
1/4 and an abrupt change in sub-activation energy at T = 0.7K.

in the activation energy of Rpeak is interpreted as being directly related to the crossing
of high-B-curves at T = 0.7K in Fig. 4.5d and the jump in Bpeak at T = 0.7K in the
inset of Fig. 4.5a. It provides strong support to the interpretation, that the microscopic
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state giving rise to the MR-peak is terminated at T ∼ 0.7K. For 0.12K . T . 0.7K an
activation energy of T1 ∼ Tc ∼ 1.6K was found, along with R0 ' 1.14RQ, which is in
high agreement with the findings of [82]. For T & 0.7K a activation energy of T1 ∼ 0.4K,
along with R0 ' 1.33RQ, was found.

4.3.2 Magnetoresistance Peak and Commensuration Effects in the Strong
Charging Physics Regime

The regime of strong charging physics, presented in Fig. 4.4c, corresponds to the black
dotted curve at VG = −4.5V marked in the (VG, T )-plane of Fig. 4.2a and the (VG, B)-
plane of Fig. B.1a. In this regime EC > EJ , hence no global superconductivity was
observed in the array at B = 0. Instead an insulating behavior was observed at B = 0,
with the resistance increasing as the temperature was decreased. Except for at the very
lowest temperatures, where a tendency of reentrant superconductivity was observed, as
clearly seen from the line-cut at B = 0 shown in Fig. A.5b. In Fig. 4.7a the magnetore-
sistance of the isotherms are displayed with the MR-peaks marked as green circles. The
inset of Fig. 4.7a shows the T -dependence of Bpeak. As in the regime of medium charging
physics, the peak was found to move down in field with decreasing temperatures. Com-
mensuration effects was found to still play a role in the regime of strong charging physics,
although the state of the sample was on the insulating side of the voltage-driven SIT.
This is seen from Bpeak ‘avoiding’ the filling f = 1, at which the commensuration effect
was strongest in the regime of medium charging physics. There is also a weaker case of
‘avoidance’ around f = 1/2. When looking carefully at the low-T isotherms, the tendency
towards a dip at f = 1 and f = 1/2 is faintly visible. The observation of commensuration
effects on the insulating side of the voltage-driven SIT, is interpreted as the Al-islands
still being superconducting. This came as no great surprise, as the expectation was that
the gate voltage primarily affects the resistance of the inter-island-junctions and hence
superconductivity in the islands is expected to survive up to highly negative gate voltages
(presumably until the 2DEG breaks up). What makes this observation interesting is that
it proves the gated proximitized JJA-system as a suited platform for controlled studies of
the effects of superconducting grains embedded in a non-superconducting material on the
insulating side of the SIT. An increasing number, of experimental and theoretical studies
of SITs in disordered systems, suggests an interpretation corresponding to the scenario
described above. In the nanopatterned films of Kopnov [80] commensuration effects were
also observed on the insulating side of the SIT.

Between T = 820mK and T = 850mK Bpeak jumped from 49.425mT to 87.225mT,
reminiscent of the observed jump in Bpeak in the regime of medium charging physics. As
was also the case in the medium charging physics regime, this jump of Bpeak coincided
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Fig. 4.7. The MR-peak in the regime of strong charging physics a
Smoothed RS-isotherms plotted on a log-scale vs. B-field on a linear scale. The
B-field-position of the resistance maximum of each isotherm, Bpeak, is marked
with green circles. The inset shows the T -dependence of Bpeak. b Zoom-in on the
high-T behavior in a, revealing a crossing of the high-T isotherms at B ∼ 50mT.
Color scale corresponds to the color bar of a. c RS(T ) plotted for fixed B-fields,
represented by the color scale.

with the crossing of high-field curves in the RS(T )-representation of the data, shown in
Fig. 4.7d, to be discussed in further detail below. The saturation of Bpeak at ∼ 87.225mT
for intermediate temperatures is interpreted as an artifact of the range of applied field
ending at B = 87.225mT, just as for the case of medium charging physics. For the very
highest temperatures, T & 1.2K, a trend of Bpeak decreasing with increasing temper-
atures was observed, similarly to the observations made at medium charging strength.
However the trend was less clear in the regime of strong charging physics.

