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Abstract

In this thesis, we model a three-terminal hybrid semiconductor-superconductor de-
vice with analytical and numerical methods. The scattering region consists of a
one-dimensional semiconductor, with induced superconductivity. It is attached to a
superconducting lead along the wire, and to two normal leads at both ends. Contrary
to a two-terminal device, the three-terminal setup allows for current, at one end of
the wire, to be correlated with the bias applied between the other end of the wire
and the grounded superconducting lead. In other words, the nonlocal conductance,
dIα/dVᾱ, where α 6= ᾱ are lead indices for the normal metallic leads, can be non-
zero. The scattering matrix formalism for non-interacting, coherent systems is used
to calculate the local and nonlocal differential conductance, both analytically and
numerically. We find that the differential conductance shows distinct symmetries for
three-terminal devices with a superconducting scattering region. The conductance
matrix of a single Andreev bound state is probed spectroscopically, and is shown to
contain information about the charge at the points where the system is probed. A
three-terminal, hybrid device similar to the one modeled in this thesis, was recently
fabricated and measured [1]. Complicating effects, such as bias-dependent effective
potentials and plunger-dependent sub-gap state energies, may be found in experiment
[1] and are not accounted for in the model. The simplicity of the model, however,
promotes a more transparent treatment of some, but not all, key physical phenomena
in the system. The tools presented in this work, may be helpful in the pursuit of
physically realizing (quasi-)Majorana bound states.
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Chapter 1

Introduction

Majorana bound states (MBS) are topologically protected states that localize at the
ends of one-dimensional topological superconductors (TSC) [4, 5, 6]. Qubits con-
structed from these modes [7] can be used to encode and process information in a
way that utilizes their quantum nature. Due to their topological protection, MBS are
more immune to noise than other traditional qubits, making them more scalable and
hence attractive for realizing quantum computers consisting of many qubits.

Topologically protected modes are theoretically predicted to arise in an array of
different systems[8, 9, 10, 7, 11, 12]. Fu and Kane[8] proposed depositing a two-
dimensional (2D) conventional superconducting layer on top of a three-dimensional
(3D) strong (time reversal symmetric and with strong spin-orbit coupling) topological
insulator (TI), allowing for tunneling of Cooper pairs in and out of the surface states.
By applying a magnetic field, time-reversal symmetry is broken in the TI, by intro-
ducing a mass term in the Hamiltonians for both individual systems. By solving the
superconducting Hamiltonian, they saw that chiral Majorana edge states form at the
TI-superconductor interface. Since then, it was realized that the same types of topo-
logical states could be realized, by instead proximitizing a semiconductor with strong
Rashba spin-orbit coupling, to a conventional superconductor[13, 5]. The perhaps
simplest setup with normal-superconductor (NS) hybrid structures, is placing such a
semiconducting, 1D wire, in proximity to a conventional superconductor[11, 12]. The
spin-orbit coupling and an external magnetic field creates a gapped, helical energy
band. Inside the gap, states are spin-locked to the momentum. In turn, the su-
perconducting pairing couples electrons with opposite momenta, and approximately
opposite spin. A gap opens at the Fermi momenta, and an effective, non-conventional
superconducting (p-wave) pairing is generated inside the semiconductor. This pair-
ing allows for the formation of topologically protected Majorana bound states (MBS).
This (Oreg-Lutchyn) model is heavily focused on in this thesis.

A major bottleneck in the field is physically realizing topological modes. One
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2 CHAPTER 1. INTRODUCTION

left lead right leadIL IR

VL VR
superconductor

Vg1 Vg2 Vg3

Figure 1.1: A three-terminal device, with a proximitized semiconducting central region
connected to left and right normal leads (blue), as well as a grounded superconducting lead
(bottom). Local gate voltages (green) and bias voltages (between the left/right leads and
ground in the superconducting lead) are independent variables.

proposal that has guided experimental efforts, involves measuring the theoretically
predicted zero-bias peaks, resulting from perfect Andreev reflection through the MBS
in an N -TSC interface. However, this signature can also persistently emerge from
trivial Andreev bound states[14]. By persistent, we imply the state is robust against
changes in relevant parameters. Such parameters may include plunger, a global gate
applied along the system, thus altering the effective chemical potential, pincher, which
depletes the system from electron in vicinity to a point in real-space, effectively reduc-
ing the tunnel-coupling between particles on either side of said point, and the applied
magnetic field. A ’smoking-gun’ experiment, determining for sure that a Majorana
bound state is realized in a system, could instead involve demonstrating the exchange
statistics of an array of at least two pairs of Majorana modes. However, this has not
been possible yet, which implies that the current experimental setups and techniques
need further refinement. This is one of the areas in which theoretical work can have
an essential impact on the development of the field.

Structure of thesis

In this thesis, we aim to describe the finer details which can be probed by local and
non-local conductance measurements in a three-terminal device shown in figure 1.1.
The differential conductance matrix

(
dIL
dVL

dIL
dVR

dIL
dVR

dIR
dVR

)
(1.1)

contains the local (nonlocal) differential conductances, where the current and the
voltage are measured with respect to the same (different) normal lead. With this
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matrix, one can gain valuable information about the bound state and the symmetries
of the system [1, 15]. We present both theory and numerical simulations to show
general symmetries in these conductances. Then, we shift our attention to the detailed
spectroscopic information that may be probed in the three-terminal device, where
the central region is superconducting. We show how information, of both local and
nonlocal natures, can be probed for the emergent near zero-energy modes in the
topological superconducting phase: both by analytical, and two numerical approaches
to obtaining the conductance matrix.

Part I: Theoretical background. In the first part, we build a conceptual basis
needed to model the three-terminal device, namely superconductivity (ch. 2) and
the proximity effect (ch. 3.1), the scattering taking place in an NS junction (ch.
3.2), the emergence of topologically protected states in a p-wave superconductor (ch.
4.3.3), and the Landauer-Büttiker scattering formalism (ch. 5) for a superconductor
connected by normal leads. From the point of view of the systems being considered,
the complexity increases with the progression throughout these chapters: we start
with only the superconductor, then consider it together with a normal metal, and
lastly, with two normal leads and one superconducting lead.

Part II: Numerical background. We start by introducing the concept of dis-
cretizing Hamiltonians. This enables one to encode the continuum Hamiltonian of
interest, as a discrete matrix. In turn, we can use powerful numerical tools, such
as the Kwant package for the Python language, to calculate the eigenenergies of the
closed system, as well as the scattering matrix of the open system. We outline how to
’build’ a scattering region, with leads attached, using Kwant, from which the scatter-
ing matrix and the differential conductance matrix is calculated using said package.
At the end, we do a case study to see if we can reproduce the eigenenergies obtained
in a previously published article[7], for a specific quasi one-dimensional topological
system.

Part III: Results. The results consists of both analytical and numerical work. The
general symmetries of the differential conductance matrix are presented first. Then,
we describe differential conductance spectroscopy of a single Andreev bound state in
the three-terminal device in figure 1.1, for biasenergies close to the bound state energy.
The S-matrix is calculated numerically, by implementing the Weidenmüller formula,
but also using the Kwant package. The majority of the presented numerical data,
are obtained with the former implementation. These data include the spectroscopic
details obtained analogously to in the analytical analysis. We discuss what local and
non-local information can be probed with these calculations.
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Part I

Theoretical Background
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Chapter 2

Theory of conventional
superconductivity

We start this thesis by establishing some results from Bardeen–Cooper–Schrieffer
(BCS) theory, which are important for understanding what types of scattering are
allowed at interfaces between non-interacting normal metals and superconductors. We
introduce the Cooper instability that may occur in an electron gas, with both Coulomb
and phonon-interactions. We argue that, no matter how small the effective interaction
is, the scattering amplitude between time-reversed electrons of opposite spins can blow
up when approaching a critical temperature from above. This is used to motivate
the mean-field approach, proposed by BCS. Afterwards, we present some key results
from this mean-field theory: The gapped energy spectrum in the superconducting
phase, below which no quasiparticle excitations occur. The probability amplitudes
(coherence factors) specifying the BCS ground state, which consists of a coherent
condensation of an integer number of Cooper pairs. The quasiparticle density of
states.

2.1 Cooper Instability

For frequencies lower than a certain threshold, phonons in an interacting electron
gas, can induce an effectively attractive interaction between electrons. This attractive
interaction is the renormalized interaction V RPA

eff in the random phase approximation
(RPA). (In order for RPA to be valid, the electron density needs to be high1.) As
a result, the scattering vertex Λ diverges when electrons with momentum and spin
|k ↑〉 repeatedly scatter with their time-reversed state |−k ↓〉, in turn giving rise to

7



8 CHAPTER 2. THEORY OF CONVENTIONAL SUPERCONDUCTIVITY

the Cooper instability. When does this vertex diverge?
Consider the explicit form of the scattering vertex Λ(k̃, p̃), or pair interaction, be-

tween electrons with incoming momentum and frequency (k, ikn) (or four-momentum
k̃), and the out-going ones with four-momentum p̃. The dominant terms are the lad-
der diagrams, where only time-reversed pairs of propagators interact[16, sec. 17.3.1,
eq. (17.40)]:

�Λ

−k̃ ↓

k̃ ↑

−p̃ ↓

p̃ ↑

=�k̃-p̃

−k̃ ↓

k̃ ↑

−p̃ ↓

p̃ ↑

+�k̃-k̃
′

k̃
′
-p̃

−k̃ ↓

k̃ ↑

−p̃ ↓

p̃ ↑

−k̃
′
↓

k̃
′
↑

+�k̃-k̃
′

k̃
′
-k̃
′′

k̃
′′

-p̃

−k̃ ↓

k̃ ↑

−p̃ ↓

p̃ ↑

−k̃
′
↓ −k̃

′′
↓

k̃
′
↑ k̃

′′
↑

+· · ·

1

(2.1)
Each scattering vertex conserve spin and four-momentum, and the direction of time
is from left to right. The free propagators with spin σ and dispersion εk,

G0
σ(k̃) = �

k̃ σ

1

=
1

ikn − εk
, (2.2)

can interchange momentum via the effective, RPA-renormalized interaction V RPA
eff (q̃).

The RPA result[16, eq. (17.28)], an infinite sum of incoming and outgoing single, bare
phonon interaction lines V 0

eff(q̃) connected by pair-bubbles with bare phonon lines in
between, can be re-collected into two different contributions as[16, eq. (17.39)]

�
−V RPA

eff (q̃)

=�
−WRPA(q)

+�
− 1

V
∣∣gRPA

q

∣∣2DRPA(q̃)

1

(2.3)

Every four-momentum index q̃ is internal. The first contribution in eq. (2.3),
WRPA(q), is the effective, screened Coulomb interaction, which is a sum of all di-
agrams where the incoming and outgoing lines, as well as all lines connecting the
pair-bubbles, are Coulomb interaction lines. All other terms in V RPA

eff (q̃) are collected

into 1
V
∣∣gRPA
q

∣∣2DRPA(q̃). The right vertex gRPAq , is the sum over all diagrams between
the outgoing vertex on the right and the first phonon line (time going from left to
right). Similarly, the sum over diagrams between incoming vertices on the left and
the last phonon line is the left vertex

[
gRPAk

]∗
. DRPA(k̃) is the sum of all diagrams

in between the first and the last phonon lines. Its solution is the RPA renormalized
phonon interaction[16, eq. (17.33)]. The solution to VeffRPA is given by the second line
in eq. (2.3), where ωq is the RPA-screened phonon frequency[16, p.321]. Suppressing

1In an interacting electron gas, the radius of a sphere containing exactly one electron goes as[16,
p.41] rs ∝ k−1

F , which in turn can be used to identify the most important diagrams for every order
in the high-density limit[16, Ch.14.1].
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the external fermion lines and indices, the vertex itself is given by the solution to the
Dyson equation

�Λ =�+�Λ

1

. (2.4)

Only deviations from the Coulomb interaction should contribute to an instability.
Furthermore, the density of state of acoustic phonons go as their frequency squared,
∼ ω2

ph, below the Debye frequency, and is otherwise zero. We assume the attractive in-
teraction is a constant −V below the Debye frequency. The difference V RPA

eff −WRPA
eff ,

see figure 2.1a, rapidly approaches zero above said frequency. Thus, we approximate
the effective interaction as

V RPA
eff (q, iqn) ≈

{
−V, |iqn| < ωD

0 |iqn| > ωD.
(2.5)

Inserting for this interaction in the Dyson equation2, one obtains

Λ =
V

1− V
β

∑
|iqn|<ωD

1
V
∑
q G0
↑(q̃)G0

↓(−q̃)
. (2.6)

For high temperatures β � ~ωD, the pair interaction reduces to the strength of the
attractive interaction in eq. (2.5). However, lowering the temperature, the denomi-
nator in eq. (2.6) can approach zero from above: there exists a critical temperature
∝ 1/βc for which the denominator of Λ becomes arbitrarily small, giving rise to the
Cooper instability.

2.2 BCS theory

As a result of the Cooper instability, the Fermi surface of a normal metal destabilizes.
This is sketched in figure Below the critical temperature, electrons pair up in Cooper
pairs. The correlation function 〈c†k↑c†−k↓〉 6= 0 between these electrons are thus non-
zero in the superconducting phase. Because perturbation theory is not applicable,
BCS[17] proposed to make a mean-field theory instead. Consider the new ground
state BCS proposed, namely

|ψBCS〉 =
∏

k

(
uk + vk c

†
k↑c
†
−k↓

)
|0〉 , (2.7)

2The vertex itself is frequency independent, with the approximation in eq. (2.5). On the left
side in eq. (2.4), the vertex is thus Λ(k,p). On the right hand side, the internal momenta k′ are
summed over, and the vertex is Λ(k′,p). Firstly, since the summation on the right hand side does
not contain the external momentum, k, the left-hand side is Λ(k,p) = Λ(p). At this point, the
p-dependence is only found in Λ(p). Therefore, a self-consistent solution can be found by taking Λ
to be a constant.
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ωq

WRPA(q)

ω

V RPAeff (q, ω)

(a)

kx

ky

(b)

kx

ky

~ωD

(c)

Figure 2.1: (a) For energies below the Debye frequency, V RPA
eff is attractive. (b) States

are filled up to the Fermi surface (blue circle) of two-dimensional electron gas. This surface
destabilizes in a small energy range around the Fermi energy, sketched in (c).

where uk and vk are expansion coefficients. Each factor in the product over k, rep-
resent states containing an integer number of Cooper pairs. Because the number of
Cooper pairs is not deterministic (see appendix A.2 which shows that the variance
of the number operator is non-zero when measured by the BCS ground state), the
superconductor should be thought of as being in contact with an electron reservoir,
which allows for fluctuations in the number of Cooper pairs.

Consider a Fermi liquid, with or without the pair interaction. The effective Hamil-
tonian modeling the system is

HBCS =
∑

kσ

ξk c
†
kσckσ +

∑

kk′

Vkk′ c
†
k↑c
†
−k↓c−k′↓ck′↑. (2.8)

Being a Fermi liquid, first term annihilates and creates an electron quasiparticle with
a well-defined kinetic energy ξk = ~2k2

2m
− µ, if and only if the quasiparticle state

with momentum and spin (k, σ) is occupied in the gas. If we turn on the effective
phonon-mediated interaction Vkk′ , Cooper pairs with energies near the Fermi surface
(within |ξk| < ~ωD) couple. The second term describes scattering of one Cooper pair,
(k′ ↑, −k′ ↓), into another pair, (k ↑, −k ↓). In other words, instead of the initial
pair evaporating, it stays within the condensate due to this scattering.

The mean-field approximation of eq. (2.8) is perfectly fine to perform, as long as
we can expand in small deviations in

c†k↑c
†
−k↓ − 〈c†k↑c†−k↓〉.



2.2. BCS THEORY 11

Performing the mean-field approximation with the Hamiltonian eq. (2.8) yields

HMF
BCS =

∑

kσ

ξkc
†
kσckσ −

∑

k

(
∆kc

†
k↑c
†
−k↓ + ∆∗kc−k↓ck↑

)
(2.9)

=
∑

k

α†k

(
ξk −∆k

−∆∗k −ξ−k

)
αk. (2.10)

The superconducting order parameter

∆k = −
∑

k′

Vkk′ 〈c−k′↓ck′↑〉 , (2.11)

has been introduced, and the constant −∑kk′ Vkk′〈c†k↑c†−k↓〉 〈c−k′↓ck′↑〉 is absorbed
into the chemical potential. In the second line, the Hamiltonian is written the
electron-hole (Nambu) basis, having introduced the Nambu spinorsα†k = ( c†k↑, c−k↓ )

and its Hermitian conjugate, αk. The first (second) component of α†k creates an elec-
tron with k ↑ (annihilates an electron, or creates a hole, with −k ↓).

The energy spectrum is

Ek = ±
√
ξ2
k + |∆k|2. (2.12)

There are two energy solutions for every momentum k, one for electrons, and another
with opposite sign for the corresponding holes. The spectrum is shown in figure 2.2.
If |∆k| 6= 0, a gap of size |∆k| opens in the energy spectrum at k = 0. This gap, also

|∆|

ξk

Ek

Figure 2.2: The energy spectrum of quasiparticles in a superconductor (solid black line)
has a gap ∆ at the Fermi energy (ξk = 0). Letting the gap go to zero yields the electron
spectrum of a normal metal (dashed line).

referred to as the superconducting gap, distinguishes superconductors from normal
metals. In the latter, quasiparticles have energies ξk (dashed line in figure 2.2). In
the superconductor, single particles are not allowed to have energies smaller than |∆|,
which is also evident from the density of states (see section 2.2.2).

2.2.1 uk and vk for the BCS ground state

So far, we do not know much about the probability amplitudes, uk and vk, in the
proposed BCS ground state. These factors are key to understand the analytical and
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numerical work in chapter 8. Therefore, we devote this section to determining their
explicit energy dependence. We build upon our knowledge from the current chapter,
when the normal-superconductor junction is described later (see chapter 3.2).

The same technique as is used for calculating the variance in the number operator,
can be employed in finding an explicit form of the free energy

F ≡ 〈ψBCS|HMF
BCS |ψBCS〉 , (2.13)

Without loss of generality, we parametrize the amplitudes as uk = sin(θk) and
vk = cos(θk), and minimize the free energy with respect to the parameter θk. This
calculation is detailed in appendix A.3 for µ = 0. Re-inserting for a non-zero chemical
potential yields

u2
k =

1

2

(
1 +

ξk
Ek

)
, v2

k =
1

2

(
1− ξk

Ek

)
, (2.14)

which are plotted as functions of the energy dispersion in figure 2.3 (with εk = ξk−εF ).
Interestingly, the varianve in the number operator (see eq. (A.8)) is given by the sum,
over k, of all factors |uk|2|vk|2.

|vk|2 |uk|2

|uk|2|vk|2

2kBTc

εF
0

0.5

1

εk

Figure 2.3: The BCS factors (blue and orange lines) as a function of energy. The variance
in the number operator (gray) peaks at the fermi energy.

For energies εk > εF + (−) a few kBTc, the k’th component of the BCS state
is dominated by the uk (vk)-term. In the vicinity of the Fermi energy, εk = εF ±
a few kBTc, the variance in the number operator is significant. This is also the region
where Cooper pairs prefer to form. Due to energy conservation, the difference between
the quasiparticle energy εk and the Fermi energy is necessarily the binding energy of
a Cooper pair3. For the relevant value of k, the BCS ground state is largely in a
superposition of: one Cooper pair, with the probability amplitude vk, and no Cooper
pair, with the amplitude uk.

3The binding energy is given by the energy gained when a Cooper pair is added outside a filled
Fermi sea.



2.2. BCS THEORY 13

2.2.2 The BCS quasiparticle density of states

Not all electrons are necessarily bound in Cooper pairs below the critical tempera-
ture. Single electron or holes may excite out of the condensate. We describe such
(Bogoliubov) quasiparticle excitations as a superposition of electron and hole degrees
of freedom:

γ†k = ukc
†
k↑ − vkc−k↓. (2.15)

The number of quasiparticle states, n, per unit energy, ω (specified relative to the
Fermi energy), is

d(ω)

d(0)
=

ω√
ω2 − |∆|2

Θ (ω − |∆|) (2.16)

as is shown in figure 2.4. The derivation of eq. (2.16) is outlined in appendix A.4.

−∆ ∆

1
ω

d(ω)
d(0)

Figure 2.4: Quasiparticle density of states in a superconductor with superconducting gap
∆, as a function of energy ω.

d(0) = dk/(2π)d

dξk
is the density of state of a non-interacting normal metal (∆k = 0)

at the Fermi energy in d dimensions. For energies below the superconducting gap
(ω < |∆|), there are no available quasiparticle states. At the gap, also referred to as
the ’gap edge’ in chapter 3.2, the DOS exhibits a discontinuous peak. For quasiparticle
energies |ω| > ∆, it decreases monotonically towards the asymptotic value d(0). The
density of states has important consequences scattering in normal-superconductor
interfaces, because it implies:

Single-particle states cannot scatter into a superconductor for sub-gap energies.

This is explored in detail in chapter 3.2.
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Chapter 3

Theory of normal-superconductor
systems

The system of interest in this thesis is a hybrid system. The setup is illustrated in
figure 1.1. In this chapter, we turn out attention to two different sub-components of
the three-terminal device:

1. The central region, consisting of a semiconducting wire in proximity to an s-
wave (conventional) superconductor.

2. The interfaces between the central region and the normal leads.

When we consider the Landauer-Büttiker formalism, and numerical transport sim-
ulations in chapters 5 and 6, the pictures we think of are similar to what we will see
in the current chapter. With Kwant, we implement scattering between normal and
superconducting leads, analogously to in BTK theory: with a potential barrier at the
interface, and solving the scattering problem for this barrier. The proximity effect
’picture’ works differently. In essence, we solve for the Green’s function inside the
normal metal, by integrating out the degrees of freedom of the superconductor. The
effect from the proximity to the superconductor is implicitly included in a self-energy.
In the Landauer-Büttiker formalism, the situation is similar. We treat the central
scattering region as a (coherent) ’black box’, and only compare wavefunctions in the
leads.

3.1 Normal-superconductor proximity effect

Consider a thin semiconductor placed in proximity to a superconductor as illustrated
in figure 3.1. By thin, we imply that: if an electron in the semiconductor moves with a

15
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x

z

y

k‖

semiconductor

superconductor

V

c†

f

V ∗

c

f†

Figure 3.1: Picture of a semiconductor in proximity to a superconductor. Close to the
interface between the two, tunneling may take place. Tunneling can be described as the
annihilation of one fermion (c in the semiconductor, or f in the superconductor), and
creation of another fermion in the adjacent conductor (f † with the tunneling amplitude V ∗,
and c† with the amplitude V ). k‖ is perpendicular to the x-axis, and is specified in the
indicated y − z plane.

momentum k‖, perpendicular to the longitudinal axis of the semiconductor, and if the
quasiparticle density of states in the superconductor is non-zero, the electron has a
tendency to exit the semiconductor via tunneling into the superconductor. The total
Hamiltonian of the superconductor and semiconductor is modelled as the sum of the
Hamiltonians of the individual systems, HN and HS, and a tunneling Hamiltonian,
HT :

H = HN +HS +HT . (3.1)

Denote the fermion operator of the superconductor by f , and that of the semiconduc-
tor by c. The superconducting Hamiltonian is given by the mean-field BCS Hamil-
tonian (see eq. (2.9)), while the tunneling term depends on a tunneling potential V .
In sum,

HN =
∑

kx,σ

(εkx − µ)c†kx,σckx,σ, where εkx =
~2k2

x

2m∗
, (3.2)

HS =
∑

k,σ

ξkf
†
k,σfk,σ −

∑

k

(
∆kf

†
k,↑f

†
−k,↓ + h.c.

)
, where ξk =

~2k2

2m
− µ, (3.3)

and

HT =
1√
A
∑

k,σ

(
V c†kx,σfkx,k‖,σ + h.c.

)
. (3.4)

The chemical potential µ is taken to be the same for both conductors. Inside the
semiconductor, particles may assume the momentum kx, while k is the momentum
vector in the superconductor in three spatial dimensions. A is the normalization
volume associated with the sum over momenta. ∆k is the superconducting order pa-
rameter, and ξk is the energy of the quasiparticle excitations in the superconductor,
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with the notation k = |k|. The creation and annihilation operators create and anni-
hilate electronic states, with the momenta and spins given by the momentum indices
and the spin index σ. The effective mass in the semiconductor, m∗, is usually one
or two orders of magnitude smaller than the free electron mass, me. For instance,
the mass of an InAs semiconductor is 0.026me[18]. The effective mass, m, in the
superconductor is typically larger. For instance, the effective mass in Al is the order
of me[19].

Assuming the system is translationally invariant in the x-direction, the tunneling
Hamiltonian conserves momentum kx. Typically, the quasiparticle DOS of the super-
conductor, is much larger than that of the semiconductor for energies E & ∆ (see
figure 2.4). This implicitly puts a restriction on what transverse momenta, k‖, will
allow for particle tunneling. Therefore, we do not usually have to consider restricting
the sum over k‖ in this type of hybrid system.

Define two (Nambu) spinors, for the semiconducting and superconducting fermion
operators, as

Ckx =

(
ckx ↑
c†−kx↓

)
, Fk =

(
fk ↑
f †−k ↓

)
. (3.5)

In this basis, the Hamiltonians in eqs. (3.2) through (3.4) can be rewritten as

HN =
∑

kx

C†kx

(
εkx − µ 0

0 −εkx + µ

)
Ckx , (3.6)

HS =
∑

k

F †k

(
ξk −∆k

−∆∗k −ξk

)
Fk, (3.7)

HT =
1

A
∑

k

C†kx

(
V 0
0 −V ∗

)
Fk + F †k

(
V ∗ 0
0 −V

)
Ckx . (3.8)

As a result of being in proximity to the superconductor, it can be shown that the
full semiconductor Green’s function is ’dressed’ by tunneling-interactions, which is
encoded in a self-energy. In the following, we derive this full Green’s function, by
constructing a Dyson equation that accounts for all scattering events starting and
ending in the semiconductor.

The bare semiconductor and superconductor Green’s functions in Nambu-space,
are given by the time-ordered correlation functions

G0
S(k, τ) = −〈TτFk(τ)⊗ F †k(0)〉, G0

N(k, τ) = −〈TτCkx(τ)⊗ C†kx(0)〉,

where Tτ is the time-ordering operator. The off-diagonal terms allow for non-zero
correlations between fermionic degrees of freedom, with opposite spin and momentum.
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From equation of motion (EOM) theory, their explicit form is

G0
N(kx, ikn) = [ikn1− (εkx − µ)τz]

−1 (3.9)

G0
S(k, ikn) =

1

(ikn)2 − E2
k

(
ikn + ξk ∆∗k

∆k ikn − ξk

)
. (3.10)

Proving this, for instance for G0
S(k, ikn), involves Fourier-transforming1the EOM2

∂τG0
S(k, τ) = −δ(τ)1−

(
ξk −∆k

−∆∗k −ξk

)
G0
S(k, τ),

and solving it for the Green’s function by inverting a 2× 2 matrix. The analysis can
be done similarly for G0

N(kx, ikn).

The free Green’s functions (propagators) are represented by single fermion lines in
the Feynman diagrams that follow. We write the Dyson equation for the full Green’s
function in the semiconductor, signified by double lines, as the sum over all single
particle scattering events that start and end inside the normal metal. In the notation
used here, we assume a picture where we do not have to explicitly write out electron
and hole lines separately. Each line represents either an electron or a hole, each with
four possible combinations of spin (up/down) and momentum (positive and negative).
Thus, it is implied in the notation that all possible combinations of incoming electrons
and holes are accounted for.

Single lines combining the scattering vertices V on the left and V † on the right, are
fermion excitations (Bogoliubons, see eq. (2.15)) inside the superconductor. These
fermionic excitations are composed by an electron and a hole component with opposite
spin and momentum. The correlation between electrons and holes is mediated by
Cooper pairs, described by the superconducting pairing potential (see eq. (2.11)).
With these rules in place, we write the Dyson equation for the full Green’s function

1Performing a Fourier transform (FT) into frequency space, ∂τ
FT−→ −ikn (~ = 1) and δ(τ)

FT−→ 1
2Write out the derivative of G0

S(k, ikn), using the product rule. The derivative of the time-
ordering operator is a Dirac-delta function δ(τ), while that of the fermion operator in Nambu space
is given by the commutator i∂τFk(k, τ) = −

[
HMF
BCS , Fk

]
(τ).
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in the normal metal as

�
(N)

=� +�
V †V

+�
V †VV †V

+ . . .

� =� +�
V †V
(
� +	

V †V

+ . . .

)


 =� +�
V †V



�
(N)

=

[ (
�

(N) )−1 − �
(S)V V † ]−1

1

(3.11)
with the direction of time from right to left, and where the time-reversal of holes,
compared to electrons, is implied in the notation3. Explicitly, eq. (3.11) is

GN(kx, ikn) =
1

[G0
N(kx, ikn)]

−1 − Σss(kx, ikn)
(3.12)

where

Σss(kx, ikn) =
1

A
∑

k‖

V G0
S(k, ikn)V †. (3.13)

Σss(kx, ikn) is a self-energy, which incorporates the energy renormalization that takes
place in the semiconductor. This extra energy is a direct consequence of the fact that
tunneling may take place between the metals.

Inserting for eq. (3.10) in eq. (3.13), the explicit form of the self-energy reads

∑

ss

(k, ikn) = d(0)|V |2
∫ ∞

−∞
dξk

1

k2
n + E2

k

(
−ikn ∆ke

2iφ

∆∗ke
−2iφ −ikn

)
(3.14)

=
Γ

2

−ikn1 + ∆kτx√
|∆|2 − (ikn)2

, where Γ = 2πd(0)|V |2 (3.15)

is the tunneling energy formulated as Fermi’s golden rule. The tunneling strength is
defined as V = |V |eiφ, where φ is a phase, and d(0) is the density of states of the
superconductor at the Fermi level. In the first equality, we convert the sum over k‖
in eq. (3.13) to an integral over ξk running from −∞ to ∞ (as in eq. (A.16), now
with A being the normalization volume). The diagonal terms ξk from eq. (3.10)

3That is, we do not explicitly draw arrows in the opposite direction of what is shown here, to
signify the hole propagators.
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integrated over yields zero, and are thus omitted. In the second equality, we perform
the integration, assigning ∆ke

2iφ to be real without loss of generality, because the
phase can be removed by a Gauge transformation.

Consider energies much smaller than the gap, kn � ∆k (with units ~ = 1). In the
weak-tunneling limit, Γ � ∆, we can approximate the full Green’s function of the
semiconductor, by neglecting ikn in the self-energy. This yields the effective Green’s
function

GeffN (kx, ikn) = [ikn − (εkx − µ)τz + ∆effτx]
−1 , (3.16)

where

Σss ≈
Γ

2
≡ ∆eff = πd(0)|V |2. (3.17)

The corresponding effective Hamiltonian can be read off as the terms subtracted from
ikn in the effective Green’s function, that is

Heff =
∑

kx

C†kx

(
εkx − µ −∆eff

−∆eff −εkx + µ

)
Ckx . (3.18)

In the strong-tunneling case, ikn cannot be ignored in the self-energy, because they
correspond to poles in G0

S(k, ikn). However, as long as Γ � ∆, the effective gap in
the semiconductor approaches that of the parent superconductor[10]. In conclusion,

The semiconductor inherits a superconducting gap from the parent supercon-
ductor.

The normal and gapped energy spectra are shown in figure 3.2. For every electron
energy (solid lines), the energy of a hole is obtained by mirroring the point about the
kx-axis.

3.2 BTK theory

In order to understand non-local transport in a the three-terminal superconducting
device, it is key to introduce the concept of Andreev reflection. In this chapter, we
treat a normal-superconductor (NS) junction, using the Blonder-Tinkham-Klapwijk
(BTK) theory for scattering across the interface.

3.2.1 Andreev Reflection

Consider the incoming electron in the normal metal in figure 3.3b with energy Eek =
µ+Ek. Ek is the kinetic energy of the electron. The chemical potentials of both met-
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∆eff = 0 ∆eff 6= 0
semiconductor proximitized semiconductor

kx kx

EN ES,eff

−kF kF −kF kF

µ

∆eff

Figure 3.2: Left: The energy spectrum of a semiconductor, with the Hamiltonian in eq.
(3.2), is EN = ± (εkx − µ). Right: The energy spectrum of the effective Hamiltonian in eq.

(3.18), is ES,eff = ±
√

(εkx − µ)2 + ∆2
eff . kF is the Fermi momentum.

e ↑
h
↓

↑↓

normal metal superconductor
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y
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h
↓

↑↓

normal metal superconductor

x

E

Ek
∆

DOS 6= 0 DOS 6= 0

DOS 6= 0

(b)

Figure 3.3: (a) Andreev reflection in real space. The hole follows the same path as the
electron due to momentum conservation, because the transmitted Cooper pair has zero
net momentum, assuming no momentum is transferred to a potential barrier at the NS
interface. (b) Andreev reflection in energy and real space.

als, µ, are taken to be identical in this case. For energies below the superconducting
gap (|E| < µ + ∆), there are no available quasiparticle states in the superconductor
which the electron may transfer its momentum into in a scattering event. However,
a Cooper pair can form inside the superconductor for energies equal to the Fermi
energy. For instance, if the incident electron has momentum and spin k ↑, the super-
conductor may accept a Cooper pair (k ↑, −k ↓) at energy µ: momentum and energy
can be conserved, if a hole −k ↓ reflects back into the normal metal with the energy
Ehk = −(µ − Ek). This is known as Andreev reflection. The energy conservation
condition reads

Eek = Ehk + 2µ, where Eek = µ+ Ek, Ehk = −(µ− Ek), (3.19)
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where Ee(h)k is the energy of the incident electron (reflected hole). The charge 2e
is transferred from the normal metal to the superconductor as a result of Andreev
reflection.

As long as a current flows, the conductance can be measured across the NS junc-
tion as a function of an applied bias voltage, as illustrated in figure 3.4. Since there

normal metal INS superconductor

V

Figure 3.4: Normal-superconductor interface with an applied voltage V across. Positive
current INS is taken to go from left to right.

is no normal reflection taking place for biasenergies below the gap, a conductance
signature inside the gap is completely due to Andreev reflection in an idealized in-
terface with no potential barrier. If the energy is above the gap (|E| ≥ µ + ∆),
Andreev reflection may still take place, but it is accompanied by normal reflection
and transmission.

The picture painted so far of Andreev reflection is idealized. Experimentally
speaking, normal-superconductor interfaces are not ideal. Consequently, every impin-
gent electron in the normal metal will not always Andreev reflect for energies below
the gap, nor always transmit for energies above the gap. In addition, the density of
the semiconductor may be lower than the superconductor, yielding a Fermi velocity
mismatch [20]. Blonder, Tinkham and Klapwijk (BTK) introduces two modifications
to model this [21]:

1. an interface potential barrier to model imperfect interfaces, and

2. a potential energy shift in the normal metal to model Fermi velocity mismatch.

This potential is depicted in figure 3.5a, together with the superconducting gap. For
simplicity, this gap is assumed to be real and a step-function which is non-zero only
inside the superconductor. The barrier is modeled as a delta-function, and a constant
potential V0 is added inside the normal metal. The total potential is

V (x) = Hδ(x) + V0 Θ(−x). (3.20)

The spatial coordinate x is taken to be perpendicular to the interface cross-section.
The unitless step-function Θ(−x) is non-zero inside the normal metal, and models
the applied bias between N and S (see figure 3.4). The barrier is positioned at x = 0.
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∆

normal metal superconductor

V0

x

E

Hδ(x)

Figure 3.5: A picture of the individual potentials that are relevant in the model. The
bias (blue) and the delta-function (gray) sums up to V (x). The superconducting potential
(yellow) is part of the superconducting Hamiltonian, and is taken to be real.

From standard introductions to quantum mechanics[22], plane waves scattering
off the delta-potential, H δ(x), occurs with a transmission probability

T =
(
1 + Z2

)−1
, where Z ≡ mH

~kF
(3.21)

is the unitless height of the barrier. The transmission is perfect (T = 1) if there is no
barrier (Z = 0), thus the situation is back to the idealized case where every impingent
electron on the NS barrier Andreev-reflects for energies below the superconducting
gap. If the barrier strength H is increased, the transmission probability decreases.

With these ingredients in place, we can treat the interface using the Bogoliubov-de
Gennes equation.

3.2.2 The Bogoliubov-de Gennes equation

The Bologiubov-de Gennes equation enables us to keep and extract information about
the energies, momenta and probability amplitudes of electrons and holes. Consider
the NS interface and take both metals to be one-dimensional (1D). We assume each
metal is clean enough that momentum is a good quantum number for labeling quan-
tum states. The Bogoliubov equations can be used to determine the energies of the
incident, reflected and transmitted plane waves on the NS interface. Take f(x, t) and
g(x, t) to be components of the general solution wavefunction

ψ(x, t) =

(
f(x, t)
g(x, t)

)

of the scattering problem in the electron-hole basis. The Hamiltonian in this basis is
H = ψ†(x, t)HBdG ψ(x, t), from which we construct the BdG equation

i~ ∂tψ(x, t) = HBdG ψ(x, t), (3.22)
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where

HBdG =

(
−~2∇2

2m
− µ(x) + V (x) ∆(x)

∆(x) −
[
−~2∇2

2m
− µ(x) + V (x)

]
)

(3.23)

is the system Hamiltonian in the electron-hole basis. ∆(x) = ∆ Θ(x) is real and
non-zero only inside the superconductor, µ(x) is the chemical potential, and V (x) is
the potential inside the normal metal and the barrier potential, as given in eq. (3.20).

Writing it out explicitly, the Bogoliubov equation describes a set of two coupled
differential equations of f(x, t) and g(x, t), namely

i~
∂f

∂t
=

[
−~2∇2

2m
− µ(x) + V (x)

]
f(x, t) + ∆(x)g(x, t), (3.24)

i~
∂g

∂t
= −

[
−~2∇2

2m
− µ(x) + V (x)

]
g(x, t) + ∆(x)f(x, t). (3.25)

∆(x) couples f(x, t) and g(x, t). If ∆(x) = 0, these relations reduce to the time-
dependent Schrödinger equation for an electron (eq. (3.24)), and its time-reverse (eq.
(3.25)).

3.2.3 The NS boundary at equilibrium

Consider the equilibrium case, where V (x) = 0 for all x. When the superconducting
gap is non-zero, the energy dispersion for incident, transmitted and reflected modes
with wavenumber k in the BdG equations, can be identified as the BCS quasiparticle
energies

Eτk = τ
(
ξ2
k + ∆(x)2

)1/2
, where τ = e, h (3.26)

as shown in figure 3.6a for ∆ = 0 (left) and ∆ 6= 0 (right). ξk = ~2k2/2m− εF is the
energy of the k’th mode in the normal metal, and εF being the Fermi energy of said
metal, set by the chemical potential. The τ factor is +1 for electrons (τ = e) and
−1 for holes (τ = h). In the superconductor, a gap of size 2∆ opens at the Fermi
momenta ±kF (see figure 3.6a).

Derivation 3.2.1: Eq. (3.26) from the BdG equations

In order to see how the dispersion in eq. (3.26) comes about, from the BdG-
equations, assume the simplest case where µ(x) and ∆(x) are constants. In-
serting directly for plane-wave trial solutions

f(x, t) = u eikx−iEt/~, g(x, t) = v eikx−iEt/~,
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into eqs. (3.24) and (3.25) (E is the energy, with the subscripts τk suppressed,
and k is the wavevector), we obtain

Eu = ξku+ ∆v

Ev = −ξkv + ∆u for µ(x) = εF ; ∆(x) = ∆, V (x) = 0 ∀x. (3.27)

Solving these two equations for the energy is straightforward (start by squaring
each side, then add them together). Assuming u and v are real, and using
the normalization condition u2 + v2 = 1, reproduces the energy solution in eq.
(3.26). It is also possible to solve eq. (3.27) for u and v. Lastly, we generalize
to u and v being complex numbers, obtaining

|u|2 =
1

2

(
1 +

ξk
E

)
, |v|2 = 1− |u|2. (3.28)

We also obtained this relationa from BCS theory, see for instance figure 2.3.
Showing eq. (3.28) requires some simple algebraic manipulations, where the
normalization condition |u|2 + |v|2 = 1 is key (the calculation is shown in
appendix B.1).

aNote that u and v should be generalized to being complex. For energies below the gap,
|E| < ∆, u and v are complex conjugates, because ξk =

√
E2 −∆2 is purely complex.