In Fig. 4.7b a zoom-in on the high-T behavior of the isotherms in Fig. 4.7a is
shown. At B ∼ 50mT a crossing of the high-T isotherms was observed, reminiscent
of the crossing of high-T isotherms observed at B ∼ 60mT in the regime of medium
charging physics. Following the same line of arguments as for the medium charging
physics regime, this crossing is interpreted as a marking of the critical field og the Al-
islands at this temperature and gate voltage, Bc,Al(1.2K) ∼ 50mT. This interpretation
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is supported by the findings of Steiner and Kapitulnik [75] and Mironov et al. [3]. The
apparent difference between the high-T Bc2 of the medium and strong charging regimes,
might be ascribed to the gate voltage starting to affect the strength of the proximity-
induced gap, ∆eff, in the islands, in disagreement with the expectation stated above.

Fig. 4.7d presents the data as RS(T )-curves for fixed field-values represented by
the color scale. Two vertical lines mark the temperatures Tc,Al(B = 0) ∼ 1.6K and
T = 820mK respectively. At T = 820mK a crossing of the high-field curves was observed,
similarly to the crossing at 700mK in the medium charging physics regime, Fig. 4.5d. This
crossing results from the negative MR on the high-field side of the peak. The observed
jump in Bpeak(T ) at 820mK, as described above and seen in the inset of Fig. 4.5a, is
interpreted as being related to this crossing of RS(T )-curves, which in turn is interpreted
as the breakdown of the underlying physics governing transport in the MR-peak. As
in the regime of medium charging physics, the RS(T )-curves of B . 50mT exhibited
an initial drop in the resistance. At T ∼ 1.4K a turning point of the fixed-field curves
of lowest field-values was observed, upon which a clear insulating behavior took over.
This turning point was observed to move slightly down in temperature as the field was
increased. For the very highest field-values, this non-monotonic behavior was absent.
This agrees with the interpretation of the high-T crossing at B ∼ 50mT being a sign of
the Al-islands turning normal.

Fig. 4.8 presents the characterization of electronic transport in the regime of strong
charging physics. The Arrhenius plot shown in Fig. 4.8a revealed that transport was
poorly described by activated behavior, as no RS(T )-curve could be fitted with a straight
line for a noteworthy range of temperatures. Instead the data was checked for sub-
activated behavior, as indicated by the Arrhenius plot. The best linear fit of the logRS(T )-
curves was found for an exponent of 1/2, see Fig. 4.8b, which is indicative of electron
transport governed by ES-VRH. However for the fixed-field curves above the MR-peak,
i.e. B ≥ 50mT, transport could not be described by ES-VRH or any other form of
sub-activation. For the fixed-field curves belonging to the MR-peak, i.e. B < 50mT,
the sub-activation energy, T1, was found to monotonically decrease with increasing field,
from T1 ∼ 1.68K at the maximum of the peak, B = 9.3mT to T1 ∼ 1.2K at the end of
the peak, B = 40mT. The range of temperatures, for which logRS(T ) could be described
by a straight line in the ES-VRH, was found to be greatest at the intermediate-strength
of the peak, i.e. at B = 25mT and B = 30mT, where the curves could be fitted to
straight lines in the range T = [0.6, 1]K. For the maximum of the peak, i.e. B = 9.3mT
and B = 16.5mT it was difficult to judge the range of suitable T s, due to the extreme
fluctuations of the signal, combined with the cut-off of the data, at the lowest temper-
atures, where the resistance exceeded the limit of the measurement setup, 108 Ω. It is
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Fig. 4.8. Transport in the strong charging physics regime a The data of
Fig. 4.7a presented in an Arrhenius plot. The data was not found to indicate
activated transport, as no curves could be fitted with straight lines. The curvature
of the lines suggests sub-activated transport. b RS plotted on a log-scale versus
T−1/2. The fixed-field curves belonging to the MR-peak, 9.3mT ≤ B ≤ 40mT,
could be fitted with straight lines in a range of T , indicative of ES-VRH transport
in the MR-peak at intermediate temperatures.c The strength of the MR-peak,
Rpeak, was found to follow ES-VRH behavior with a sub-activation energy of T1 ∼
1.66K, for intermediate temperatures. Below T = 0.82K, the transport was better
described by activation, as shown in d.
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hard to say whether the deviation from the linear-fit at the lowest temperatures is an
artifact of these challenges with measuring the resistance at the maximum of the peak,
or if it is in fact caused by a change in the mechanism of electronic transport, at the very
lowest temperatures. It is safe to say, that the B = 9.3mT and B = 16.5mT follows the
linear fits in the range T = [0.12, 1]K. It should be noted that the characterization of the
transport was performed with the un-smoothed data. If time had allowed, it would have
been interesting to check if the results would be different for the smoothed data. As the
MR-peak came to an end at B = 40mT, the linear-fit only held for temperature range
of 400mK, T = [0.6, 1]K. As a last step in the characterization of transport at the MR-
peak in the strong charging regime, the T -dependence of the strength of the MR-peak,
Rpeak, was investigated, see Fig. 4.8c. Rpeak was found to follow ES-VRH behavior with
an activation energy of T1 ∼ 1.66K, for intermediate temperatures, T = [0.12, 0.82]K.
Below T = 0.82K, the transport was better described by thermal activation, with an
activation energy of T0 ∼ 0.25K, as shown in Fig. 4.8d.