For each energy Ek in eq. (3.26), there are four possible k-vectors, categorized by:

1. Two different magnitudes, k±, referred to as the positive and negative branch.

2. Two signs, ±k.

Category 1 comes about due to the fact that the momentum is squared in Ek. The
explicit form for the momenta are

~k± = (2m)1/2
[
εF ±

(
E2
k −∆2

)]1/2
. (3.29)

The positive (negative) branch, k+ (k−), is always outside (inside) the Fermi surface.
In figure 2.3, we plotted the amplitudes (coherence factors) from eq. (3.28) squared,
as a function of the energy εk. For energies above (below) the Fermi energy, we saw
that |uk| > |vk| (|vk| > |uk|). The Bogoliubov excitation

γ†k = ukc
†
k,↑ − vkc−k↓, (3.30)

is therefore ’electron-like’, |uk| > |vk|, for the k+ branch. Similarly, hole-like excita-
tions are of the k− kind. Category 2 stems from the fact that the superconducting
pairing potential correlates electronic particles with opposite momenta.
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Figure 3.6: (a) The spectrum in eq. (3.26) is plotted for of electronic (solid) and hole
(dashed) components. When the superconducting gap is non-zero (right), the spectrum is
gapped at the Fermi momenta. If we consider only momenta close to the Fermi momentum,
there are always four degenerate energies E±k± above the gap. (b) A diagram showing the
energy spectra in (a), close to the Fermi momenta. Electrons are filled and holes are open
circles. The arrows indicate the group velocity directions. An incident electron at point (0)
is shown, together with the transmitted, (2, 4) and reflected (5, 6) particles.

For instance, consider an electron in N with energy E which is incident on the
NS boundary. The only allowed scattering processes conserve energy, according to
eq. (3.19), and particle group velocity, dEk/d(~k). The energy diagram in figure 3.6b
shows how energies and their slopes (arrows) need to be matched before and after
the scattering event, close to the Fermi surface (|k − kF | � 1). The momenta in the
normal metal, q, are different from those in the superconductor, k, to accomodate a
transfer of momentum to the boundary.

To be specific, the incident electron at point (0) may transmit with and with-
out branch-crossing. (With: into point (2), q+ → −k−. Without: into point (4),
q+ → k+). Crossing the branch, the momentum ends up on the opposite side of the
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Fermi surface in the target system. The electron can also undergo normal reflection,
which occurs without a branch crossing (into point (5), q+ → −q+). Lastly, Andreev
reflection can take place, where the electron crosses the branch in N (into point (6),
q+ → −q−). Normal reflection may only take place for a non-zero potential barrier,
as we will see later in section 3.2.5. In the case of Andreev reflection, the electron is
reflected as a hole (Eek → Ehk, see eq. (3.19)).

The probabilities corresponding to the physical processes are denoted A through
D. A(E) is the probability of the electron reflecting as a hole (Andreev reflection),
leaving a Cooper pair inside the superconductor, B(E) the probability of normal
reflection, while C(E) (D(E)) is the probability of transmitting as an electron quasi-
particle excitation into the superconductor, with (without) a branch-crossing. Thus,
conservation of probability current is

A(E) +B(E) + C(E) +D(E) = 1, (3.31)

E being the energy of the incident electron.
It is also worthwhile noting that the Bogoliubov excitation γ†k provide an overall

electronic charge of |uk|2 − |vk|2 ( see box 3.2.3).

Derivation 3.2.2: Charge conventions

The charge-operator in Nambu space, may be written as τz/2 + 1/2, because

Q̂k,σ = c†k,σck,σ =
1

2

(
c†k,σck,σ − ck,σc†k,σ + 1

)

=
(
c†k,σ ck,σ

) 1

2

(
1 0
0 −1

)(
ck,σ
c†k,σ

)
+

1

2
.

In the first equality, the fermionic anti-commutation rule is used. Performing
the expectation value of Q̂k,σ with the state |ψk,σ〉 = uk,σ |e〉 + vk,σ |h〉, where
uk,σ and vk,σ are complex numbers, and the basis vectors in electron-hole space

are |e〉 =
(

1 0
)T

, and |h〉 =
(

0 1
)T

, yields

〈ψk,σ| Q̂k,σ |ψk,σ〉 =
1

2

(
|u|2k,σ − |v|

2
k,σ

)
+

1

2
.

If the state is neither electron nor hole-like (charge neutral), then u = v = 1/2,
which yields a charge Q = 1/2. In this sense, the charge of an electron is 1
and the charge of a hole is 0, not −1. In the main text, however, the charge
convention is q = |u|2 − |v|2 (Q̂k,σ = τz), where we exclude the factor and last
term of 1/2. In the latter convention, the charges 0, 1 and −1 corresponds to
the state being charge neutral, or having one electron or hole charge.
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3.2.4 Probability amplitudes for scattered plane waves

u
v

normal metal superconductor
x0

incident
(q+)

(−q+)
u = 1

(−q−)
v = 1

(k+)
(−k−)

Figure 3.7: A real-space picture of thee possible scattering events (see figure 3.6b) an
incoming electron plane wave (blue arrow, with momentum q+) can undergo. The explicit
form of the wavefunctions are given in eq. (3.32). The vertical placement of the particles is
arbitrary.

In the last section, we saw that electron-like excitations belong to the positive branch,
while hole-like excitations belong to the negative branch. Inside the normal metal, in
particular, particles are either electrons (u = 1, v = 0) or holes (u = 0, v = 1). For
the scattering shown in figure 3.6b, the plane waves of possible incident, transmitted
and reflected electrons and holes are therefore

ψinc =

(
1
0

)
eiq

+x,

ψrefl = a

(
0
1

)
eiq
−x + b

(
1
0

)
e−iq

+x,

ψtrans = c

(
u
v

)
eik

+x + d

(
v
u

)
e−ik

−x. (3.32)

The scattering amplitudes, constituting the probabilities A = a∗a et cetera, multiplies
each plane wave. The locations (whether in N or S) and directions of propagation
of these wavefunctions are illustrated in figure 3.7. The branch-crossings are encoded
in the momenta of the plane waves multiplying a and d, but also in the exchange of
electron and hole amplitudes in the associated spinors.

In order to determine the solutions, take two boundary conditions. Denote ψN(0) =
ψS(0) ≡ ψ(0), ψN = ψinc + ψrefl, ψS = ψtrans. The first boundary condition is conti-
nuity of the wavefunctions at the boundary,

ψN(0) = ψS(0), (3.33)

while the second is continuity in the difference between the derivative of the wavefunc-
tions at the boundary. For the delta-potential barrier Hδ(x), this second condition
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is

∂ψS(x)

∂x

∣∣∣∣
x=0

− ∂ψN(x)

∂x

∣∣∣∣
x=0

=
2mH

~
ψ(0). (3.34)

3.2.5 Computation of probabilities

In the following, we avoid the explicit inclusion of the density of states4when consid-
ering the scattering probabilities, by assuming the probabilities already account for
the canceling effects of reverse (S → N) processes.

Probability and charge currents

Define the probability density of an electron or a hole by P (x, t) = |f(x, t)|2+|g(x, t)|2,
for a given time t and spacial coordinate x. From inserting the BdG equations (eq.
(3.24) and (3.25)), the probability density current is5

∂P

∂t
=

∂

∂t

(
f f †

)
+
∂

∂t

(
g g†
)

=
~
m

∇ ·
[
Im
(
f∇f †

)
− Im

(
g∇g†

)]
,

In other words, this yields a source-less continuum equation

∂P

∂t
+ ∇ · JP = 0 (3.35)

where

JP =
~
m

[
Im(f †∇f)− Im(g†∇g)

]
(3.36)

is the probability current flowing out of a closed surface. Similarly, take one unit
charge for an electron (a hole) to be the elementary charge e (−e). With this choice,
the net charge due to the excitations may be defined as Q = e

(
|f |2 − |g|2

)
. Inserting

the Bogoliubov equations (eqs. (3.24) and (3.25)) into ∂Q/∂t, one similarly obtains

∂Q

∂t
+ ∇ · JQ =

4e∆

~
Im
(
f †g
)

(3.37)

JQ =
e~
m

[
Im(f †∇f) + Im(g†∇g)

]
. (3.38)

4Because the density of states of the two metals are, in general, different, so are the incident and
scattered particles are. Therefore, when we refer to probability currents canceling in equilibrium,
we could have accounted for this difference in momenta, by using a formulation where we explicitly
integrate over the density of states.

5The explicit calculation can be found in appendix B.2, and involves using the identity φ∇2ψ =
∇ · (φ∇ψ)−∇φ ·∇ψ with the wavefunctions φ or ψ being the electron or hole component.
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for the charge current. Contrary to the probability current, the charge current has
a source (drain) term, 4e∆

~ Im
(
f †g
)
. Interestingly, the source (drain) term couples f

and g when ∆ is finite. In a closed system, this charge should only originate from
Cooper pairs splitting up. Quasiparticle current can therefore be converted to and
from Cooper pair condensate current (supercurrent).

Explicit form of the scattering probabilities

The explicit forms of the probability amplitudes, a through d, are found by impos-
ing the boundary conditions of eqs. (3.33) and (3.34) for the incident and scattered
wavefunctions (see eq. (3.32)). This set of equations are solved for the four scat-
tering amplitudes (see eqs. (B.6) through (B.9) in appendix B.4). Imposing the
approximation that all momenta are at the Fermi momentum, the general form of
the probabilities are (see eqs. (B.3) through (B.4)):

A = |a|2 =
u2v2

γ2
(3.39)

B = |b|2 =
(u2 − v2) ~2Z2 (1 + ~2Z2)

γ2
(3.40)

C = |c|2
(
u2 − v2

)
=
u2 (u2 − v2) (1 + ~2Z2)

γ2
(3.41)

D = |d|2
(
u2 − v2

)
=
v2 (u2 − v2) ~2Z2

γ2
, given E > ∆. (3.42)

As long as E > ∆, the coherence factors we insert for in these probabilities are real
numbers (see eq. (3.28)).

However, if the energy is below the gap, these probabilities are complex numbers,
and do not correspond to probability currents that correspond to physical observables.
Let us see what happens if we insert for u and v (eq. (3.28)) in terms of the energy
E and ∆:

A =
∆2

E2 + (∆2 − E2) (1 + 2Z2)2 , B = 1− A, C = D = 0, given E < ∆. (3.43)

In fact, no factors E2 −∆2 are present in eq. (3.43), thus we have explicitly ensured
that these probabilities are real numbers. As noted in the introduction in this chapter,
no single particle can transfer into the superconductor for energies below the gap (see
for instance figure 3.3), thus C and D are zero for E < ∆.

The probability currents A through D are plotted as functions of energy in figure
3.8, for barrier strengths Z = 0, 0.3, 1.0 and 3.0. For no barrier and below the gap, see
figure 3.8a, the electron Andreev reflects perfectly. When above the gap, A decreases
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Figure 3.8: Probabilities (unitless) for Andreev reflection (A), normal reflection (B), and
transmission with (C) and without (D) a branch-crossing (see figure 3.6b), as a function of
energy displayed in steps of ∆(T ).

monotonically as a function of E. In the absence of a barrier, explicitly inserting for
Z = 0 in eqs. (3.39) through (3.43), yields

A = 1, B = C = D = 0, given Z = 0, E < ∆, and

A =
∆2

E2 + (∆2 − E2)
=
v2

u2
, C = 1− A, B = D = 0, given Z = 0, E > ∆.

Below the gap, all waves are perfectly Andreev reflected. Due to momentum con-
servation, all transmitted wavefunctions stay on the same side of the Fermi surface
(D = 0) in this case.

When the barrier is present, see figures 3.8b through 3.8d, waves normally reflect
off the barrier and B becomes non-zero below and above the gap. For modes with
zero incoming energy E, the reflection probability is B = 1− A = 1− 1/(1 + 2Z2)2.
As the barrier becomes larger, B therefore increases and converges towards

B(E = 0) = 1, when Z � 1,

as is somewhat implied from comparing figure 3.8d (Z = 3) to figures 3.8b and 3.8c
(Z = 0.3 and Z = 1.0, respectively). In other words, for strong barriers, most
electrons undergo normal reflection.

dI/dV curves for the NS system

In chapter 5, we present the Landauer-Büttiker formalism that goes into deriving the
current of the three-terminal, NSN system shown in figure 1.1. The term multiplying
the Fermi distribution of the left normal lead, in resultant expression eq. (8.15), is
simply the current of the NS system with no right normal lead. This current, INS,
can be measured as a function of an applied voltage V , as illustrated in figure 3.4.
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At zero temperature, the differential conductance is

dINS
dV

= −e
2

h
[N −B(eV ) + A(eV )] , (3.44)

where N is the number of channels. The conductance is plotted in figure 3.9 for
N = 1 channels, and different barrier strengths Z = 0, 0.3, 1.0, and 3.0. For energies

0 ∆

eV

0

1

2
d
I N

S

d
V

[ e
2 h

]
Z = 0.0

Z = 0.3

Z = 1.0

Z = 3.0

Figure 3.9: Differential conductance of a one-dimensional NS junction, for the unitless
barrier strengths Z shown. R−1

N (dashed horizontal lines) are shown for each value of the
barrier Z.

below the gap, all incoming states will Andreev reflect, unless the barrier Z is non-
zero. This corresponds to a conductance signature of 2 e2/h. For larger finite barriers,
the conductance decreases both above and below the gap, because the probability of
normal reflection increases. For each value of the barrier, the conductance approaches
the contact resistance in an NN junction, R−1

N = e2

h
1

1+Z2 (dashed horizontal lines), in
the high voltage limit.

In spin-full systems with two possible spins, up and down, the maximal conduc-
tance signature is 4e2/h for an NS junction. Such systems have N = 2 spin channels
for every incident electron. Below the gap, B(eV < ∆) = 0 and A(eV < ∆) = 2
in the differential conductance in eq. (3.44). Therefore, the maximum conductance
signature is 4e2/h. In the future, when we consider the superconducting region of the
device to be spin-full, this is the relevant signature of perfect Andreev reflection.



Chapter 4

Topological Superconductivity

An infinite, one-dimensional p-wave superconductor hosts Majorana end modes in a
specific region of parameter space, the topological regime. The Oreg-Lutchyn model
has a specific topological regime. This model is used throughout the numerical sim-
ulations in this thesis. In order to understand what is meant by a topological model,
we first describe a simpler p-wave Hamiltonian. In the topological regime, the Oreg-
Lutchyn Hamiltonian can be mapped onto this simpler model. Thereby, we can
apply our knowledge of the p-wave Hamiltonian to define the topological regime for
the Oreg-Lutchyn Hamiltonian as well. We aim to illustrate this argument with this
chapter, and thereby establish the topological regime for the p-wave model we im-
plement in the simulations. The approach used in this chapter has been inspired by
[2, 20].

Definition 4.0.1: S- and p-wave pairing in superconducting order
parameter

The p-wave superconducting pairing is one that is not time-reversal symmetric.
In general, it takes the form

∆p =
〈
ψ†σ(r) (−i~∇)ψ†σ(r)

〉
eiθ(r),

where ψ†σ(r) is the creation operator of an electron with spin σ at the position
r, and θ(r) is the phase.
S-wave superconductive pairing does preserve time-reversal symmetry, and
pairs opposite spins. It assumes the form

∆s =
〈
ψ†σ(r)ψ†−σ(r)

〉
eiφ,

where φ is a phase.

33
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4.1 Properties of Majorana fermions

Consider a one-dimensional tight-binding model consisting of N fermionic qubits.
Each qubit corresponds to an artificial site in the discrete model, and can be either
occupied or empty. For instance, if the degree of freedom is spin, then each site
can either have spin up or have no spin, the downwards direction being completely
forbidden. Such a system is completely spin-polarized.

In a conventional, spin-full superconductor, Bogoliubov quasiparticle excitations
take the form uc†↑ + vc↓. The operator c†σ creates an electron, with spin projection
σ. Per construction, a Majorana operator is its own hermitian conjugate. Contrary
to the general Bogoliubon operators, Majorana operators are thus in an equal super-
position of electron and hole, |u| = |v| = 1

2
, and both fermion operators must have

identical spin. In other words, Majorana operators are a superposition of the real
and imaginary component of a single fermion operator,

γ = uc†σ + u∗cσ, (4.1)

and correspond to half a fermionic degree of freedom.
Every fermionic site, j, can be represented as a superposition of two Majorana

sites, j, 1 and j, 2. Without loss of generality, assume the coherence factor from the
representation in eq. (4.1) is real. Hence, we define the fermion annihilation and
creation operators at site j as

cj =
1

2
(γj,1 + iγj,2) , c†j =

1

2
(γj,1 − iγj,2) . (4.2)

Inverting eq. (4.2) yields

γj,1 = c†j + cj, γj,2 = i
(
c†j − cj

)
, (4.3)

which clearly satisfy

γ†ν = γν , {γµ, γν} = 2δµν (µ, ν ∈ {j, 1, j, 2}). (4.4)

The first relation states that the Majorana is its own anti-particle. In the second

relation, the fermionic anti-commutation rule
{
cj, c

†
k

}
= δjk has been employed.

Even though Majorana operators are fermionic, only superpositions like those in eq.
(4.2) are physically observable.

4.2 A p-wave superconductor can host Majorana

fermions

The Kitaev model describes a discrete, one-dimensional (1D) system with a nearest-
neighbor hopping, t, a spatially homogenous chemical potential, µ, and a complex
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superconducting order parameter, ∆ = |∆|eiθ. The tight-binding Hamiltonian, illus-
trated in figure 4.1a, reads

Hchain =
N∑

j=0

(
−t
(
cjc
†
j+1 + c†j+1cj

)
− µ

(
c†jcj −

1

2

)
+ ∆cjcj+1 + ∆∗c†jc

†
j+1

)
(4.5)

in the fermionic basis.
In this model, there is a regime in parameter space where Majorana modes γ1,1

and γN,2 at the ends of the wire decouple from the rest of the Majorana sites. For

(a) ’fermion basis’

fermion site

L

basis change

(b)
|∆| = t = 0 and µ < 0

’Majorana
basis’

|∆| = t > 0 and µ = 0

Figure 4.1: (a) A tight-binding model of a one-dimensional p-wave superconductor. Circles
are fermionic lattice sites, and the lines connecting them is the hopping −t. (b) Each
fermionic site corresponds to two Majorana sites (see (??)). Left: every Majorana site
couple (via blue lines, −t + |∆|) within their corresponding fermionic site. Right: each
Majorana couples (with red lines, t + |∆|) to the neighboring fermionic site, leaving two
Majorana sites uncoupled at the edges.

example, the Hamiltonian in the case ∆ ∈ Re, ∆ = t > 0, and µ = 0 is

Hchain = it
N−1∑

j=1

γi,2γj+1,1. (4.6)

To observe this, follow 1. Majorana modes at neighboring sites pair up, as illustrated
on the right in figure 4.1b.

An ordinary fermion requires a non-zero energy to be occupied. This is seen, for
instance, in the case t = ∆, µ = 0. We introduce the non-local operators

c̃i =
1

2
(γi+1,1 + iγi,2) , c̃†i =

1

2
(γi+1,1 − iγi,2) , (4.7)

composed from Majorana operators from neighboring fermion sites. This yields
2c̃†i c̃i = 1 + iγi+1,1γi,2. Inserting for this into eq. (4.6), one obtains

Hchain = −t
N−1∑

i=1

(
1− 2c̃†i c̃i

)
. (4.8)
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Transforming between the fermion and Majorana representations, eqs. (4.6) and (4.8),
respectively, just changes the mathematical representation of the Hamiltonian. Two
Majorana modes, paired between neighboring fermionic sites, correspond to ordinary
fermions. Diagonalizing the Hamiltonian in the fermion representation, eq. (4.8), we
see these fermions require an energy 2t to form.

Contrary to ordinary fermions, zero energy is required to occupy Majorana fermions.
The Hamiltonian in eq. (4.6) does not contain γ1,1 and γN,2. These sites are therefore
de-coupled. This implies that there exists a non-local operator

c̃M =
1

2
(γN,2 + iγ1,1) (4.9)

which minimizes the energy of the chain. If the wire is infinitely long, the wavefunc-
tion, corresponding to the two Majorana modes at the ends, does not overlap. In that
case, the fermion c̃M , a superposition of the two end modes, requires zero energy to be
occupied. In finite wires, the end state wavefunctions do overlap, and the excitation
energy of this fermion is finite. We refer to such modes as near-Majorana modes.

Contrary to normal superconductors, where all fermions form Cooper pairs at
sub-gap energies, the p-wave Hamiltonian allows for an even or an odd number of
fermionic quasiparticle excitations. For example, if a Majorana is occupied at each
end, the system hosts an odd number of occupied fermions at zero energy. If there
are no Majorana end states, all Majoranas are paired up, forming only ordinary
fermions. The latter situation is sketched on the left in figure 4.1b. The fermionic
parity therefore corresponds to the eigenvalue, 1 (0), of number operator c̃†M c̃M , when
applied to the occupied (unoccupied) ground state eigenfunctions, |1〉M (|0〉M). We
define the fermion parity as

〈P〉 = 〈−i
N∏

j=1

γj,1γj,2〉 = 〈−iγ1,1γN,2〉 = 〈2c̃†M c̃M − 1〉, (4.10)

which measures to −1 (+1) when |·〉M is occupied (unoccupied), corresponding to an
odd (even) parity.

Majorana fermions always exist in pairs and cannot occupy the same site: they
would annihilate each other due to being each others’ anti-particle. Thus, the corre-
sponding total wavefunction is always non-local. We stress that it is the occupancy
of the Majorana sites that needs to be non-local. The wavefunction of an ordinary
fermion can be either local or non-local, but two ordinary fermions cannot occupy the
same site, due to the Pauli exclusion principle. Therefore, a non-local state can be
either a Majorana pair, or consist of ordinary fermions. A local wavefunction cannot
be a Majorana pair. Hence, finding a way to measure non-locality, in itself, is not a
”smoking-gun” for determining whether or not a system hosts Majorana end modes.
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In this thesis, we do not claim to propose a ”smoking-gun” measurement. One such
proposal involves adiabatically braiding Majorana modes from two different pairs of
Majorana end states, to demonstrate their non-abelian (non-commuting) braiding
statistics [6].

In experiments, one may test the ’robustness’ of a gapped state, is to introduce
changes in independent variables, such as the chemical potential, an applied magnetic
field, or by introducing local gates, and see if the emergent bound states are robust
to these variations. Such robustness has been observed in experiments, but does not
constitute a definite proof of Majorana modes [14, 1].

So far, we have seen two very particular examples where the Kitaev chain does, and
does not, host Majorana end states. There is, however, a whole range of parameters
where the system hosts end states.

4.2.1 Energy spectrum

Fourier-transforming each fermionic operator to k-space (cj =
∑

k e
−ikjck with the

inter-site spacing set to 1 in length-units) in eq. (4.5), yields

H(k) = −ξkτz + 2∆ sin(k)τy (ξk = 2t cos(k) + µ) (4.12)

in the electron-hole basis, spanned by spinors Ψk = (ck, c
†
−k)

T and its hermitian
conjugate. The Hamiltonian in eq. (4.12) can be identified as the tight-binding
approximation to a general p-wave Dirac Hamiltonian of the form

Hp−wave(k) = mτz + vkτy, with m = −2t cos(k)− µ, vk = 2∆ sin(k). (4.13)

m is a mass-term, which can open a gap in the energy spectrum, and v is a velocity.
The energy spectrum of the p-wave Hamiltonian in eq. (4.13) is

Ee/h(k) = ±
√
m(x)2 + (vk)2, (4.14)

1One may start by specifying the general Majorana operators as

γj,1 = ei
θ
2 cj + e−i

θ
2 c†j , γj,2 = −iei θ2 cj + ie−i

θ
2 c†j (j = 1, . . . , N),

similarly to in eq. (4.3), but where we have included the phase from the superconducting order
parameter. Inserting for this in eq. (4.5) yields

Hchain =
i

2

L∑

j

(−µγ2j−1γ2j + (t+ |∆|) γ2jγ2j+1 + (−t+ |∆|) γ2j−1γ2j+2) . (4.11)

With the parameters in the main text, the Hamiltonian takes the form of eq. (4.6).
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where the + sign is for electrons and − for holes. From here on in this section, we
assume ∆ is real and positive, and explicitly include a spatial dependence in the mass
term. We want to use linearization in the vicinity of the gap closings later, in order
to map the Oreg-Lutchyn model onto this p-wave model.

The energy dispersion of the tight-binding Hamiltonian is

(a) µ = −3t
m0 > 0, mπ > 0

−π π−1

1 k

E/t

|∆| = t

|∆| = 0

(b) µ = −2t
m0 = 0, mπ > 0

−π π−1

1 k

E/t

||
||

(c) µ = 2t
m0 < 0, mπ = 0

−π π−1

1 k

E/t

||
||

(d) µ = 3t
m0 < 0, mπ < 0

−π π−1

1 k

E/t

||
||

(e) Sign diagram

−2t 2t

Pf(τxH(0)) < 0

Pf(τxH(π)) > 0

µ M < 0

Figure 4.2: (a)-(d): The energy dispersion in eq. (4.15), outside the topological region
in (a) and (d), and at the topological phase transition in (b) and (c). (e): The topological
index (see eq. (4.18)) is non-trivial (−1) inside the region |µ| < 2t. Everywhere else, the
index is trivial (+1).

Et−b
e/h (k) = ±

√
(2t cos(k) + µ(x))2 + 4∆2 sin2(k). (4.15)

The dispersion is plotted in figure 4.2a through (d), for different values of the chemical
potential.

When this spectrum in eq. (4.15) is linearized about k ≈ 0, or k ≈ π, the mass
term is

mk(x) =

{
−µ(x)− 2t when k ≈ 0

µ(x)− 2t when k ≈ π.
(4.16)

The gap closes at k = 0, for µ(x) = −2t, and for k = π, when µ(x) = 2t. See figures
4.2b and (c). Both these points have an associated mass term m0/π = 0. The total
parity of the system changes as the gap closes and re-opens. Resultantly, the ground
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state changes from one, to the other one of the two degenerate ground states. The
topological index, M, changes sign during such a transition. It is not to be confused
with the total parity of the system.

With |∆| 6= 0, the spectrum is linear in k around the gap closings. Comparatively,
if the gap is zero (faint line), the spectrum is not linear for k ∼ 0, π. Thus, the non-
zero gap is what enables us to linearize the spectrum.

During a topological phase transition, the system will change between being topo-
logically non-trivial, having two topologically protected end states (in 1D), and being
topologically trivial, having no topological end states. This is much like the two
special cases displayed in figure 4.1b. In principle, one way to measure whether a
wire has end states or not, is to (i) attach it (in real space) to another wire, with a
known topology, and then to (ii) measure the fermionic parity of the total system.
We elaborate on both points, after introducing the bulk-edge correspondence.

4.2.2 Bulk-edge correspondence

The eigenstates of eq. (4.13) are specified in the electron-hole basis, and we denote
them by φ(x) = (ũ(x), ṽ(x))T . We seek a zero energy solution. The time-independent
Schrödinger equation with a zero energy eigenvalue,

Hφ(x) = (m(x) τz + vk τy)φ(x) = 0,

multiplied on both sides by τy from the left, reads

τyHφ(x) = (m(x)× 2iτx + v (−i∂x))φ(x) = 0,

where k = −i∂x (~ = 1). When re-arranged for ∂xφ(x), it is equivalent to the
differential equation

∂xφ(x) =
2m(x)

v
τx φ(x).

Integrating both sides and solving it, by inserting for the eigenstates ( 1, ±1 )T of
τx, yields

φ±(x) = exp

[
±
∫ x

0

2m(x1)

v
dx1

](
1
±1

)
,

where the ± index and phase factor correspond to the two eigenstates of τx. The only
way this can be normalizable, is if it decays exponentially, which is the case when the
sign of the exponential

±︸︷︷︸
τx eig.state

sign

(
lim

x→±∞
m(x)× x

)
< 0 (4.17)
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is negative. Lastly, assume that m(x1) is a step-function, which takes some constant
value for x = +∞, and another constant value, with opposite sign, for x = −∞.

For simplicity, we take a parametrization such that the sign of µ(x) is the same as
that of x 2. First, consider the case k ≈ 0, for which m(x) ≈ m0(x) = −µ(x)−2t (see
eq. (4.16)). In this case, only the (+) phase yields a normalizable solution, according

(a) k ≈ 0

−∞ −2t ∞
m0(µ) [a.u.]

|φ+(µ)| [a.u.]

µ(x)

(b) k ≈ π

−∞ 2t ∞
mπ(µ) [a.u.]

|φ−(µ)| [a.u.]

µ(x)

Figure 4.3: The eigenfunction of the p-wave Hamiltonian in eq. (4.13) is localized at the
point where the mass term changes sign.

to eq. (4.17). This solution, φ+(x), is localized at the position µ(x) = −2t where the
mass term m0(x) changes sign, as illustrated in figure 4.3a. Similarly, when k ≈ π
and µ(x) = 2t, the mass mπ(x) changes sign, see figure 4.3b. Therefore,

At the interface between sections with positive and negative mass terms in real
space, there exists a localized zero energy mode for the p-wave Hamiltonian in
eq. (4.13).

If we attach two wires, where the mass of both wires have the same sign, there is
no localized state. When m(x) does not change sign, it does not cross zero, and the
energy gap is not allowed to close. As we will see next, the fermionic parity of the
system can therefore not change as a result of ”attaching” the wires, and both wires
either do, or do not have two end states.

Fermion parity switches when the energy gap changes sign. The fermionic
parity is a physical observable that measures whether the system has a odd or even
number of fermions. As a thought experiment, consider the specific set-up where the
wire of interest (Kitaev wire 1) is attached to another, auxiliary wire (Kitaev wire
2) in both ends. This is illustrated in figure 4.4a through (d) for all four possible
combinations of wires, with positive and negative mass terms.

These examples illustrate how the fermionic parity of the total system can distin-
guish the topological and trivial phase of wire (1), given that we know the topology

2If we assume the opposite sign, namely sign(µ(x)) = ∓ sign(x), the normalizable solutions for
k ≈ 0 and k ≈ π interchange, see eq. (4.17).
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(a) 〈P〉 = −1

1
2

fermion

1
2

fermion

m1 < 0 m2 > 0

(b) 〈P〉 = 1

1 fermion

1 fermion

m1 < 0 m2 < 0

(c) 〈P〉 = 1

no end states

m1 > 0 m2 > 0

(d) 〈P〉 = −1

1
2

fermion

1
2

fermion

m1 < 0 m2 < 0

Figure 4.4: (a)-(d): Left (gray) wires: system of interest. Right (faint blue) wires: an aux-
iliary system is attached in both ends of the wire, such that the total parity can distinguish
between a total system with, from one without end states.

of wire (2). Say the auxiliary wire is trivial. Then, if the wire of interest hosts end
states, the total parity of the system is odd when the two wires are attached, as shown
in figure 4.4a, because the end states do not annihilate. If the system of interest is
trivial, as shown in 4.4c, both wires have an even number of fermions, such that the
measured parity is even. On the other hand, if the auxiliary system does host end
states, shown in figures 4.4b and (d), the measured parity is necessarily opposite to in
(a) and (b), respectively. In summary, whenever the sign of the mass of systems (1)
and (2), m1 and m2, are different (the same), the total system hosts (no) end states
and the parity is odd (even). This, we can associate with the expectation value of the
parity operator being −1 (+1). In other words, the parity of the combined system is

〈P〉 = sign [m1 ·m2] .

Therefore, whenever the gap of one of the two systems closes, the parity changes.
Now, we are done with the thought experiment.
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In BCS theory, we describe superconductors as a bosonic Cooper pair condensate,
with Bogoliunov quasiparticle excitations. The latter is the only fermionic degree
of freedom of the system. Thus, the addition or subtraction of such a quasiparticle
is the way in which the superconductor can change its parity. The superconductor
should be thought of as being in contact with a reservoir, such that a quasiparticle
must be moved to the reservoir in order to conserve the total parity of the system
and the reservoir altogether.

For every position x in real space, the Hamiltonian describes states with a con-
tinuum of different k-values. Since the parity only can change when the gap closes,
which may occur for k = 0 and k = π, these are the only momenta which determine
whether the gap in the energy spectrum closes. Thus, we need only consider k = 0, π,
and not the whole continuum of k-values. Hence, the picture with the two wires in
figure 4.4 is an analogy to the parity of the actual system, which is determined by
the sign of the product of masses m0/π, that is,

〈P〉 = sign [m0 ·mπ] ,

instead of the product with m1/2.
In terms of the system parameters, the fermion parity is easily accessible from the

Hamiltonian directly. First, make the Hamiltonian skew-symmetric by multiplying it
by τx at k ≈ 0,

τxH(k ≈ 0) =

(
0 −m(x)

m(x) 0

)
,

and similarly for k ≈ ±π (where m(x) → −m(x)). Then, we can access the mass
term by taking the Pfaffian. The topological properties of the Hamiltonian is given
by the Z2 topological index, or Majorana number

M = sign [Pf(τxH(0)) · Pf(τxH(π))] , (4.18)

which is −1 for the topological phase, and 1 in the trivial case. This topological
invariant is based on deeper topology arguments, and not the parity, as could seem
to be implied in this discussion3. For the present Hamiltonian, we do see that these
Pfaffians coincide with a parity measure. To recap:

3We could also have introduced a more general classification of topological phases in this thesis, in
terms of the symmetries a Hamiltonian exhibits in a given dimension. For instance, in one dimension,
a negative mass is associated with a non-trivial winding number. The one-dimensional, single-particle
p-wave Hamiltonian considered here, belongs to the universal symmetry class BDI [23]. The p-wave
Hamiltonian considered here is particle-hole antisymmetric (ΓHΓ−1 = −H, with Γ = τxK, and K the
complex conjugation operator). It is also time-reversal symmetric (ΘHΘ−1 = H), if we transform
the Hamiltonian using a pseudo time reversal operator, Θ′ = τzK.
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Whenever the sign of one Pfaffian in eq. (4.18) changes, the mass term at one of
the k-values changes sign, and the gap closes and re-opens at that particular k-
value. The bulk-edge correspondence predicts that, when the energy spectrum
is gapped and in the topological regime, there exists zero-energy end states for
the p-wave Hamiltonian.

The sign diagram in figure 4.2e illustrates that the system is in the topological regime
(M < 0) for

|µ(x)| < 2t

in the tight-binding model. Inserting for the parametrization, this corresponds to:

m0/π < 0

in the topological regime for the continuum p-wave Hamiltonian in eq. (4.13).

4.3 The Oreg-Lutchyn model

In order to physically realize a topological p-wave superconductor, the system needs
to

1. be effectively spinless, and

2. have p-wave pairing at the Fermi energy.

Both can be approximately satisfied in a spin-orbit coupled semiconducting wire in
proximity to an s-wave superconductor, when subject to a magnetic field. This is
modeled by the Oreg-Lutchyn Hamiltonian. In this chapter, we show how these two
criteria may be satisfied in this model.

Consider a one-dimensional semiconducting wire on top of a three-dimensional
s-wave superconductor, as outlined in figure 4.5. Due to the proximity effect, the
semiconductor inherits an effective p-wave superconducting gap. See chapter 3.1 for
a demonstration of how the self-energy in the semiconductor incorporates this effect.
The Hamiltonian of the proximitized semiconducting wire along the z-direction is

3The Pfaffian of any skew-symmetric matrix

(
0 −a
a 0

)
is a. Contrary to the determinant, if

the sign of a changes, the information of this sign stays encoded in the Pfaffian.
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superconductor

semiconductor

z

y
x

~B

Figure 4.5: A thin semiconducting wire proximitized by a three-dimensional supercon-
ductor with an applied magnetic field along the wire.

given by the Oreg-Lutchyn Hamiltonian [11, 12]

H =

∫
Ψ†(z)HΨ(z) dz, where

H =

(
p2

2m∗
− µ+ α̃R (E × p) · σ

)
τz +

1

2
gµBB(r) · σ + ∆τx

=

(
−~2∂2

z

2m∗
− µ− iαR ∂zσx

)
τz + VZσz + ∆τx. (4.19)

The Hamiltonian is specified in Nambu space, where the Nambu spinor is Ψ† =(
ψ†↑, ψ

†
↓, ψ↓,−ψ↑

)
, and σ and τ are Pauli matrices in spin and electron-hole space,

respectively. In the second line for H, we assume the electric field E that gives rise
to the Rashba spin-orbit coupling, points in the y-direction. The chemical potential
of the wire is µ, while αR = |E|α̃R and VZ = BZ/2 parametrizes the Rashba spin-
orbit coupling and the Zeeman field, where BZ = gµBB is the Zeeman splitting of an
electron due to the applied parallel magnetic field B, and g is the gyromagnetic ratio
in the wire. ∆ is the induced superconducting gap, taken to be real for convenience.

The energy spectrum

E2
± = ξ2

p + u2p2 + V 2
Z + ∆2 ± 2

√
V 2
Z∆2 + ξ2

pV
2
Z + ξ2

pu
2p2, (4.20)

is found by squaring both sides of the Hamiltonian in eq. (8.37), and using the
anti-commutation relations for the Pauli matrices. We introduce the notations ξp =
p2/2m∗ − µ, u = αR/~, p = −i~∂z, and up = −iαR∂z.

4.3.1 Helical state (∆ = 0)

With no magnetic field nor superconducting gap, the dispersion from eq. (4.20) is

E±(k; ∆ = VZ = 0) = (ξk ± αRk) . (4.21)

When the spin-orbit coupling (the second term) is zero, this is just the normal
quadratic dispersion ξk, shown in figure 4.6a for positive energies. As the spin-orbit
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µ

k

ξk

(a)

↓↑ ↑↓

µ

k

Ek

(b)

Figure 4.6: (a) Quadratic dispersion for normal metal. (b) Spin-split bands when VZ =
∆ = 0 (dotted) turn into helical bands (solid) when VZ is non-zero.

coupling increases, the band spin-splits. If the state has, say spin up (down) corre-
sponding to +(−)αRk, the band shifts to the left (right). The spectrum is gap-less,
and each band is completely spin-polarized.

Turning on the magnetic field too, the dispersion from eq. (4.20) can be written
as (by completing the square)

E±(k; ∆ = 0) =

(
ξk ±

√
α2
Rk

2 + V 2
Z

)
. (4.22)

This spectrum (dotted lines) is shown in figure 4.6b. The corresponding Hamilto-
nian is the full Hamiltonian for the spin-orbit coupled semiconductor, without the
superconducting pairing. The helical regime is obtained by applying a magnetic field
(perpendicular to) the electric spin-orbit field. It opens a gap at k = 0. If the chemi-
cal potential is set to be inside the gap, the state is in a mixture of spin up and down,
depending on what momentum it has. This is the helical regime, which, as we will
see in the later chapter, is a pre-cursor[20] to the topological state: If the topological
gap is set to be non-zero when in the helical regime, the topological phase emerges,
because the system Hamiltonian can be mapped to an effectively spinless, p-wave
Hamiltonian.

4.3.2 State hosting Majorana fermions

The first criterion of being spinless is already fulfilled in the helical state. Here, spin-
less is understood as the state being non-degenerate and locked to a given momentum.
Turning on ∆, which is weak compared to VZ , effectively p-wave couples fermionic
pairs in the lower energy band, at momenta −k and k, where the chemical potential
crosses the lower band when placed inside the band gap. At these (Fermi) points,
due to the applied magnetic field, the spins align. This drives the system into the
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topological phase. However, if the gap is larger than the Zeeman energy, states from
the upper band are intermixed with the lower band through the superconducting
coupling, and the system is no longer in the spin-less regime, and thus does not host
topological states anymore. We elaborate on these points in the following.