5
Conclusions & Outlook

The main results of the work presented in this thesis were deduced from the (B⊥, T )
measurements in the three regimes of weak, medium and strong charging physics, which
were accessed by the gate-voltage control of the normal state resistance, RN . In these
field-driven superconducting transitions, the critical resistance, Rc, was found to be non-
universal, and strongly dependent on the phenomenologically determined normal-state
resistance RN . Universality of the critical resistance, given by the quantum of resistance
for pairs, Rc = RQ = h/4e2, is predicted by the so-called Bosonic models of the SIT,
where Cooper pairs (CPs) and vortices are treated as self-dual particles, e.g. Fisher [46].
In the present study true SITs were only found to occur in the regime of medium charging
physics, where RN ∼ RQ, and for these transitions Rc was found to be very close to RQ,
ranging from ∼ 6 kΩ to ∼ 7 kΩ, hence the Bosonic models cannot be ruled out.

In the regime of weak charging physics, RN < RQ, field-driven superconductor-
metal-transitions (SMTs) were observed. As no clear single crossing-point of the isotherms
could be determined for these superconducting transitions, they were not interpreted as
quantum phase transitions (QPTs) at T = 0K. From the crossing of the 20mK-isotherm
with the high-T isotherms, the upper critical field of the JJA, i.e. the critical field of
the Al-islands, was estimated to be Bc2, JJA(20mK) ≡ Bc,Al-islands(20mK) ∼ 70mT.
The critical field of global superconductivity in the array in this charging regime, was
estimated to be Bc1,JJA ∼ 30mT, based on the crossing-point observed for the majority
of the isotherms. The reason why the low-T isotherms were found to exhibit global

75
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superconductivity at fields above Bc1, JJA ∼ 30mT, is believed to be, that the Josephson
coupling, EJ , must have been so strong for this regime, that the lowest temperatures
corresponded to an energy scale much smaller than EJ , whereby the superconducting
correlations extended between the islands to such a high degree, that they were effectively
joined into one. An effect which can only occur when spacing between the islands, is
smaller than the superconducting coherence length, ξ. As RN was increased to values
RN . RQ, the character of the transition went from SMT to SIT, while the critical field
of the transition decreased quite dramatically from Bc ∼ 30mT to Bc ∼ 5mT, as RN
reached a value close to RQ, and the regime of medium charging physics was entered.

At medium strength charging physics, RN ∼ RQ, the competition between EC and
EJ was found to be so close that multiple SITs were observed due to the onset of reentrant
superconductivity at commensurate filling factors f = 1/2 and f = 1, on the insulating
side of the initial SIT, which took place at Bc,SIT ∼ 4.5mT. The insulating behavior
was governed by a peak in the magnetoresistance (MR), rising one order of magnitude
above the resistance at the initial SIT, Rc,SIT ∼ 6.5 kΩ, just upon the last reentrant
SIT at f = 1. It is believed that, in the absence of commensuration effects, i.e. if
disorder had been imposed on the regular array, the MR-peak of this regime would have
reached its maximum at a field just above the first SIT at B ∼ 4.5mT, and presumably
the resistance of the peak would have reached a higher maximum. The temperature
dependence of the height of the peak, Rpeak(T ), was found to be described by a variable-
range-hopping (VRH) model of exponent 1/4, with activation energy T1 ∼ 1.56K and
R0 ∼ 7.34 kΩ, for the intermediate temperatures T = [0.12, 0.7]K, upon which an abrupt
shift in T1 and R0 for T ≥ 0.7K occurred. The temperature T = 0.7K was found
to mark the termination of the MR-peak at B & 53mT. This value of the field fell
remarkably close to the crossing of the high-T isotherms, T ≥ 1.2K, at B ∼ 60mT,
which in turn was interpreted as a signature of the Al-islands turning normal, and hence
Bc2,medium(1.2K) ≡ Bc,Al-islands(1.2K) ∼ 60mT.