The gap at k = 0 is key for the emergence of Majorana end modes in the wire.
At k = 0, the energy E− (see eq. (4.20)) is

E0 = E−(k = 0) =
∣∣∣VZ −

√
∆2 + µ2

∣∣∣. (4.23)

This gap closes at V 2
Z = ∆2 +µ2, which is where a topological phase transition occurs.

For V 2
Z > ∆2 + µ2, the gap E0 is called ”field-dominated”. The phase is topological

because the spins at the Fermi points are in the same direction, in turn giving rise
to an effective p-wave superconducting pairing. This is shown in the next section, by
linearizing the Hamiltonian around k = 0. When V 2

Z < ∆2 + µ2, the gap is ”pairing
dominated”, and the phase is trivial. The Majorana states can emerge in many

(a) ∆ > 0 = VZ

∆ k

E

(b) ∆ > VZ > 0

E0 k

E

(c) VZ = ∆ > 0

k

E

(d) VZ > ∆ > 0

E0

e−e+

h−h+

k

E

(e) Phase diagram

1

µ/∆

VZ/∆

top.

triv.

Figure 4.7: (a) Through (e): Energy spectrum for the Oreg-Lutchyn model, with µ = 0.
(a) and (b): The gap E0 at k = 0 (see eq. (4.23)) is pairing dominated, and the phase is
trivial. (c) The gap closes at k = 0, and the system undergoes a topological phase transition.
The spectrum is approximately linear in the vicinity of k = 0. (d) E0 is field-dominated,
and the system is topological. (e): The topological phase diagram. Green: the topological
region (V 2

Z > ∆2 + µ2). Elsewhere: the trivial region.

ways, because the gap E0 depends on three different parameters (see [11, fig. 2]).
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For instance, ∆ could be spatially varying to model a normal-superconductor-normal
junction ([11, fig. 2c]), while keeping a constant applied field and chemical potential
in all three components.

4.3.3 Mapping to a p-wave Hamiltonian

The total Hamiltonian in eq. (8.37), describing the wire in figure 4.5, can be separated
into the normal (N) and superconducting (S) components

HN = ξkτz + αRkσxτz + VZσz (4.24)

HS = ∆τx. (4.25)

In order to identify the eigenbasis for the total Hamiltonian, corresponding to the dif-
ferent energy bands in figures 4.7, we rotate the Hamiltonian. Consider the following
unitary transformation U †HU , where

U = ei
θ
2
σyτz

eiθσyτz = VZκ
−1 + iαRkκ

−1σyτz

cos(θ) = VZκ
−1, sin(θ) = iαRkκ

−1, (4.26)

and κ =
√
α2
Rk

2 + V 2
Z , yielding

U †HNU = ξkτz + αRke
−iθσyτzσxτz + VZe

−iθσyτzσz

= ξkτz +
(
VZκ

−1 + iαRkκ
−1σyτz

)
(αRkσxτz + VZσz)

= ξkτz + κσz. (4.27)

We use the anti-commutator relation {σxi , σxj} = 0 for i 6= j, and the commutator
[σxi , σxi ] = 0 in the first line, to move the Pauli matrices to the right, yielding an
extra minus sign in the exponential whenever the matrices belonging to the same
space are different. Afterwards, the identity σxiσxj = iεijkσxk is inserted for, as well
as the definitions in eq. (4.26). The Hamiltonian in eq. (4.27) has exactly the helical
dispersion given by eq. (4.22) and which is plotted in figure 4.6b. Electron and hole
components are yet to be coupled by the pairing potential ∆. Similarly,

U †HSU = VZ∆κ−1τx + αRk∆κ−1σyτy

and thus the total Hamiltonian is

U †HU =




hel. basis e+ e− h− h+

e+ ξk + κ 0 ∆s −∆p

e− 0 ξk − κ ∆p ∆s

h− ∆s ∆p −ξk + κ 0
h+ −∆p ∆s 0 −ξk − κ


 (4.28)
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with ∆s = VZ∆κ−1 and ∆p = αRk∆κ−1. Eq. (4.28) is given in the helical basis. We
call the basis vector Ψhel. = (e+, e−, h−, h+)T , and the different components are as
indicated in the matrix. We may identify three types of terms in (4.28).

• Diagonal terms ξkτz +κσz are equivalent to the dispersion of HN alone, namely
E±(k,∆ = 0) (see figure 4.6).

• Anti-diagonal terms ∆pσyτy parametrize the p-wave pairing between same bands.

• Other off-diagonal terms ∆sτx parametrize a s-wave pairing between different
bands.

So far, we can conclude that: The diagonal terms the Hamiltonian, indeed represent
the helical bands in figure 4.6b for electrons and holes separately. The off-diagonal
terms are the coupling between electron and hole bands, opening the gap at the fermi
energy, leading to the dispersions illustrated in figures 4.7a through d.

Projection onto lower energy band

We postulate that, by removal of the upper bands with strong magnetic fields, VZ �
αRk, the lower energy sector of the Hamiltonian in eq. (4.28) describes an effective
theory for the lower bands. We justify this in appendix C. The argument presented
is that, in the high field limit the second-order perturbation, from the lower-energy
sector to the higher-energy sector and back, is small compared to the zeroth order
perturbation in the low-energy sector. That is, in the Ψ− = (e−, h−) sub-space, the
effective Hamiltonian is

H̃2×2(k) = (ξk − κ) τz +
αRk∆

κ
τx.

Linearizing around small k, where the topological gap closes at the phase-transition,

H̃2×2(k ≈ 0) = −|VZ |τz + αR|k|
∆

|VZ |
τx,

having employed κ� ξk.
We are free to rotate the Hamiltonian by R = ei

π
4
τz , into a basis

R H̃2×2(k ≈ 0)R† = −|VZ |τz − αR|k|
∆

|VZ |
τy, (4.29)

which is directly comparable to the p-wave Hamiltonian in eq. (4.13).

• −|VZ |τz in eq. (4.29) corresponding to mτz in eq. (4.13):
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The field (here) plays the role of the mass-term in the general p-wave Hamiltonian.

• −αR|k| ∆
|VZ |τy in eq. (4.29) corresponding to vkτy in (4.13):

The off-diagonal p-wave pairing in Oreg-Lutchyn model is more realistic, as it explic-
itly accounts for a compromise between the topological phase, and the destruction
of the effective superconducting gap, when VZ increases. In the large field limit, the
states at the fermi points become more spin-polarized, hence diminishing the coupling
between Cooper pairs.

In conclusion,

In proximity to a s-wave superconductor, whose Hamiltonian is given by eq.
(4.25), and in the presence of a strong magnetic field, a semiconducting wire
with large spin-orbit coupling (see eq. (4.24)) effectively acquires a p-wave
pairing. Thus, there exists a topological regime in parameter space for said
system.



50 CHAPTER 4. TOPOLOGICAL SUPERCONDUCTIVITY



Chapter 5

Scattering formalism

5.1 Preliminary concepts

5.1.1 Mesoscopic systems

A mesoscopic system is large, while also being coherent throughout. We assume
the Fermi liquid picture, where quasiparticles are well-defined quantum mechanically
for a short enough time scale such that they do not decay due to scattering, while
also existing long enough for their energy to be well-defined. Transport is seen as a
scattering problem, where scattering states extend throughout the sample. These are
the key assumptions we will use when presenting the Landauer-Büttiger formalism.

The conductance is a sample-specific quantity, and in large, mesoscopic systems,
it cannot be assumed to be homogenous throughout the sample. Therefore, it is
inadequate to describe the system conductance locally if we want to determine the
conductance of a sample. Thus, we instead employ the scattering-matrix formalism.
The transmission and reflection amplitudes specifying the incoming and outgoing
states make up the scattering matrix, and these can be used to solve the system,
without knowing the explicit form of the wavefunction solution in the scattering
region.

5.1.2 Transverse modes in conductors

Dynamics of conduction band electrons in a two-dimensional semiconductor can be
modeled by the effective mass equation[24]

[
E0 +

(i~∇+ eA)2

2m∗
+ U(y)

]
Ψ(r) = EΨ(r) (5.1)

51
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where E0 is the energy at the edge of the conduction band, m∗ is the constant effective
mass of the electrons, and the momentum operator is given by pxi = −i~∂xi . A is the
vector-potential, U(y) is a confining potential in the transverse y-direction (see figure
5.1), Ψ(x, y) is the electron wavefunction, and E their eigenenergy. The solutions to

(a)

x

y

L

x

y U(y) = 1
2mω

2
0y

2

(b)

k

E(k)

n′ = 0
n′ = 1
n′ = 2

E

ε0
ε1
ε2

Figure 5.1: (a) A rectangular conductor of length L with a confining potential U(y). This
potential is assumed to be uniform in the x-direction. (b) Example of energy where states
are filled up to the energy E and the number of modes is M(E) = 2 = Θ(E−ε0)+Θ(E−ε1).

eq. (5.1) are plane waves

Ψ(x, y) =
1√
L
eikxxχ(y) (5.2)

where χ(y) are transverse functions that satisfy the effective mass equation in the
y-direction. We assume |χ(y)| vanishes at the edges of the conductor. Therefore, its
eigenenergies are[25, sec. 13]

E(n, kx) = E0 +
~2k2

x

2m∗
+

(
n+

1

2

)
~ω0, n = 0, 1, 2, . . . (5.3)

where the n indices indicate different sub-bands, ~ω0 is the energy shift between each
band, ~2k2

x/2m
∗ is the kinetic energy in the direction of propagation, and ε0 = E0+ ~ω0

2

is the cut-off energy of the 0’th band. The bands are shown in figure 5.1b. Each
energy mode has a lower cut-off energy εn′ = E(n′, k = 0) above which the mode
can propagate. Thus, we can count the number of transverse modes available at the
energy E as

M(E) =
∑

n′

Θ(E − εn′) (5.4)

where Θ is a heavy-side step-function (see figure 5.1b).
The current that each transverse mode n′ carries, separately add up to the total

current through the conductor, which can be measured across the sample via contacts,
as shown in figure 5.2a. Without an applied bias, both contacts are at the same
chemical potential µL = µR. In that case, the Fermi level of all states with some
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(a)

ballistic conductor

x
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W
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(b)

k

E(k)

Electrons carrying

net current

n′: 0 1 2 3

n = 0
n = 1
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n = 3
n = 4
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µR

Figure 5.2: (a) A narrow conductor is connected to two wide reflectionless contacts. An
external voltage bias is applied across the contacts. ”Reflectionless” means electrons will
scatter through the conductor-contact interface with negligible probability of reflection.
”Ballistic” means there is no scattering taking place within the conductor. (b) Dispersion
of the narrow conductor for different modes (sub-bands) indexed by n′. If the contacts are
reflectionless, electrons with +kx wavenumber in the only originate from the left contact,
while those with −kx come entirely from the right contact. The quasi-Fermi level of the
+kx (−kx) state is thus µL (µR).

momentum kx (in the x-direction, assuming the conductor is sufficiently narrow that
current from transverse momenta is negligible) is µL = µR. Applying a bias such
that the chemical potential at the right contact is µR 6= µL, does not affect the Fermi
energy of the left contact, because +kx (taking the direction of positive momentum
to be left to right) states are only occupied by electrons originating from the left
contact. No state from the right contact can transition into this state. Therefore, the
quasi-Fermi level F+

L of the left lead for the +kx states is always equal to µL, even
with an applied bias. Similarly, it can be argued that F−R at the right lead, belonging
to the −kx states, always equals µR. In sum, at zero temperature and a bias such
that µL > µR (see figure 5.2b), the net current in a conductor is carried by +kx states
between energies µL and µR that travel from the left to the right contact.

In the normal conductors considered so far in the current chapter, we have assumed
that every mode n′ that transfers current, for a given energy E (see figure 5.1b),
corresponds to a single degree of freedom, and thus only one possible channel. When
we consider transport in a superconductor, we need to account for four degrees of
freedom per transverse mode n′, namely electrons and holes, {e, h}, and spins up or
down for each of these fermions. Thus, for every mode n′ (or energy band shown
in figures 5.1b and 5.2b), we need to consider four channels {e ↑, e ↓, h ↑, h ↓} in the
superconductor.
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5.2 S-matrix and scattering states

Consider a two-terminal system as illustrated in figure 5.3a. The system consists of

(a)

right leadleft lead

left reservoir right reservoir

mesoscopic sample

a+

a−
b+

b−

x

y

(b)

lead

Ω
x

y

z

x̂

r⊥

Figure 5.3: (a) Geometry of two-terminal device considered. The leads are perfect and
reflectionless at their interface with the reservoirs. Eigenstates of the left and right lead are
in equilibrium (’thermalized’) with the very large set of states in the broad reservoirs. (b)
A lead with a constant cross-section Ω in the yz-plane.

left and right reservoirs connected to two leads, left (L) and right (R), which are
attached to the mesoscopic sample. For now, we do not specify if this sample is for
instance a normal metal or a superconductor. The sample acts as a ’black box’, where
incoming probability amplitudes of transverse modes in the leads, a+ and b−, reflect
or transmit into modes with amplitudes a− and b+. The reservoirs are so wide that
we can think of them as having an infinite number of transverse modes. The leads are
reflectionless and the eigenstates of the leads are in equilibrium with corresponding
states provided by the reservoirs (thermalized).

Assume the leads have a constant cross-section Ω along the x-direction, see figure
5.3b, and have impenetrable walls at the boundaries ∂Ω. The coordinates are divided
into x and a coordinate r⊥, where the latter is an arbitrary vector that lives in the
yz-plane, (x, y, z) = (x, r⊥). We also assume the inter-band spacing in the leads to
be much larger than the relevant energy scales of the electrons and holes carrying
current1. In this way, the total number of lead channels does not depend on the
energy of incident waves.

The kinetic Hamiltonian in the leads α = L, R can be divided into two different
components: one is perpendicular (Hα,⊥) and the other is parallel to the x-axis. In

1The contacts are much wider than the leads. The smallest energy spacing between transverse
modes, n and n+ 1, is ∆En ∝ (W )−2, where W is the width of the lead or the contact. With this
scaling, the energy levels in the leads is necessarily much larger than said spacing in the contacts.
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electron-hole space, the Hamiltonian inside the leads (r⊥ ∈ Ω) is

Hα =
p2
x

2m
τz +

p2
⊥

2m
τz

︸ ︷︷ ︸
Hα,⊥

, with α = L,R, (5.5)

where τz is the Pauli matrix in said space, m is the effective mass, px is the momentum
in the x-direction, and p⊥ that in the yz-plane. The n’th eigenstate inside the leads
is a transverse wave χn(r⊥) moving in the positive or negative x-direction (±), with
wave-numbers kn, and is given by

φ±αnτE(x, r⊥) =
1√
kn(E)

vτχn(r⊥) e±ikn(E)x (5.6)

≡
(
δτ,e φ

±
αneE(x, r⊥)

δτ,h φ
±
αnhE(x, r⊥)

)
, with τ = e, h (5.7)

where the coordinate (x, r⊥) lies in lead α. This wavefunction is one-dimensional with
units L−1/2, L being a length unit. δτ,τ ′ is a Kronecker delta. Inspired from the BTK
formalism,

ve =

(
1
0

)
, vh =

(
0
1

)

are respectively electron and hole spinors in electron-hole space. Note our notation
where each electron or hole component φ±αnτE(x, r⊥) are complex functions, while
φ±αnτE(x, r⊥) is a vector in electron-hole space. In the following, when τ is an index,
it is either e or h, while if it is part of an expression, it is +1 for electrons and −1 for
holes. n is the transverse mode quantum number specifying the energy band

E =
~2k2

n

2m
+ ε̃n ⇔ kn = ±

√
2m (E − ε̃n) (5.8)

and the transverse modes χn(r⊥) are the eigenstates of the perpendicular Hamiltonian
with eigenenergies ε̃n

Hα,⊥χn(r⊥) = ε̃nχn(r⊥). (5.9)

Here, we simply choose the condition that the transverse Hamiltonian eigenfunctions
vanish at the boundaries

χn(r⊥ = ∂Ω) = 0

and do not worry about the explicit form of εn. Lastly, we assume a basis where the
transverse eigenfunctions are orthogonal:

〈χn(r⊥)|χm(r⊥)〉 = δnm. (5.10)
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Considerations about the probability current

The absolute probability current carried by each transverse electron or hole compo-
nent in eq. (5.7) (λτ = αnτE) with velocity px/m through the cross-section Ω, is a
constant given by

∫

Ω

dr⊥
(
φ±λτ (x, r⊥)

)∗ px
m

(
φ±λτ (x, r⊥)

)
= ± ~

m
, (5.11)

and has units L2 T−1, where T is a time unit2. The constant ~/m is independent
of the momentum of the n’th mode, kn. In other words, we are not weighing the
probability of each mode by the velocity of the mode. Instead, every mode carries
the same probability current.

In order to vertify eq. (5.11), we first note that one can re-write it in terms of the
current density operator (with units LT−1), given by

↔
J x =

~
2mi

(→
∂ x −

←
∂ x

)
, (5.12)

such that
∫

Ω

dr⊥
(
φ±λτ (x, r⊥)

)∗↔
J x
(
φ±λτ (x, r⊥)

)
= ± ~

m
. (5.13)

The arrows indicate which direction the differential operator acts. From eqs. (5.7)
and (5.10), we know that the derivatives and the integral can be performed according
to

∂xφ
±
λτ

(x, r⊥) = ±iknφ±λτ (x, r⊥),

∫
dr⊥

(
φ±λτ (x, r⊥)

)∗
φ±λτ (x, r⊥) =

1

kn
,

hence yielding eq. (5.11). Similarly, one obtains that states moving in opposite
directions, but which are otherwise identical, yield zero net current:

∫

Ω

dr⊥
(
φ±λτ (x, r⊥)

)∗↔
J x
(
φ∓λτ (x, r⊥)

)
= 0. (5.14)

Eqs. (5.11) and (5.14) will become useful later.
The states in eq. (5.6) are normalized with respect to the wavenumber k in the

direction of propagation x (the longitudinal lead direction), taking the form φk =
1√
k
eikx in terms of these longitudinal variables. We need to establish a sum rule that

2The unit of the one-dimensional transverse mode, for a given position x along the wire, is
[φλτ ] = 1/L1/2, while that of the integral over the cross-section is L2.
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relates φk to states with the usual normalization, namely φ̃k = 1√
L′ e

ikx, where L′ is
a normalization length associated with the transverse modes in the leads. Therefore,
consider the expectation value of an arbitrary observable Â, with respect to φ̃k, and
take the continuum limit for the sum over k:

∑

k>0

〈
φ̃k

∣∣∣ Â
∣∣∣φ̃k
〉
→ L′

∫ ∞

0

dk

2π

〈
φ̃k

∣∣∣ Â
∣∣∣φ̃k
〉

=

∫ ∞

0

dk

2π
k 〈φk| Â |φk〉

=

∫ ∞

0

dE

2π

dk

dE
k 〈φk| Â |φk〉

=
m

2π~2

∫ ∞

0

dE 〈φk| Â |φk〉 (5.15)

In the last equality, we insert for the derivative of the energy in eq. (5.8), with the
notation k = kn. Note that φk are not compatible with the units of the probability
current in eqs. (5.11) and (5.13). Later (in eq. (5.49)), we will convert between the
two representations, using eq. (5.15), when summing over all k to obtain the total
current through any cross-section Ω, assuming ω is constant and identical in both
leads.