In the regime of strong charging physics, RN > RQ, a field-driven superconducting
transition could not be observed, as the sample was already in the insulating regime of the
gate-tuned SIT. Instead a significant peak in the magnetoresistance was observed, rising
nearly three orders of magnitude within the first ∼ 8mT, at the lowest temperatures.
In fact at base-temperature, T ∼ 20mK, the resistance rose to unmeasurable heights1

within the first ∼ 5mT, and did not settle back to a stable signal of measurable level until
∼ 20mT. As was expected for this system, the islands were found to be superconducting
in this regime, which showed up as the faint remains of the commensuration-dip at
f = 1, most clearly seen from the plot of temperature dependence of the B-field position
Bpeak. Adding to this, Rpeak was found to follow an Efros-Shklovskii VRH behavior with

1Due to the limitations of the measurement setup, set by the 100MΩ feedback resistor, see Fig. 3.7
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activation energy T1 = 1.656 ± 0.034K and R0 = 7.716 ± 0.060K, for the intermediate
temperatures, T = [0.12, 0.82]K, upon which a clear but less abrupt shift to thermally
activated transport took place at T & 0.82K. Following the same pattern as for the
medium charging physics regime, the temperature T = 0.82K was found to mark the
termination of the MR-peak at B ∼ 49mT. Just as for the regime of medium charging
physics, this value of the field coincided with the crossing of the high-T isotherms, T &

1.4K ,which was interpreted as a signature of the Al-islands turning normal, and hence
Bc2, strong(1.4K) ≡ Bc,Al-islands(1.4K) ∼ 50mT. It is worth noting that a similar MR-peak
was observed on the insulating side of the gate-tuned transition for the larger islands of
Bøttcher et al. [1]. The transport in this MR-peak was also found to be well describe by
ES-VRH, as reported in the supplemental material [70].

For both medium and strong charging physics, Bpeak, was found to decrease with
decreasing temperature, in agreement with the observations of Doron et al. [82] and
Mironov et al. [3], but disagreeing with Steiner et al. [75]. Based on the interpretation
of the data from the medium charging physics regime, the T → 0 limits of Bpeak are
expected to be B0

peak ≡ Bpeak(T → 0) & Bc,SIT ∼ 4.5mT for the regime of medium
charging physics2 and B0

peak & 0mT for the regime of strong charging physics.

In summary, the observed MR-peaks of the medium and strong charging physics
regimes, were found to share more than a few common features, in spite of the fact, that
they were expected to be governed by quite different physics. Adding all of the observa-
tions, summarized in the above, there was little doubt that superconducting correlations
played an essential role in the formation of both of the observed MR-peaks. The heavi-
est argument in favor of this conclusion, was the coincidence of the extracted activation
energies with the estimated critical temperature of the Al-islands, Tc,Al(B = 0) ∼ 1.6K.
A coincidence which has been reported previously et al. [82]. In agreement with the
conclusions of many other studies of MR-peaks, we interpret the peak as arising from the
localization of Cooper pairs, in a state of the system where transport is still mainly gov-
erned by Josephson-tunneling. An insulating state of localized CPs is commonly referred
to as a Bose insulator. As the progressively stronger field breaks an increasing number of
pairs, transport through a parallel normal channel becomes increasingly favorable, due to
the weaker Coulomb blockade of single electrons as compared to that of pairs. This mech-
anism gives rise to the negative MR observed on the high-field side of the peak. Beyond
the estimated Bc2, the microscopic state is believed to be a Fermi-insulator. However a
slightly negative MR was observed for the isotherms of the lowest temperatures all the
way to the end of the measurements at B = 87.25mT. This is quite unexpected for a
pure Fermi-system, hence it could be an indication of the remains of superconductivity
surviving to unexpectedly high fields at the lowest temperatures, in agreement with the

2In the absence of commensuration effects.
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interpretation presented in Steiner and Kapitulnik [75].
The question of, why transport in the MR-peak of the medium charging regime,

appears to be governed by variable range hopping of an exponent 1/4, the temperature
dependence of a 3D Mott insulator, remains unanswered. A guess could be that strong
quantum fluctuations, expectedly caused by the close competition between EC and EJ in
this regime, somehow induce a situation in which it becomes favorable for the particles,
responsible for the transport, to make a long-low jump.

As a part of the initial familiarization with the behavior of the device, the (VG, T )-
and (VG, B⊥)-planes were mapped out. The observations from the (VG, T )-plane deserve
a brief comment here. A gate-tuned superconducting transition to an insulating state was
observed and is believed to be a dissipation-driven SIT. Due to the difficulty of monitor-
ing and controlling dissipation in most superconducting systems, the dissipation-driven
SIT remains elusive, and only few reports have been made of experimental realizations,
e.g. Rimberg et al. [9]. The transition was not a direct SIT, but was intervened by the
disputed anomalous metal regime. A similar anomalous metal regime was observed for
the bigger islands of Bøttcher et al.[1]. It was noted, that while the low-T saturation of
RS(T ) was only observed on the superconducting side of the transition in Ref. [1], the
data presented in this thesis showed a symmetric saturation on both sides of the separa-
trix. This difference is believed to be attributed to the importance of charging physics in
the small-island-sample, since EC ∼ 16EC,Ref.[1]. This symmetry around a separatrix of
R? ∼ RQ = h/4e2, showed agreement with some of the Bosonic models, which build on
the self-duality of CPs and vortices, e.g. Diamantini et al. [63]. An actual analysis, of
the intervening anomalous metallic regime, was outside the scope of this thesis. Instead
a discussion on the observed anomalous metal, with parallels drawn to some parts of the
relevant literature, was presented in subsection 4.2.1.

5.1 Suggestions for Further Work

5.1.1 Technical Aspects

An optimization of the measurement setup would be desirable in a future experiment.
The increased charging energy of the small islands studied in this thesis was found to
lead to significantly higher resistances in the insulating regime. This optimization will
require exchanging the feedback resistor of 100MΩ with a resistor of higher impedance.
Likewise it would be beneficial to optimize the setup such that the very small resistances
measured at low T in the superconducting phase, can be determined. A way of optimizing
the measurement of low-R signals could be to implement a third lock-in amplifier in the
setup, hence allowing for more extreme settings of the sensitivity.
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In order to clearly rule out the possibility of the anomalous metal regime being
caused by a saturation in the electron temperature, Te, it would be necessary to perform
measurements of Te, e.g. through Coulomb blockade thermometry.

Finally, it would be desirable to optimize the measurement setup, to eliminate the
heavy noise which appears to be related to the sweeping of the magnetic field. In case
these fluctuations are found to be related to the physics of the investigated problem, it
would be interesting to investigate them in detail.

5.1.2 Physics Ideas

The experiment of this thesis has suffered from the lack of characterization measurements.
In a future experiment it would be worth making the effort of characterizing the JJAs and
preferably the 2DEG and the epitaxial aluminum separately. The relevant parameters
to obtain through these characterization measurements would be: Critical current, I0,
of the junctions in the array, normal state resistance of the array (measured at room
temperature), the gap of the epitaxial aluminum, the induced gap in the 2DEG density
of states, the mobility and density of the 2DEG. In addition to these characterization
measurements it would also be illuminating to obtain I-V curves for different values
of the gate voltage, i.e. different ratios x = EC/EJ and perform nonlinear transport
measurements, dV/dI as a function of d.c. current, to investigate the character of the
transport in different regimes of parameter space, similar to the study of Bøttcher et al.
[1].

In order to strengthen the picture gained from the measurements on the 250 nm
islands studied in this thesis, it would be interesting to perform similar measurements on
a JJA of even smaller islands. In this context it would also be interesting to investigate
the effect/dependence of the island separation inspired by Eley et al. [86] and Dubi et
al. [51], in order to gain a better understanding of the fairly unexplored experimental
system of proximity induced semiconductor JJAs.

Since we believe to have access to a regime of EC ∼ EJ , it might be interesting to
see if we could observe the zero-point oscillations of energy ~ω, predicted by Anderson, to
result from the charging energy of a Josephson junction, as pointed out by B. Abeles [11].

(~ω)2 = (e2/Cj)EJ (5.1)

Another interesting project would be to investigate frustration effects induced by
charges as discussed in Newrock et al. [22].
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S ∼ 9.7 kΩ,
which was measured at T > Tc ∼ 1.6K. At T ∼ 500mK the resistance of the
separatrix peaks at a value of ∼ 12.4 kΩ, before it drops to the saturation value at
T . 120mK. Due to the non-horizontal separatrix, a widening of the crossing point
of the isotherms is observed. c Low-T crossing point of the isotherms compared
to the gate voltage of the chosen separatrix, V ?

G, and the average resistance of the
separatrix, R?