Lead eigenstates in electron-hole space

The eigenstates of the leads are a linear combination of the transverse modes in eq.
(5.6). Each mode (αnτE) is weighed by their corresponding probability amplitude
{a±τ,n} in the left lead and {b±τ,n} in the right lead, as indicated in figure 5.3a. Carefully
collecting these transverse mode functions and amplitudes into vectors in a specific
way that we will outline now, the lead eigenstates in electron-hole space can be written
as

ψE(x, r⊥) =

(
ψe,E(x, r⊥)
ψh,E(x, r⊥)

)
(5.16)

=





〈a+, φ+
L,E(x, r⊥)〉+ 〈a−, φ−L,E(x, r⊥)〉, (x, r⊥) ∈ L

ψM,E(x, r⊥), (x, r⊥) ∈M
〈b+, φ+

R,E(x, r⊥)〉+ 〈b−, φ−R,E(x, r⊥)〉, (x, r⊥) ∈ R,
(5.17)

where 〈 , 〉 is a product that will be defined shortly, and

a± =

(
a±e
a±h

)
, b± =

(
b±e
b±h

)
(5.18)
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and a±τ = (a±τ,1, a
±
τ,2, . . . , a

±
τ,n, . . . )

T and b±τ = (b±τ,1, b
±
τ,2, . . . , b

±
τ,n, . . . )

T are vectors con-
taining the amplitudes. Similarly, temporarily suppressing the (x, r⊥) dependence for
ease of notation, we also collect the transverse modes in electron-hole space as

φ±α,E =
(
φ±αeE φ±αhE.

)
(5.19)

Here, the transverse modes from eq. (5.7) are assembled into the vectors φ±ατE as

φ±ατE = (φ±α1τE, φ
±
α2τE, . . . , φ

±
αnτE, . . . ).

ψM,E(x, r⊥) and its derivative matches the lead eigenfunctions at the sample-lead
interfaces. This could in principle be used to solve for the scattering amplitudes. We
will instead employ the scattering formalism and the scattering-matrix, where the
latter will be introduced in section 5.2.1.

The product 〈 , 〉 in eq. (5.17) is defined such that the resultant vector, as indi-
cated in eq. (5.16), is a 2×1 matrix in electron-hole space with complex components.
The dimension of the amplitude vectors in eq. (5.18) are 2NL × 1 for the modes a±

in the left lead, where NL is the number of transverse modes in said lead. Anal-
ogously, b± has dimension 2NR × 1. The vectors φ±α,E are of dimension 1 × 2Nα.

Simply multiplying a+φ+
L,E would therefore yield a 2NL × 2NL matrix. In order to

have the eigenstate on the 2× 1 form in eq. (5.16), we would then need to trace the
diagonal electron and hole blocks separately, and have each such trace make up the
electron and hole components in the eigenstate. Instead, the following product has
been defined:

〈a+, φ+
L,E〉 ≡ a+(·φ+

L,E) δφ (5.20)

≡ a+
(
·φ+

LeE ·φ+
LhE

)( δτ(φ),e

δτ(φ),h

)

=

(
a+
e

a+
h

)(
·φ+

LeEδτ(φ),e + ·φ+
LhEδτ(φ),h

)

=

(
a+
e · φ+

LeE × 1 + a+
e · φ+

LhE × 0
a+
h · φ+

LeE × 0 + a+
h · φ+

LhE × 1

)

=

(
a+
e · φ+

LeE

a+
h · φ+

LhE

)
. (5.21)

The Kronecker-delta δτ(φ),τ ′ is non-zero if and only if the electron-hole index of the
vector φ+

LτE, denoted τ(φ), equals τ ′. Because the dimension of a+
τ is 1×NL and the

dimension of φ+
LτE is NL× 1, each mode n are summed over implicitly inside the dot

products in the last line. Therefore, the product in eq. (5.20) can be written in the
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more useful component form

〈a±, φ±L,E〉 =
∑

n

(
a±e,nφ

±
LneE

a±h,nφ
±
LneE

)
. (5.22)

In this form, each electron and hole block is a complex number. Eq. (5.22) is useful
because we can directly insert for the relations we found for the transverse modes.
The integrals (probability currents) in eqs. (5.13) and (5.14) will be most important
when we calculate the current in the left and right leads in section 5.2.3. In the right
lead, we analogously define the product 〈b±, φ+

L,E〉.

5.2.1 Definition of the S-matrix

The scattering matrix contains the transmission and reflection amplitudes relating
modes in different leads attached to a coherent conductor. The scattering matrix the
set-up depicted in figure 5.3 relates the amplitudes a+ and b− (of incoming waves
φ+
L,E and φ−R,E at a particular energy), to the outgoing wave amplitudes a− and b+

(of φ−L,E and φ+
R,E). What relates these amplitudes for the lead eigenstates is the

probability amplitudes of reflection and transmission of the particular modes

cout = S cin or(
a−

b+

)
=

(
rL(E) tLR(E)
tRL(E) rR(E)

)(
a+

b−

)
(5.23)

We have defined cout ≡
(
a−

b+

)
, cin ≡

(
a+

b−

)
and importantly, the scattering

matrix (S-matrix) at the energy E is

S(E) =

(
rL(E) tLR(E)
tRL(E) rR(E)

)
. (5.24)

For example, rL is the NL ×NL reflection matrix relating all possible incoming with
all possible outgoing electron and/or hole channels in the left lead. The scattering
amplitudes (see eq. (5.18)), as well as the scattering matrices

rα =

(
ree,α reh,α
rhe,α rhh,α

)
, tᾱα =

(
tee,ᾱα teh,ᾱα
the,ᾱα thh,ᾱα

)
, (5.25)

are specified as 2 × 2 blocks in electron-hole space, where the dimension of each
component of these matrices is given by the number of channels in each lead.
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Number of channels and probabilities from the S-matrix

Let {ai} be the incident mode and {bi} be the outgoing mode amplitudes, and the
index i denote the channel. For instance, with a total of three channels, the S-matrix
relates the two as follows:




b1
b2
b3


 =




s11 s12 s13

s21 s22 s23

s31 s32 s33






a1

a2

a3


 .

The S-matrix has dimension 3×3 and is specified at an energy E. Note that we have
not specified a geometry of the sample. This scattering matrix could represent both
a one, two and three-terminal set-up.
In general, the total number of channels at an energy E, is the sum over all channels
Nα(e) for each lead α,

Ntotal channels(E) =
∑

α

Nα(E),

and the S-matrix must have the dimension

Ntotal channels(E)×Ntotal channels(E).

The transmission or reflection probability Tn′n of each scattering event from channel
n to n′ of some lead(s), is given by the absolute square of the probability amplitude
|sn′n(E)|2, where sn′n(E) is the (n′, n) matrix element of the S-matrix.

Let the number of modes in the left and right leads be NL and NR, respectively.
Then, the S-matrix is a block matrix with dimensions

(
NL ×NL NL ×NR

NR ×NL NR ×NR

)
or 2× 2 in lead space.

In every channel in the leads, an incoming electron or hole has to undergo one of the
possible physical scattering processes. The individual blocks ree,α (tee,ᾱα) et cetera
are Nα × Nα (Nᾱ × Nα) dimensional matrices, containing the scattering amplitudes
of electrons and holes incident in Nα channels and reflecting (transmitting) into Nα

(Nᾱ) lead channels.
When the sample is superconducting, an electron in the left lead can undergo

either normal reflection, reflecting back as an electron (with reflection amplitudes
ree,L), normal transmission, transmitting to the opposite lead as an electron (tee,RL),
Andreev reflection, reflecting as an electron and transmitting a Cooper pair into the
superconductor (rhe,L), or crossed Andreev reflection (CAR), transmitting through
to the opposite lead as a hole (the,RL). The same types of processes occur for an
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electron incident in the right lead (α = R). For every electron scattering, such as
those contained in ree,α, there are corresponding hole processes, such as rhh,α. The
corresponding probability amplitudes are all contained in the matrices in eq. (5.25).

As an illustration of how the scattering matrices can account for all these processes,
consider writing out eq. (5.23) explicitly as

(
a−

b+

)
=

(
rLa

+ + tLRb
−

tRLa
+ + rRb

−

)
. (5.26)

Eq. (5.26) has amplitudes such as

rLa
+ =

(
rL,eea

+
e + rL,eha

+
h

rL,hea
+
e + rL,hha

+
h

)
=

(
e reflected out L from e or h
h reflected out L from e or h

)

which incorporates all normal and Andreev reflection processes, by which incoming
electrons (first line) and holes (second line) in the left lead are reflected back into the
same lead. Similarly, transmission from states originating in the right lead give rise
to amplitudes

tLRb
− =

(
e transmitted in L from e or h
h transmitted in L from e or h

)

in the left lead. The sum of these reflected and transmitted components make up a−,
which is the resultant total amplitude of modes going out of the left lead, given in
electron-hole space. Similarly, b+ is the sum of all outgoing amplitudes in the right
lead.

5.2.2 Conservation of probability current

The scattering matrix formalism is powerful and simple due to the conservation of
probability current. This conservation law demands that:

The incoming probability of an electron or hole through a cross-section Ω some-
where in lead α (summing over all n channels of incoming electrons or holes),
must equal the sum over all outgoing (reflected and transmitted) probabilities
through the same cross-section.

In terms of cin and cout, the conservation of probability current reads

∑

n

|cin,n|2 =
∑

n

|cout,n|2 or c†incin = c†outcout. (5.27)
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Considering eq. (5.27) and inserting for cout from eq. (5.23), we obtain

c†incin = c†in S†S cin.

The only way for this to hold is if the S-matrix is unitary, which explicitly means
that

S†S = 1 or

{
1NL×NL = r†LrL + t†RLtRL, 1NR×NR = r†RrR + t†LRtLR
0NL×NR = r†LtLR + t†RLrR, 0NR×NL = r†RtRL + t†LRrL,

(5.28)

for incoming electrons and holes separately. The identity matrix 1 has dimension
(NL +NR)× (NL +NR). Similarly,

SS† = 1 or

{
1NL×NL = rLr†L + tLRt†LR, 1NR×NR = rRr†R + tRLt†RL
0NL×NR = rLt†RL + tLRr†R, 0NR×NL = rRt†LR + tRLr†L.

(5.29)

In eqs. (5.28) and (5.29), there are four equations that are equal to the identity.
These correspond to the diagonal (α, α) blocks of S†S and SS† in lead space. If
we trace over all the channels in each of these blocks, we obtain that the number of
modes (Tr 1Nα×Nα =

∑Nα
n 1 = Nα on the left hand side), must equal the sum of all

scattering probabilities (right hand side) for processes ending up in lead α. For ease
of notation, we re-cast the traces for incoming electrons in lead α as

Re
α = Tr{r†ee,αree,α}, T eᾱα = Tr{t†ee,ᾱαtee,ᾱα}

Aeα = Tr{r†he,αrhe,α}, Aeᾱα = Tr{t†he,ᾱαthe,ᾱα}. (5.30)

where the energy-dependence is implied. Respectively, Re
α(E) and Aeα(E) are the

normal and Andreev reflection probabilities of an incident electron in lead α. The
transmission probability of an electron from lead α to lead ᾱ is T eᾱα(E), while Aeᾱα(E)
is the probability of CAR of an electron in lead α transmitting as a hole into lead ᾱ.
Analogous probabilities can be defined for incoming holes.

Tracing over the diagonal blocks of S†S in eq. (5.28) for incoming electrons, and
inserting for the probabilities in eq. (5.30), yields

Re
α(E) + Aeα(E) + T eᾱα(E) + Aeᾱα(E) = Nα. (5.31)

The total probability of all possible scattering processes an electron with energy E
in lead α can undergo (the left-hand side of eq. (5.31)), must equal the total number
of channels in the same lead (right-hand side). This conservation law is illustrated
in figure 5.4a for an electron originating from the left lead (α = L). The picture
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in figure 5.4a is valid for energies above and below the superconducting gap alike,
because we only consider probabilities that may be measured in the normal leads,
while what goes on inside the sample and the superconducting lead is a ”black box”.
If the energy of the incident electron is lower than the superconducting gap of the

(a)

superconductor

left lead                            right lead

...
NL 

Ae
L

Re
L

Te
RL

Ae
RL

(b)

...
NL 

Ah
L

Re
L

Te
LR

Ah
LR

superconductor

left lead                            right lead

Figure 5.4: Illustration of the possible scattering processes for an electron, that sum up
to the total number of channels in the left lead for a given energy. (a) Shows processes that
incoming electrons can undergo, while (b) shows where outgoing electrons may originate
from. This figure is meant to serve as a pictorial: In reality, it is the total probability currents
that are conserved, thus we cannot actually access these depicted probability amplitudes
individually.

proximitized superconductor, only Cooper pairs may carry current inside the sample.
In terms of quasiparticle current, the three-terminal device thus becomes two-terminal
for sub-gap energies.

Similarly, by tracing over the diagonal blocks of SS† in eq. (5.29) for an incoming
electron, we obtain another conservation law, namely

Re
α(E) + Ahα(E) + T eαᾱ(E) + Ahαᾱ(E) = Nα. (5.32)

This law describes the fact that the electrons filling up the total number of channels
in lead α must have originated from somewhere. This is illustrated in figure 5.4b.
Similar conservation laws are obtained for holes (interchanging e and h indices in eqs.
(5.31) and (5.32)), and results from tracing over the hole block in the diagonal blocks
of eqs. (5.28) and (5.29), instead of the electron blocks. The two laws of eqs. (5.31)
and (5.32) become key in our treatment of symmetry relations in the differential
conductance later, in chapter 8.
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5.2.3 Calculating the current

In the following, we derive the explicit expression for the current in either lead, as
a function of the scattering amplitudes. This enables one to utilize the power of
the scattering formalism presented in section 5.2. In particular, the conservation of
probability current, as summarized by eqs. (5.31) and (5.32), and the unitarity of the
S-matrix are key.

The electronic particle current through a cross-section Ω for a given wavefunction
in electron-hole space, Ψ(x, r⊥) = (Ψe(x, r⊥), Ψh(x, r⊥))T , is commonly given in the
form

I(x) =
1

2mi

∫

Ω

dr⊥Ψ(x, r⊥)† τz [∂xΨ(x, r⊥)]−
[
∂xΨ(x, r⊥)†

]
τzΨ(x, r⊥).

We re-write this expression, in terms of the current density operator (see eq. (5.12)),
as

I(x) =

∫

Ω

dr⊥Ψ†(x, r⊥)
↔
J x τz Ψ(x, r⊥) (5.33)

=

∫

Ω

dr⊥

(
Ψ∗e(x, r⊥)

↔
J x Ψe(x, r⊥)−Ψ∗h(x, r⊥)

↔
J x Ψh(x, r⊥)

)
.

In the last line, we see explicitly that the Pauli matrix τz in electron-hole space ensures
there is an extra minus sign in front of contributions from holes.

In order to relate the current in eq. (5.33) to the probability amplitudes in each
lead, we can insert for the eigenstate wavefunction ψE(x, r⊥) (see eq. (5.17)). Doing
this in the left lead, (x, r⊥) ∈ L, we have the following total current from both
electrons and holes of energy E:

IL,E(x) =

∫
dr⊥

(
〈a+, φ+

L,E〉+ 〈a−, φ−L,E〉
)† ↔
J x τz

(
〈a+, φ+

L,E〉+ 〈a−, φ−L,E〉
)

(5.34)

We expand the brackets in eq. (5.34). Writing out the products (see eq. (5.22)) and
using the normalization condition in eq. (5.13), and the orthogonality relation in eq.
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(5.14), the term with waves moving in the same and positive direction is

∫
dr⊥〈a+, φ+

L,E〉†
↔
J x τz 〈a+, φ+

L,E〉

=

∫
dr⊥

∑

n

((
a+
e,nφ

+
LneE

)∗
,
(
a+
h,nφ

+
LnhE

)∗) ↔
J x
∑

n′

(
a+
e,n′φ

+
Ln′eE

−a+
h,n′φ

+
Ln′eE

)

=
~
m

∑

nn′

(
(a+
e,n)∗a+

e,n′ − (a+
h,n)∗a+

h,n′
)
δn,n′

=
~
m

(∣∣a+
e

∣∣2 −
∣∣a+

h

∣∣2
)

=
~
m

(
a+
)†
τz
(
a+
)
.

This renders the current independent of the x-coordinate in the lead, as is expected
because the current through every cross-section in the lead must be identical if current
is conserved throughout the lead. The cross-terms are each zero, due to the orthog-
onality condition which can be expressed as in eq. (5.14). Similarly, the left-moving
waves are

∫
dr⊥〈a−, φ−L,E〉†

↔
J x τz 〈a−, φ−L,E〉 =

~
m

(
a−
)†
τz
(
a−
)
.

From the definition of the S-matrix (see eq. (5.23)), the outgoing amplitudes a− can
be re-written in terms of only incident amplitudes, as in eq. (5.26). Thus, the total
current in the left lead, from left and right-moving modes, becomes

IL,E =
~
m

[(
a+
)†
τz
(
a+
)
−
(
a−
)†
τz
(
a−
)]

=
~
m

((
a+
)†
τz
(
a+
)

︸ ︷︷ ︸
incident

−
(
rLa

+ + tLRb
−)† τz

(
rLa

+ + tLRb
−)

︸ ︷︷ ︸
scattered

)
, (5.35)

where terms with the incident and scattered amplitudes are separate.

Inserting for the eigenstate in the right lead, similarly to in eq. (5.34), and carrying
out the same steps as was done through to eq. (5.35) (this time inserting for b+ given
in eq. (5.26)), yields

IR,E =
~
m

(
−
(
b−
)†
τz
(
b−
)

︸ ︷︷ ︸
incident

+
(
tRLa

+ + rRb
−)† τz

(
tRLa

+ + rRb
−)

︸ ︷︷ ︸
scattered

)
. (5.36)

Now that we have the electronic current in each lead, expressed in terms of the
incident scattering amplitudes a+ and b−, it is time to insert for scattering states.
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5.2.1: Term-wise identical left and right currents

We may also introduce a slight re-writing by expanding the squares in eqs.
(5.35) and (5.36) and collecting terms with the same amplitudes as

IL,E =
~
m

{(
a+
)† (

τz − r†LτzrL
)
a+ −

(
b−
)†
t†LRτztLRb

−

− 2Re
[(
a+
)†
r†LτztLRb

−
]}

(5.37)

and

IR,E =
~
m

{(
b−
)† (−τz + r†RτzrR

)
b− +

(
a+
)†
t†RLτztRLa

+

+ 2Re
[(
a+
)†
t†RLτzrRb

−
]}

(5.38)

In this form, the incident and scattered contributions are no longer grouped
separately. Since the left and right leads are identical, our model does not
distinguish between the two. To be specific, each incoming and outgoing term
in eqs. (5.37) and (5.38) must match, which corresponds exactly to the S-matrix
being unitary (see eq. (5.28)).

5.2.4 Scattering states

In calculating the current, we have so far considered a mesoscopic sample with leads
connected to reservoirs (see figure 5.3a). Let us now focus our attention on only the
sample and the leads, as depicted in figure 5.5a, while keeping the assumptions of the
reservoirs (the thermalization of transverse lead modes with said reservoirs) implicit.

When the scattering region is coupled to the leads, the lead eigenstatesψE,α(x, r⊥)
become scattering states. If transport is coherent along the whole sample, a single
wavefunction, the scattering state, extends all the way from one lead to another in
the set-up. Therefore, as long as the scattering state is occupied in one lead, it may
carry current to and from another lead. We restrict our attention to incident modes
in the normal leads with sub-gap energies, such that there is no quasiparticle current
in the superconducting regions.

Scattering states, ΨαnτE, in a two-terminal device, consist of:

1. an incoming wave in a transverse lead mode (φ+
αnτE for lead α, see eq. (5.7)),
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(a)

left lead

ψE,L

right lead

ψE,R

mesoscopic sample

(b)
(L, n,E)

a+
n′n

a−n′n

b+n′n

mesoscopic sample

(c)
a−n′n (R,n,E)

b−n′n

b+n′n

mesoscopic sample

Figure 5.5: (a) Lead eigenstates incident on the mesoscopic sample. The left (b) and right
(c) scattering states ψαnE possible in a two-terminal set-up, each consisting of incident and
scattered waves inside the leads, each with their own incoming and outgoing coefficients
specifying the probability amplitude of scattering into mode n′. All τ indices have been
suppressed in (c) and (d).

2. the reflected wave in the same lead, and

3. a transmitted wave in the opposite lead.

The possible incident and scattered states are denoted by indices (α′, n′, τ ′, E), while
the total scattering state, which sums over all these possible states, have different
indices (α, n, τ, E) (except for the energy, which is conserved). The probability am-
plitudes, associated with scattering states in the left (a±n′n scattering from mode n to
n′ in the left lead) and right (b±n′n) leads, are illustrated in figure 5.5b and 5.5c. The
τ index is suppressed to avoid cluttering.