S.d High-T crossing point of the isotherms.
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Fig. A.3. Fluctuations in the signal of the magnetoresistance-
measurements. The observed fluctuations appear to be related to the sweeping of
the magnetic field, as they only appear in the (B⊥, T )-measurements (the magnet
was not swept in the (B⊥, VG)-measurement, it was stepped and the gate was swept
at each B-field). The following features of the fluctuations were observed: 1) The
fluctuations seem to be unrelated to the size of the signal, as they appear at both
RS ∼ 500 Ω and RS ∼ 40 kΩ. 2) The amplitude of the fluctuations decreases with
increasing temperature, until the fluctuations are washed out at T ∼ 1K, 3) The
strength of the fluctuations peaks in the two (B⊥, T )-measurements,Fig. A.6g,h,
performed on each side of the VG-driven SIT. The largest amplitudes of the fluctu-
ations were observed in Fig. A.6g, plotted in a above. Just above the field-driven
SIT, at the maximum of the MR-peak, the amplitude of the fluctuations were
∼ 40kΩ. 4) The fluctuations appear to be related to criticality, as they occur at
fields where the data is interpreted as critical behavior in the sample. E.g. the
fluctuations appear just below the SMTs in Fig. A.6a,b, and at fields above the
SITs in Fig. A.6e,f,g. 5) The form of the fluctuations changes character from the
superconducting side of the transition, to the insulating/metallic side, as clearly
demonstrated in b above. At some point we speculated whether the fluctuations
could be attributed to a glassy state in the array, due to their apparent relaxation-
like-form. It should be noted that similar, but less pronounced, fluctuations were
observed in the investigations of the bigger-island-arrays of Bøttcher et al. [1].
Smoothing procedure: The data was smoothed using the Matlab built-in func-
tion smooth, which uses a moving-average filter to smoothed over the range of
data points specified as the function is called. At the most extreme fluctuations
(at the MR-peak) it was necessary to smooth over up to 100 data-points, which
corresponds to ∼ 5mT at the given range of the field. For fluctuations of smaller
amplitude the range of smoothing was set between 30 to 60 data points. Smooth-
ing was avoided in near proximity to the superconducting and reentrant regimes
around f = 0, 1/2, 1 in order to avoid softening of the features and also smoothing
was not relevant near the regimes of superconducting behavior.
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Fig. A.5. Low-T reentrant behavior at B = 0 in the strong charging
physics regime.a Zoom-in on the behavior around f = 0 at strong charging
physics, for full data please see Fig. 4.7. An interesting observation to be made is
the highly linear appearance of logRS of the low-T isotherms around f = 0. This
is indicative of an exponential dependence of resistance on field. It was outside
the scope of this thesis-work to pursue this feature further. b f = 0 line-cut of
the data in a. The T -dependence of RS at f = 0 shows a tendency of reentrant
superconductivity below T = 60mK.
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Fig. A.7. 3D phase diagram with interpreted regimes marked. (S) stands
for superconducting regime, (M) stands for metallic regime, (M ?) stands for
anomalous metal regime, sometimes also referred to as Bose metal, (I) stands
for insulating regime (localized electrons), (I ?) stands for Bose insulator, (local-
ized Cooper pairs). For a detailed presentation of the arguments leading to these
interpreted regimes, please refer to the main text of Chap. 4.





B
The (VG, B⊥)-plane

As part of the initial characterization of the array, the (VG, B⊥)-plane was mapped out
at base-temperature, T ∼ 20mK, in the range VG = [−5, 0]V and B⊥ = [−4.8, 93]mT,
see Fig. B.1a-c. Note that the range of B has been narrowed in Fig. B.1c, in order
to emphasize the interesting features. The patchy appearance of the R(B)-curves at
strongest gate voltages in Fig. B.1a and the dark-blue rim on the left side of Fig. B.1c
are results of the cut-off of RS > 108 Ω, due to the inadequate/unsuited sensitivity of the
measurement setup.

In Fig. B.1a,c commensuration effects are clearly visible for f = 1/2, 1 and faintly
visible for f = 3/2, 2. The offset of the dips at f = 3/2, 2 is due to the fact that this
dataset was merged, at B = 28.5mT, from two separate measurements, due to a technical
issue in the initial measurement. It is likely that the second measurement had a slight
off-set in B, compared to the initial measurement. In spite of an initial alignment of
the vector-magnet and zeroing the field, by ensuring that the resistance of the sample
was zero at B = 0, all measurements, of the experiment involving perpendicular B-field,
have small zero-field offsets, with the minimum of the resistance being shifted ∼ 0.2mT
from B = 0 in both negative and positive field directions. These small zero-field offsets
of random size and sign, are likely an indication of some kind of noise in the setup of the
magnet. The zero-field offsets have been zeroed in all plots presented in this thesis.

A startling feature of the data in Fig. B.1a,c, is the suppression of superconductivity
between B ∼ 8mT and f ' 1, at gate voltages less negative than VG ∼ −3.3V in the
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Fig. B.1. (VG, B⊥)-plane.

range of VG = [0,−3.3]V. This feature is interpreted as an artifact of the expected
non-monotonicity of the 2DEG mobility as a function of VG, as discussed in Sec. 3.1
and illustrated in Fig. 3.5. For f = 1 superconductivity persists in the full range of
VG & −4.5V, which supports the idea that, in an ideal system with zero disorder at
T = 0K, the state at f = 1 is identical to the state at f = 0, with a 2π-phase shift of
each island. A picture which draws strong parallels to the composite-fermion (CF) picture
of the fractional quantum Hall effect, where the field at filling factor fFQHE = 1/21

effectively equals B = 0 for the CFs, due to the commensuration of two flux-quanta
per one electron. Throughout all the measurements involving an applied B⊥-field the
commensuration-feature of f = 1/2 was much less pronounced than that of f = 1. This
is interpreted as the equilibrium state of pinned vortices at f = 1/2 being much more
susceptible to disorder and finite temperature, than for f = 1. At VG = 0 the f = 1/2-dip

1Note that this filling factor does not correspond to the filling factors of the array in the field-driven
transition investigated here.
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was completely absent, as is clearly seen in the (B⊥, T )-measurement at VG = 0 shown
in Fig. B.1d. At VG & −3V the commensuration effects at f = 3/2 and f = 2 are visible
as small dips in Fig. B.1a and faint horizontal lines in Fig. B.1c. They are also visible as
faint features at the very lowest temperatures in Fig. B.1d.

A ’full-borne’ SIT, in the sense of a crossing of fixed-B-curves in Fig. B.1b, was
not observed, due to the positive magnetoresistance (MR) ’pushing’ the level of the
resistance beyond the limit of the given measurement setup. Naturally the B = 0-line-
cut of Fig. B.1a corresponds to the transition at T ∼ 20mK in (VG, T )-plane presented
in Fig. 4.2, which was interpreted as a SIT, with an intervening anomalous metal phase.
In Fig. 4.2 the transition, manifesting as the crossing of the isotherms in Fig. 4.2b,
occurred around V ?

G = −4.475V, which is marked with a blue-dotted line in Fig. B.1a.
Some additional MR-curves of different VGs are marked in Fig. B.1a. These values of
VG correspond to the the three different charging physics regimes investigated in an
applied B⊥-field, which were presented in Sec. 4.3. Neglecting hysteresis-effects between
measurements, the MR-curves marked in black (with different line styles) in Fig. B.1a
should correspond to the T = 20mK-isotherms of Fig. 4.4a,b and c, respectively.





C
Bonding Scheme
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Fig. C.1. Bonding scheme and sample overview. Note the error in the
bonding scheme. It was the 3rd device in row 2 which was bonded up and not the
2nd.



D
Device Fabrication

Step 1 - Mesa Etch

Clean the chip

Submerse for 2 minutes in dioxolane.
Dip in acetone.
Dip in IPA.
Blow dry.

Spin resist

Single-layer PMMA A4 spun at 4000 RPM for 45 sec. (Deposit while chip is spinning at
500 RPM.)
Bake for 3 minutes at 185◦C.

Expose mesa pattern (e-beam lithography)

Settings for the Elionix:
Inner regions (small features):
640 µC/cm2, 500 pA, 300 µm WF, dots = 60 kpts, Base Dose = 0.32 µs/dot
Outer regions (large features):
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660 µC/cm2, 20 nA, 600 µm WF, dots = 20 kpts, Base Dose = 0.297 µs/dot
WF stands for Writing Field.

Develop exposed resist

Gently swirl the chip in a MIBK:IPA mixture for 60 sec.
Follow by 20 sec. gentle swirl in IPA.
Blow dry.

Plasma ash for 60 sec.

Etch the mesa pattern

Al-etch # 1:

In order to etch the mesa pattern in the InAs-heterostructure, the aluminum needs to be
removed first.
Prepare 3 plastic beakers; one small beaker with transene Al etch D in the hot bath
set to 54◦C. Another small beaker with MQ-water in the hot bath and a big one with
MQ-water outside the hot bath.

Etching procedure:
1 : 6 sec dip in Al Etch D. Temperature of hot bath measured to be 50◦C just prior to
etching.
2 : 30 sec in MQ-water in hot bath.
3 : 30 sec in MQ-water outside hot bath.
In all three steps swirl the sample rigorously.
Blow dry.