If the sample is superconducting, the picture in these two figures needs to be
applied to both electrons and holes. For instance, if the incident mode is an electron,
this mode can reflect and transmit into either an electron or a hole. Therefore, the
scattering state consists of an incident wave, which is either an electron or a hole, plus
the sum over both reflected and transmitted electron and hole waves. In what follows,
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we assume the sample is superconducting, and explicitly show how to incorporate both
the electron and hole degrees of freedom in the formalism.

For the two-terminal set-up with a coherent, superconducting sample, these waves
in the different sections, the left lead (L), the scattering region in the middle (M),
and the right lead (R), constitute the following scattering state in the left lead:

ΨLnτE(x, r⊥) =





∑
n′

[
δn′nφ

+
Ln′τE(x, r⊥) +

∑
τ ′

(rτ ′τ,L)n′n φ
−
Ln′τ ′E(x, r⊥)

]
, (x, r⊥) ∈ L

ψM,E(x, r⊥), (x, r⊥) ∈M∑
n′

∑
τ ′

(tτ ′τ,RL)n′n φ
+
Rn′τ ′E(x, r⊥), (x, r⊥) ∈ R.

(5.39)

1. The first line is the contribution from the incident wave (shown with the am-
plitude of the wave, a+

n′n, in figure 5.5b), and

2. the two reflected waves (a−n′n in figure 5.5b), as seen by simply splitting up
the sum over τ ′ into two parts: one for normal reflection, with the coefficient
(rττ,L)nn′ , and another accounting for Andreev reflection, with the coefficient
(rτ̄ τ,L)nn′ , where τ̄ 6= τ .

3. The lowest line is the sum of the normally transmitted and cross-Andreev re-
flected wave in the right lead (b+

n′n in figure 5.5b).

We could in principle use the Dirichlét boundary conditions at the boundaries of
M with L and R, and solve for the unknown wavefunction ψM,E(x, r⊥) inside the
sample. This is not necessary when using scattering states, because we have assumed
the sample is coherent throughout. Similarly, the right scattering state is (see figure
5.5c)

ΨRnτE(x, r⊥) =





∑
n′

∑
τ ′

(tτ ′τ,LR)n′n φ
−
Ln′E(x, r⊥), (x, r⊥) ∈ L

ψM,E(x, r⊥), (x, r⊥) ∈M
∑
n′

[
δn′nφ

−
Rn′τE(x, r⊥) +

∑
τ ′

(rτ ′τ,R)n′n φ
+
Rn′τ ′E(x, r⊥)

]
, (x, r⊥) ∈ R.

(5.40)
The scattering states ψαnτE consist of waves in both the left and the right leads,

and carries current as long as it is occupied. Therefore, inserting for the amplitudes
of the scattering states into eqs. (5.35) and (5.36) will yield the total current in the
respective leads.

Consider an incident electron or hole, denoted by the index τ . We can read off
what these amplitudes a+ and b− are for the scattering states in eqs. (5.39) and
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(5.40) (also see figure 5.5b and (c)) as3

(
a+ of ψLnτE

)
n′ = δnn′ vτ ,

(
b− of ψLnτE

)
n′ = 0, (5.41)

and

(
a+ of ψRnτE

)
n′ = 0,

(
b− of ψRnτE

)
n′ = δnn′ vτ . (5.42)

The electron-hole spinor ensures that, if the incident mode is an electron (hole), only
the electron (hole) component of a+ or b− is non-zero.

For instance, inserting for the left scattering state (eq. (5.41)) for an incident
electron or hole, τ , into the current in the left lead (see eq. (5.35)), the calculation
becomes simple: All terms with b− are zero, leaving only the current due to the
incident modes in the left lead as

ILτE =
~
m

((
a+
)†
τz
(
a+
)
−
(
rLa

+
)†
τz
(
rLa

+
))

=
~
m
τ
(
a+
τ

)† (
1−

[
r†ττ,Lrττ,L − r†τ̄ τ,Lrτ̄ τ,L

])
a+
τ .

Inserting for the explicit form of a+ from the scattering state in eq. (5.41), the first
term in the above is the trace

(
a+
τ

)†
a+
τ =

NL∑

n

(
a+
τ,n

)∗
a+
τ,n = Tr {1NL×NL} .

In the first equality, we identify the fact that a+
τ is a NL×1 vector, where each element

n corresponds to the n’th mode (see below eq. (5.18)). From eq. (5.41), all these
amplitudes are 1, which can be written as the trace over modes n as shown, or simply
NL. Similarly, and inserting for the normal and Andreev reflection probabilities (see
eq. (5.30)), the second term in ILτE becomes

(
a+
τ

)† [
r†ττ,Lrττ,L − r†τ̄ τ,Lrτ̄ τ,L

]
a+
τ = Tr

{
r†ττ,Lrττ,L − r†τ̄ τ,Lrτ̄ τ,L

}
.

In other words,

ILτE =
~
m
τ Tr

{
1NL×NL −

[
r†ττ,Lrττ,L − r†τ̄ τ,Lrτ̄ τ,L

]}
. (5.43)

3Since the scattering state is always occupied, the amplitudes are either exactly 1 or 0 as described
in eqs. (5.41) and (5.42).
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Similarly, we insert for the scattering state originating from incident modes in the
right lead (eq. (5.42)) into eq. (5.36). The resulting current due to electronic or hole
modes, τ , incident in the right lead is

IRτE = − ~
m
τ Tr

{
1NR×NR −

[
r†ττ,Rrττ,R − r†τ̄ τ,Rrτ̄ τ,R

]}
. (5.44)

The direction of positive current is into the scattering region. Thus the direction IRτE
is opposite to that of ILτE when compared in real space, and the form in eq. (5.44)
has an extra negative sign compared to eq. (5.43).

Explicitly accounting for the sign of the holes in the unitarity conditions in eq.
(5.28), we have that, for general leads α 6= ᾱ,

12Nα×2Nα − r†ατzrα = t†ᾱατztᾱα.

Inserting for this into eq. (5.44), one obtains the current in the left lead, due to the
incident electron or hole (τ) modes in the right lead:

ILRτE = − ~
m
τ Tr

{
t†ττ,LRtττ,LR − t†τ̄ τ,LRtτ̄ τ,LR

}
(5.45)

The result of these traces are given by the reflection and transmission probabilities
(see eq. (5.30)). The calculations leading to the local current in the left lead in eq.
(5.43), and the nonlocal current in eq. (5.45), are identical when interchanging the
lead indices, due to the inversion-symmetry of the system. Therefore, the local and
nonlocal currents, at any cross-section in lead α, are

IατE =
~
m
τ {Nα − [Rτ

α(E)− Aτα(E)]} , (5.46)

IαᾱτE = − ~
m
τ {T eαᾱ(E)− Aeαᾱ(E)} . (5.47)

We remind the reader that the local current in lead α originates from the scattering
state incident in the same lead, while the non-local current in lead α is due to the
scattering state forming from incident modes in lead ᾱ. The sign convention is such
that the direction of positive current is from lead α into the sample.

As argued earlier, with wide contacts and reflectionless leads, electrons and holes
incident on the sample have the same chemical potential µα as the reservoir that is
connected to the lead. Thus, a particle in lead α with energy E has the occupation
given by integrating the Fermi-Dirac distribution

f(E − µα) (5.48)
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with respect to energy, where f(E) =
[
eβE + 1

]−1
, β = 1/kBT is the inverse temper-

ature, and kB is the Boltzmann constant. For each mode n in either lead, the total
electric current is found by integrating over the local and nonlocal probability cur-
rents, weighed by the probability distribution of the lead where the scattering state
originated from, for each energy E. The corresponding total local or nonlocal current
through any cross-section of either lead is then found by summing over all channels in
the respective lead. We choose to multiply by the electronic charge −e to incorporate
the charge unit. Hence, the total electric current measured at any cross-section in
lead α is

Ie,α = −e×
[
Nα∑

n

∑

k

IαneE fα(E) +
Nᾱ∑

n

∑

k

IαᾱneE fᾱ(E)

]
, (5.49)

where each energy E depends on k.
We transform the sum over wavenumbers to an energy integral, by inserting for

Â being unity in eq. (5.15). Since the lower energy cut-off in the energy bands of the
leads are εn (and not zero as written in the version in eq. (5.15)), one obtains

∑

k>0

→ m

2π~2

∫ ∞

εn

dE

in the continuum limit. Spin degrees of freedom are still part of the reflection and
transmission matrices (and is, in other words, incorporated into the number of chan-
nels Nα), and are not summed over explicitly in eq. (5.49).

Assume the leads and the scattering region all have the same, uniform chemical
potential µ, and imagine introducing applied voltages, Vα, in each lead separately.
These voltages shift changes the chemical potential of the leads to a new value

µα = µ− eVα.

we choose the chemical potential to coincide with the lower-cut-off energy εn, such
that the lower limit of the energy integral becomes zero. It this point, the sums over
n in eq. (5.49) can be moved inside the energy integral. Inserting for the local and
nonlocal currents in eqs. (5.46) and (5.47) into the total electronic current in eq.
(5.49), therefore yields

Ie,α(Vα, Vᾱ) =
−e
h

∫ ∞

0

dE f(E − µ+ eVα) [Nα − (Re
α(E)− Aeα(E))]

−f(E − µ+ eVᾱ) [T eαᾱ(E)− Aeαᾱ(E)] . (5.50)

The energy E should is measured relative to the lower cut-off energy of the lead
energy bands. When we calculate differential conductances in chapter 8, we employ a
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different notion for the energy-dependence for the scattering probabilities. We assume
the band-width of the leads is much larger than the energy-window

µ− a few kBT < ω < µ+ a few kBT

for which transport is important. The energy-dependence of the transmission and
reflection probabilities is different at the bottom of a lead, compared to in the middle
of a lead (where the band is approximately linear in the wave-vector k). Therefore,
whenever we refer to the probabilities as functions of ω in the future, we implicitly
refer to this second picture (being in the middle of the band). Since the energy-
window for transport does not have a lower band in this picture, we integrate ω
from −∞ to ∞, and the only states that contribute to transport lie in the range
f̃α(ω) = f(ω + eVα)− f(ω).
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Chapter 6

Tight-binding models and using
Kwant

6.1 Tight-binding models

A tight binding model is a Hamiltonian that has a set of discrete degrees of freedom
{i} and {j}, such that it can be decomposed as

H =
∑

ij

tij |i〉 〈j| . (6.1)

|i〉 corresponds to the degrees of freedom and may usually be written as |i〉 = |rα〉
where r is the spatial coordinate of an artificial lattice site and α corresponds to
the internal degree of freedom of the site, such as spin and particle-hole degrees of
freedom. In other words, the Hamiltonian coupling sites r and r′ can be written as

Hrr′ =
∑

αα′

Hrαr′α′ |rα〉 〈r′α′| . (6.2)

This form arises naturally when discretizing a continuum Hamiltonian, which will
be illustrated in section 6.1.3. Section 6.1.1 serves the purpose of introducing the
intuition behind approximating continuum Hamiltonians with a tight-binding Hamil-
tonian, and is largely based on [26, sec. 4.3].

6.1.1 Nearest-neighbor approximation

Consider a translationally invariant Hamiltonian obeying the symmetry

[H, τ(a)] = 0, (6.3)

75
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where τ(a) |x〉 = |x+ a〉, τ(a) being the translation operator. Consider, for example,
an electron moving in a one-dimensional (1D) chain of positive ions equally spaced
with a lattice spacing of a. The system Hamiltonian may be modeled as a periodic po-
tential with periodicity a, in addition to the kinetic energy of the electron, ~2k2/2me,
where ~k is its momentum and me is the electron mass. Define a general translation
operator τ(l) as

τ(l) |x〉 = |x+ l〉 . (6.4)

where l is an arbitrary length for which the spatial coordinate x is translated. The
kinetic energy is independent of the position and is thus translationally invariant,
whilst the potential energy the electron experiences in the vicinity of a positive ion is
invariant if and only if l = a.

If the potential barriers at the lattice sites is made to go to infinity, as illustrated
in figure 6.1, the ground state of the system is one where the electron is completely

n− 2a n− a n n+ a n+ 2a

x

lattice potential

Figure 6.1: With a lattice potential going to infinity at every site, the particles are
completely localized. Hence, the tight-binding approximation 〈n′|H |n〉 = δn′,n describes
the system perfectly, because there is no finite overlap between sites.

localized at the n’th lattice site, and H |n〉 = E0 |n〉, where |n〉 is the corresponding
eigenstate and E0 is its eigenenergy. Since the system is translationally invariant,
the energy E0 is the same for any n going from −∞ to +∞. In other words, the
ground-state energy of this system is infinite-fold degenerate.

Note that |n〉 is not an eigenstate of the translation operator because τ(a) |n〉 =
|n+ 1〉 shifts the electron to the neighboring lattice site. However, the linear combi-
nation

|ka〉 ≡
∞∑

n=−∞
einka |n〉 (6.5)

is a simultaneous eigenket of not only H, but also τ(a), as one is free to absorb the
extra index in |n+ 1〉 by re-defining the summing index1.

1When performing calculations with discretized Hamiltonians, one may employ an equivalent
notation in terms of creation and annihilation operators specified in discrete real and momentum
space. In that case, the basic tight-binding Hamiltonian can be written as Htb =

∑
i,j tijc

†
i cj , c

†
i

creating a particle with the degree of freedom(s) given by j (such as position, and spin σ). For



6.1. TIGHT-BINDING MODELS 77

Letting the potential barriers decrease to a finite value, as illustrated in figure 6.2,
the localized ket |n〉 can still be constructed, and will still obey τ(a) |n〉 = |n+ 1〉.

n− 2a n− a n n+ a n+ 2a

x

lattice potential

Figure 6.2: With a finite lattice potential, the tight-binding approximation to the m’th
nearest neighbor is imperfect, because the ground state wavefunction at one site leaks into
neighboring sites.

Also, the diagonal elements of the Hamiltonian 〈n|H |n〉 = E0 is still independent of
which lattice site is considered. However, the wavefunction 〈x|n〉 will have a finite
tail leaking into other sites, whence the off-diagonal elements of H, 〈n′|H |n〉 6= 0 if
n′ 6= n, become finite.

Assuming the potential barriers are sufficiently high, the overlap between more
distant neighbors can be considered to be negligible. For example, a ”nearest neigh-
bor” approximation

〈n′|H |n〉
{
6= 0 if n′ = n, n± 1

= 0 elsewhere
(6.6)

means all other off-diagonal elements, corresponding to second, third (and so on)
nearest neighbors is assumed to be zero. Importantly, this lifts the energy degeneracy
between sites. Let the onsite and the nearest neighbor hopping terms be given by

example, if a spin-full Hamiltonian is initially given in position (rj) space, the momentum (k)

representation can be written as Htb =
∑

kσ,k′σ′ εtbk c
†
kσck′σ′ , by inserting for the discrete Fourier

transforms

c†j =
1√
N

∑

k

eik·rjc†k

and its hermitian conjugate. This formalism yields equivalent results to those obtained in this
section, and is a useful tool. In the free particle case, for instance, one obtains

tij =
1

N

∑

k

~2k2

2m
eik·(ri−rj)

where N is the number of available k states, and the excitation c†ri,σcrj ,σ moves the fermion from
rj to ri while conserving spin. This function exponentially decays when rj is further away from
ri. Therefore, cutting off this exponential tail for the m’th nearest neighbor can be a reasonable
approximation.
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Kronecker delta functions

〈n′|H |n〉 = E0 δn′,n

〈n′|H |n〉 = −t δn±1,n.

(The so-called graph of this tight-binding model is given in figure 6.4a in section
6.1.2.) Then |ka〉 is the energy eigenstate of H, measuring an energy

E(k) = 〈ka|H |ka〉

=
∞∑

n′,n=−∞
e−in

′kaeinka 〈n′|H |n〉

=
∞∑

n=−∞

(
〈n|H |n〉+ e−ika 〈n+ 1|H |n〉+ eika 〈n− 1|H |n〉

)

= E0 − 2tcos(ka), (6.7)

having inserted for the definition of the eigenstate in eq. (6.5). The third equality,
the nearest-neighbor tight-binding approximation in eq. (6.6) is imposed, such that
only the onsite and nearest-neighbor terms are left after summing over n′. The free

−π/a 0 π/a

E0

E0 − 2t

E0 + 2t

x

E(k)

~2k2

2m
+ E0 − 2t

Figure 6.3: Energy dispersion (blue) and the tight-binding approximation to nearest
neighbors (black) in the first Brillouin zone.

Hamiltonian thus approximates to the tight-binding Hamiltonian

H =
∑

kσ,k′σ′

~2k2

2m
c†kσck′σ′ ≈

∑

k,σ

(E0 − 2tcos(ka)) c†kσckσ (6.8)

in this momentum-space representation, where c†kσ creates an electron with momen-
tum k and spin σ. The spin serves as the internal degree of freedom at each artificial
lattice site. The energy dispersion is drawn in figure 6.3 and assumes energies in the
range E(k) ∈ [E0−2t, E0 +2t]. The approximation is good for small k, as is indicated
from comparing to the ~2k2/2m+ {potential energy} curve (blue).
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6.1.2 Tight-binding Hamiltonians mapped onto a graph

We have seen that if a Hamiltonian is translationally invariant, we can define a si-
multaneous eigenket, as in eq. (6.5), for both the Hamiltonian and the translational
operator. We did assume a translational operator on a form that only takes us between
discrete sites. As a result, we can view the model as a mapping of the Hamiltonian
onto a graph. For instance, the graph of the translationally invariant Hamiltonian
considered in the last section is shown in figure 6.4a. Another example of a graph is
shown in figure 6.4b, which has nodes corresponding to each site, and lines between

· · · · · ·
−t −t −t

E0 E0 E0 E0

(a)

H01/10

H02/20

H23/32

H13/31

H2

H3H1

0
H0

1

2

3

(b)

0 1 2 3

(c)

Figure 6.4: (a) Graph of the graph of the onsite and hopping terms in the nearest-neighbor
tight-binding approximation given in (6.7). (b) A two-dimensional tight-binding model.
Blue/green lines are nearest-neighbor hoppings Hij in the x- and y-directions, respectively.
Black dots signify lattice sites i = 0, 1, 2, 3, defining the onsite terms Hi. (c) the deformed
version of (b) is equivalent, as long as the hoppings couple the same sites. This illustrates
that the graph does not specify the dimensionality of the system, only inter-site hoppings.

nodes which correspond to hermitian off-diagonal elements of the Hamiltonian. This
particular Hamiltonian can be represented as the matrix




H0 H01 H02 0
H10 H1 0 H13

H20 0 H2 H23

0 H31 H32 H3


 (6.9)

Naturally, the onsite (diagonal) terms require only one coordinate to be specified,
while the ’hoppings’ are specified by two sites.

A graph lives in lattice space, which does not have to be equivalent to real space.
Note how we have not specified how the sites (1 through 4) are positioned in real
space in the graph in figure 6.4b. For all we know, the artificial lattice sites in this
graph could be positioned in one-dimensional real space. Deforming this graph by
forcing the four sites to be on a straight line in one dimension, as shown in figure 6.4c,
the system would now also have next nearest-neigbhor hoppings H13/31 and H02/20.
In other words, the graph just shows how different discrete sites, with some degrees
of freedom, are related to each other. It does not show what real-space dimension the
system lives in.
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6.1.3 Discretizing the Hamiltonian using finite differences

While knowing what the tight-binding approximation is and what it looks like as
graphs in site-space is important, it is practical to use the method of finite differences
to describe real-space continuum Hamiltonians. The resultant matrix Hamiltonian
in the fictitious lattice space can for example be represented in a computer memory.
In doing so, it enables us to perform simulations with these Hamiltonians. We start
with the kinetic part of the simple one-dimensional (1D) kinetic Hamiltonian already
considered (~2k2/2m), and then move on to a more complicated Hamiltonian (see eq.
(7.1)).