InAs-etch:

Mix the mesa-etch:

H2O : citric acid : H3PO4 : H2O2

220 55 3 3

Always add water first ! Then add citric acid, start stirring, add H3PO4.
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H2O2 is added just before starting the Al etching step. Left for mixing for about 5 min-
utes.

Etch for 8 min. Swirl chip around at 1 Hz.
Immediately after etching dip in MQ-water for 60 sec. with rigorous swirling.
Blow dry.

Al-etch 2:

To be sure that no residual Al is left in the etched out regions between the mesas, a
second Al-etch is performed.
Prepare 3 plastic beakers; one small beaker with transene Al etch D in the hot bath
set to 54◦C. Another small beaker with MQ-water in the hot bath and a big one with
MQ-water outside the hot bath.

Etching procedure:
1 : 6 sec dip in Al Etch D. Temperature of hot bath measured to be 50 just prior to
etching.
2 : 30 sec in MQ-water in hot bath.
3 : 30 sec in MQ-water outside hot bath.
In all three steps swirl the sample rigorously.
Blow dry.

Strip the unexposed resist off

Immerse for 2 min. in dioxalene.
Dip in acetone dip.
Dip in IPA.
Blow dry.
Immediately spin resist (PMMA A4) for the next exposure to minimize oxidation! Follow
the instruction for spin of resist as listed below in Step 2.

Note from the fab-process: The measured mesa height on the profilometer was found
to be 300 nm (after ALD).
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Step 2 - Array etch

Spin resist

Note that this is the same layer of resist as was mentioned above at the end of Step 1.
There should not be added two layers of resist.
Single-layer PMMA A4 spun at 4000 RPM for 45 sec. (Deposit while chip is spinning at
500 RPM.)
Bake for 3 minutes at 185◦C.

Expose array pattern (e-beam lithography)

Settings for the Elionix:
Inner regions (small features):
608 µC/cm2, 100 pA, 150 µm WF, dots = 60 kpts, Base Dose = 0.38 µs/dot

Develop exposed resist

Gently swirl the chip in a MIBK:IPA mixture for 60 sec.
Follow by 20 sec. gentle swirl in IPA.
Blow dry.

At this point it is a good idea to take SEM-pictures of the tests areas to check whether
exposure was successful.
Note from the fab-process: Close up microscopy of the Hall bars showed that the second
etch ran a visible amount into the Hall bar.

Plasma ash for 60 sec.

Post Bake

Bake for 2 min at 115◦C.

Al-etch (island array)

In order to etch the mesa pattern in the InAs-heterostructure, the aluminum needs to be
removed first.
Prepare 3 plastic beakers; one small beaker with transene Al etch D in the hot bath
set to 54◦C. Another small beaker with MQ-water in the hot bath and a big one with
MQ-water outside the hot bath.
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Etching procedure:
1 : 6 sec dip in Al Etch D. Temperature of hot bath measured to be 50◦C just prior to
etching.
2 : 30 sec in MQ-water in hot bath.
3 : 30 sec in MQ-water outside hot bath.
In all three steps swirl the sample rigorously.
Blow dry.

Strip the unexposed resist off

Immerse for 4 min. in dioxalene.
Dip in acetone dip.
Dip in IPA.
Blow dry.
Start the ALD process directly after this step.

Step 3 - ALD: oxide formation

Run a long aluminum-oxide ALD process at 90◦C.
672 cycles =⇒ 60 nm Al2O3

Step 4 - Top gate deposition

Spin resist

Deposit while chip is spinning at 500 RPM:
El6 spun at 4000 RPM for 45 sec.
Bake for 3 minutes at 185◦C. A4 spun at 4000 RPM for 45 sec Bake for 3 minutes at
185◦C.

Expose top-gate pattern (e-beam lithography)

Settings for the Elionix:
Big features:
700 µC/cm2, 20 nA, 600 µm WF, dots = 20 kpts, Base Dose = 0.315 µs/dot.
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Develop exposed resist

Gently swirl the chip in a MIBK:IPA mixture for 60 sec.
Follow by 20 sec. gentle swirl in IPA.
Blow dry.

Plasma ash for 45 sec.

Metal deposition with e-beam evaporation

Deposition in the AJA.
Rotation of 50 rpm during all steps.

10 nm Ti at 5 degree tilt.
50 nm Au at 5 degree tilt.
250 nm Au at 0 degree.
50 nm Au at 5 degree tilt.

Metal lift-off

Leave the chip in a beaker with dioxolane overnight.
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