Discretizing a 1D kinetic Hamiltonian

Consider the continuum Hamiltonian

H1D, kin = − ~2

2m∗
d2

dx2
(6.10)

where x is the spatial coordinate, ~ is the reduced Planck’s constant and m∗ the
effective mass of the particle. When the Hamiltonian acts on the eigenstate ψ(x)
in the time-independent Schrödinger equation, the differential operator operates on
the eigenstate. To first order in neighbor hoppings, the differential operator can in
general be approximated as

dψ(xn)

dx
≈ ψ(xn+1)− ψ(xn−1)

2a
,

d2ψ(xn)

dx2
≈ ψ(xn+1) + ψ(xn−1)− 2ψ(xn)

a2
, (6.11)

where xn = na denotes the position of the n′th artificial lattice site of our now
discretized system, where a is the artificial lattice spacing. Hence, the Schrödinger
equation reads

H1D, kin ψ(xn) =
~2

2m∗a2
(2ψ(xn)− ψ(xn+1)− ψ(xn−1)) = Eψ(xn). (6.12)

We note that the coefficient t = ~2

2m∗a2 has the unit of energy. Alternatively, we may
write the Hamiltonian in first quantization as

H1D, kin = (2t |xn〉 − t (|xn+1〉+ |xn−1〉)) 〈xn| . (6.13)

Acting on the state |xn〉, the state can either stay at its current position and have an
onsite energy 2t, or hop to its nearest neighbors with a hopping potential −t.
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· · · · · ·
−t −t −t

2t 2t 2t 2t

Figure 6.5: Graph of the 1D kinetic tight-binding Hamiltonian in equation (6.13).

In the current 1D case, the graph would look as in figure 6.5. The onsite energies
are different from in figure 6.4, where the onsite potential energy is also included in
the value E0, in addition to the kinetic onsite energy 2t. For higher dimensions,

• the hopping energy is always −t for each real space dimension, while

• the onsite energy is d · 2t in d dimensional real space.

6.2 Scattering theory in Kwant

Kwant is a software-package that allows for constructing tight-binding models, adding
leads, and thereafter solving for the S-matrix. A strength of using the soft-ware
package Kwant [27], is the ease of attaching leads to the central scattering region.
Although the scattering region implemented in Kwant is finite, infinite leads may be
implemented by imposing translational symmetry. In this section, we outline how the
S-matrix is obtained with Kwant.

Start by considering attaching a single lead to the scattering region. Take the
basis sorted according to the reverse distance from the scattering region, such that
the unit cells of the lead furthest away from the scattering region come first (upper
left) in the Hamiltonian

H =




. . . VL
V †L HL VL

V †L HL VLS
V †LS HS


 , (6.14)

while the closest unit cell and then the scattering region are last (lower right). HS is
the Hamiltonian of the scattering region, HL the unit cell Hamiltonian of the lead,
VL the coupling between the unit cells within the lead, and VLS that between the
lead and the system. Typically, the unit cell of the lead is much smaller than the
total scattering region. This full, tri-diagonal Hamiltonian can account for a situation
where more than one lead is attached.

Define the wavefunction of the system and lead as

(. . . , ψL(i), . . . , ψL(2), ψL(1), ψS), (6.15)
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where the wavefunction of the scattering region is ψS and the i’th unit cell of the
lead is ψL(i). Due to the translational invariance of the leads, the states residing in
the leads are in general a superposition of plane waves. With the leads attached, the
total system, including the leads, is semi-infinite.

Let τ(a) be the translation operator that translates a state at site j by the lattice
constant a, such that τ(a) |j〉 = |j + a〉. As seen in section 6.1.1, there exists a
simultaneous eigenket of the Hamiltonian and the translation operator. In the context
of Kwant, we denote these eigenkets by

φn(j) = (λn)jχn, (6.16)

with χn the eigenvector of the n’th mode. Applying the translation operator, one
may easily verify that this is an eigenstate2 with eigenvalue λn. The reason for this
notation is partially the fact that, contrary to before where the whole system was
translationally invariant, evanescent modes may also solve the Schrödinger equation

(
HL + VLλ

−1
n + V †Lλn

)
χn = Eχn (6.17)

for the system, which is a combination of translationally invariant leads and an arbi-
trary scattering region. In general, the absolute square of all probability amplitudes
|λn| sum to 1. Thus, the normalization condition is |λn| ≤ 1, irregardless of the nature
of the mode, or

|λn|
{
< 1 if evanescent

=
∣∣eikn

∣∣ if propagating,

where kn is the longitudinal momentum of the n’th mode. The evanescent mode can
never account for the total probability for the n’th mode. According to the Ehrenfest
theorem, the expectation value of the particle current is

〈I〉 ≡ 2 Im 〈φn(j)|VL |φn(j − 1)〉 = ±1. (6.18)

Every propagating mode in the leads are normalized such that one unit of particle
current can move in the positive (+1) or the negative (−1) current direction.

The scattering states in the leads can be written as a linear combination of the
incoming mode φinn , for which 〈I〉 = +1 (the positive current direction is here defined
as into the scattering region), the outgoing modes φoutn , with 〈I〉 = −1, and the
evanescent modes as follows:

ψn(i) = φinn (i) +
∑

m

Smnφ
out
m (i) +

∑

p

S̃pnφ
ev
p (i). (6.19)

2τ(a)φn(j) = (λn)j+1χn = λnφn(j).



6.3. PROGRAM FLOW USING KWANT 83

Snm is the scattering matrix from the incoming mode n to the propagating mode
m, and S̃pn that where the incoming mode scatters into an evanescent mode p. The
wavefunction inside the scattering region is

ψn(0) = φSn (6.20)

because the 0’th unit cell of any lead is taken to be the actual scattering region, while
cells 1 and upwards are inside the lead. Note that the sum over modes m does not
distinguish between leads: having one or five leads does not change the form of the
scattering state as it is given in eq. (6.19).

Kwant matches the wavefunctions of the leads with those inside the scattering
region in order to obtain two main outputs, namely the scattering matrix Smn and
the wavefunction in the scattering region, φSn. This amounts to solving the tight-
binding equations Hψn = Eψn with the tight-binding Hamiltonian in eq. (6.14),
using the Dirichlét conditions at the boundaries.

6.3 Program flow using Kwant

An example of how to use Kwant in broader strokes, is illustrated by the program
flow diagram in figure 6.6. On the left (red boxes) are important inputs to the
functions being called in the pseudo-code (middle boxes). In particular, the par

dictionary is preferably constructed as a SimpleNamespace python class3in order for
the sys.hamiltonian_submatrix and kwant.smatrix to execute correctly. If we
want to look at the scattering matrix elements for electrons and holes separately, it is
necessary to set norbs when defining the lattice Builder object lat. In constructing
leads, one specifies the symmetries of the lead Hamiltonian. Translational symmetry
is used to repeat the unit cell of the lead an arbitrary number of times, thus the leads
can be thought of as being infinitely long. After finalizing the system, the system
graph can no longer be changed. At this point, we may access and for instance
diagonalize the Hamiltonian of the closed system. H.tocsc() returns the matrix in
Compressed Sparse Column format from the SciPy package (see for instance SciPy
v.1.1.0 ), which can speed up computations. The high performance of the Kwant
library is largely because the properties of sparse linear equations[28] is utilized in
the MUMPS library, throughout the solvers in Kwant. The command

smatrix.transmission((α, τ1),(β, τ2)) (6.21)

returns the scattering amplitude of an electron or hole (τ1 = 1 or 0, respectively) in
lead α, which reflects or transmits to lead β as an electron or hole (τ2 = 1 or 0). See
the Kwant 1.4.1 documentation for more details about the objects used in Kwant.

3See for instance the Python 3.6.9 documentation.
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On the right (white boxes) in the diagram are some examples of outputs generated
by code similar to the pseudo-code. From the top to the bottom are four plots of:
a closed system (blue sites with lines in between), a system with infinite leads (red
sites and hoppings) attached, the energy as a function of a parallel applied magnetic
field in one-dimensional Majorana wire, and the differential conductance of an NS-
junction with a potential barrier at the NS interface (see chapter 3.2 on BTK theory
and the theoretically predicted dI/dV curves for different barriers in figure 3.9). The
Majorana wire is constructed from 70 sites, while the NS system is a wire consisting
of 10 sites and a potential barrier at the 4th site4. The barrier strengths Z (see eq.
(3.21)) are 0, 0.5, 1.5, and 5 here.

4The code generating these two plots are adapted versions of the example in [27, app. D.6] (the
Majorana wire) and section 2.6 of the Kwant v1.4.1 documentation (the NS wire). The particular
scripts used here, as well as all model parameters, are given in [3].
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Construct system graph

lat = kwant.lattice.square(norbs=2)

sys = kwant.Builder()

sys[lat(i,j)] = onsite

sys[lat(i,j),lat(k,l)] = hopping

Hamiltonian

onsite,
hopping

0 5
−1

0
1

Construct and attach lead(s)

lead = kwant.Builder(

kwant.TranslationalSymmetry([0,1]),

conservation_law = sigma_z,

particle_hole = tau_y)

sys.attach_lead(lead)

sys.attach_lead(lead.reversed())

kwant.plot(sys)

0 5 10
−1

0
1

sigma_z
= τ0 ⊗ σz ,

tau_y
= τy ⊗ σ0

Map to low-level system

sys = sys.finalized()

Proceed to perform calculations

Example: eq. (6.9)

Diagonalize Hamilto-
nian for k lowest ener-

gies, for given parameters

H = sys.hamiltonian_submatrix(

args=[par],sparse=True)

H = H.tocsc()

eigs = scipy.sparse.linalg.

eigsh(H,k=par.k,sigma=0)

Parameters
dictionary

par

0 2

B− field [∆]

−1

0

1
En [∆]

Calculate conduc-
tance from S-matrix

for biasenergy in par.biasenergies:

smatrix = kwant.smatrix(

sys_,biasenergy,args=[par])

conductance.append(2 -

smatrix.transmission((0,0),(0,0)) +

smatrix.transmission((0,1),(0,0)))

0.0 0.1 0.2
eV

0

1

2

d
I
/d
V

[e
2
/h

]

Figure 6.6: Standard program flow with pseudo-code examples using Kwant 1.4.1. See
the main text for details.
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Chapter 7

Case study: Diagonalizing a 2D
hybrid system using Kwant

Our main goal in this chapter, is to test whether one may accurately construct and
diagonalize a low-level system representation of a more complicated superconductor-
semiconductor hybrid system, by using Kwant. To this end, we consider a closed
hybrid system, consisting of three regions, as depicted in figure 7.1. This particular

Figure 7.1: (a) The two-dimensional electron gas (2DEG) system with superconducting
layers on the left and right sides, as shown. The external magnetic field is parallel to the
central strip. Voltages and currents on each side are shown. (b) End states form in the
strip (P (nx, xy) is the probability density of the bound state wavefunction). Source: [7, fig.
1].

system was proposed in [7] as a platform for constructing networks of more than one
Majorana qubit.

Here, we consider particular system parameters, similarly to what the authors used
in [7]. The system has a spatially varying effective superconducting gap Γ(x), which
is finite and real inside the regions of the two-dimensional semiconductor (2DEG)
positioned under the superconducting slabs. These superconducting regions are de-
fined by |y| ≤ LY /2 and −(LL + LM/2) ≤ x ≤ (LR + LM/2). We assume these are

87
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the only regions in the 2DEG subject to proximity-induced superconductivity. The
two-dimensional Oreg-Lutchyn Hamiltonian is constructed as follows[7]:

Heff =

[
− ~2

2m∗
(
∂2
x + ∂2

y

)
− µ

]
τz − iαR (σx∂y − σy∂x) τz + EZσy/2 + Γ(x) τx (7.1)

and acts on the Nambu spinor Ψ = (ψe,↑, ψe,↓, ψh,↓,−ψh,↑)T . Γ(x) is the proximity-
induced effective gap, which we assume to have a superconducting phase of φ(x) = 0
for all x. Both Γ(x) and φ(x) are taken to be constants as a function of y. The 2DEG
is specified with an effective mass m∗ and the chemical potential µ. αR is the Rashba
spin-orbit strength, EZ the Zeeman energy, and σxi and τxi are the Pauli matrices in
spin and electron-hole space, respectively (xi = x, y, z). The aspect ratio is assumed
to be large (LY � LM), implying that the central region is quasi one-dimensional. In
turn, the topological states it may host are end states.

The tight-binding model for the Oreg-Lutchyn Hamiltonian is obtained by dis-
cretizing the continous coordinates (x,y) into (xn, ym), where n ∈ [1, Nx] and m ∈
[1, Ny] for a lattice with Nx lattice points in the x-direction and Ny in the y-direction.
Similarly to the kinetic Hamiltonian seen previously, Heff is split into onsite and
hopping energies, where the hoppings are directionally dependent, as indicated in
figure 7.2a. In obtaining the tight-binding model, we discretize the total system in
a rectanglar lattice, whose lattice constant in the x- and y-direction are ax and ay,
respectively, where axi = Lxi/Nxi . Inserting for the finite differences given in eq.

(a)

x

y

ax

ay

(b)

0 10 20
0

5

10

15

Figure 7.2: (a) Lattice sites (black dots) and lattice constants axi , defined on a two-
dimensional lattice. We center the lattice sites in the middle of each primitive cell. (b)
Graph of the tight-binding Hamiltonian in eqs. (7.3) (black dots), (7.4) (horizontal lines),
and (7.5) (vertical lines). The number of sites displayed here (Nx = 26 and Ny = 16) is
1/10 smaller than what is actually used in the simulation, for cosmetic reasons.
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(6.11), the discrete Hamiltonian becomes

H t−b
eff = Honsite |nxnyστ〉 〈nxnyστ |

+Hhop x |nx+1nyστ〉 〈nxnyστ |+ h.c.

+Hhop y |nxny+1στ〉 〈nxnyστ |+ h.c. (7.2)

in second quantization, with every site having an internal spin (σ) and electron-hole
(τ) degree of freedom. Explicitly, the different terms are

Honsite = [2(tx + ty)− µ] τz + Ezσy/2 + Γ(x) τx (7.3)

Hhop x =

(
−tx +

(
iαR~
2ax

σy + h.c.

))
τz (7.4)

Hhop y =

(
−ty +

(
−iαR~

2ay
σx + h.c.

))
τz (7.5)

txi ≡
~2

2m∗a2
xi

, xi = x, y. (7.6)

We construct a low-level system with the onsite and hopping potentials in eqs.
(7.3) through (7.5) in Kwant (see the program flow in figure 6.6). A scaled down
version of the system graph shown in figure 7.2b. The gap inside the left and right
regions are ΓLeft = ΓRight = 180µeV , while the phase φLeft = φRight are taken to
be zero. The Rashba spin-orbit strength is αR = 1.42 × 10−4 c, the effective single-
particle mass is m∗ = 0.023me, and the chemical potential is parked at µ = 0. The
system dimensions are LLeft = LRight = 1µm and LM = 250nm in the x-direction,
and Ly = 4µm along the y-direction. Nx = 260 sites and Ny = 160 sites. The lattice
spacings are ax = 8.7nm and ay = 25nm.

The resulting energy spectra from diagonalizing this tight-binding Hamiltonian,
using Kwant and numpy, do reproduce that obtained in [7]. By increasing the applied
magnetic field along the y-direction, the energy spectrum for the lowest 50 eigenstates
are as shown in figures 7.3a. With the increasing magnetic field, the energy gap closes
and a near zero-energy mode emerges at the energy EZ,critical ∼ 120µeV .

Next, the authors of [7] perform the same calculation, but with a gate where
the rightmost proximitized region used to be. This is modeled with LR = 0. The
symmetric device belongs to the symmetry class BDI. Removing the right supercon-
ducting region breaks inversion symmetry along the x-axis, which brings the system
into class D [23]. Using Kwant, the resultant dispersion versus field is shown in figure
7.3b. Even though the antisymmetric device belongs to a different symmetry class,
the topological region starts at a similar value EZ,critical ∼ 100µeV . The authors note
that the effective gap is significantly smaller than Γ for both devices. In the chapter
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Figure 7.3: Energy spectra of (a) symmetric and (b) asymmetric devices. The topological
phase transition occurs when the gap closes. The lower panels are close-ups of the upper
panels. The gapped states have energies oscillating close to zero energy.

on the normal-superconductor proximity effect, we assume that every site in the semi-
conductor is tunnel coupled to the superconductor. Andreev bound states (ABS) only
experience a pairing potential with a superconductor, for sites being tunnel coupled
to the superconductors. The only sites where ABS experience a pairing potential, are
those which are nearest neighbors to the superconductor sites. Since the system is
quasi one-dimensional, not every site in the central strip is actually coupled to the
superconducting regions. Therefore, the induced gap is smaller than what is expected
for a device where all ABS are influenced by a pairing potential. The finite geometry
of the sample is also what gives rise to the difference in EZ,critical, from what one
would expect for an infinite, one-dimensional Oreg-Lutchyn Hamiltonian (see chapter
4.3.3).

Any small discrepancies between figure 7.3 and the spectrum obtained in [7, fig.
2] should be numerical errors, either from a slightly different discretization choice (for
instance defining each site as being on the edge of the primitive cells depicted in figure
7.2a, such that axi = Lxi/(Nxi − 1)), or from the numerical diagonalization routine
used (here, scipy.sparse.linalg.eigsh, see the scipy v1.3.0 documentation).

While there is much more physics that can be explored for this system, such
as conductance simulations or how changing different parameters in the system can
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enhance the effective topological gap, we learned from the perspective of performing
simulations using Kwant that

We can reproduce the emergence of a near zero-energy modes with a graph
that has both superconducting and semiconducting regions arranged in two
dimensions.

We note that the finite-size effect is important: the gapped energies oscillate and
are non-zero for the majority of the domain for the field (see the lower panels in figure
7.3). This effect is governed by the system length, and not the inter-site spacing or
number of lattice sites. (The latter only affects the boundary conditions and the
tight-binding approximation.) In other words, choosing ax and ay slightly differently
from what is implemented here, while keeping the number of lattice points constant,
can significantly affect the overlap between end states, because the system length
changes. As long as the number of sites is large enough that the boundary conditions
do not change more than the energy scale of the features of interest (for instance
the oscillatory behavior of the near-zero energy mode), the influence of changing the
tight-binding approximation, is much smaller than the effect from slightly altering
the system length. The finite-size effect is significant for all near-Majorana systems
simulated throughout this thesis.
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Chapter 8

Nonlocal conductance spectroscopy
of Andreev bound states

This chapter is divided into three main parts. The first describes the theoretical ma-
chinery going into analysing the differential conductance from the scattering matrix
of the hybrid system depicted in figure 8.1 for energies below the induced supercon-
ducting gap. Afterwards, the focus shifts over to numerical conductance calculations
and what information can be extracted from the near-zero energy conductance peaks.
The third part evaluates in more detail to what degree the delocalization of the sys-
tem state is encoded in the discrepancy between local and integrated quantities. The
work in this chapter has been done in collaboration with the authors of [15]. My
contribution to this article was mainly the numerical simulations. I also checked the
analytical results done by the other authors.

left lead right leadIL IR
z

x

VL VR
superconductor

Vg1 Vg2 Vg3

Figure 8.1: Example set-up of a hybrid device consisting of a semiconducting wire (blue)
in proximity to a grounded superconductor (yellow). Local gates (green) can be used to
introduce local potentials. Bias voltages VL and VR may be applied to the left and right
leads, and IL and IR are the respective bias-dependent currents measured in the leads.
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In experiments, local gates at the ends of the proximitized region (pinchers) are
used to create a local potential barrier, while a gate along most of the central region
(plunger) may be used to shift the chemical potential of the proximitized region.

8.1 Scattering and conductance

8.1.1 Scattering matrix

In the system depicted in figure 8.1, electrons and holes in the left (L) and right (R)
normal metal leads are incident at the normal-superconductor (NS) junction. These
single particles may reflect off the boundary at either ends, or transmit through to
the opposite lead. For energies below the superconducting gap, ω < ∆, only Cooper
pairs can carry current through the superconducting scattering region, and therefore
the device has two terminals in terms of single particle current for these energies.

The S-matrix contains the reflection and transmission (scattering) amplitudes of
single particle states incident on the superconducting scattering region. Below the
gap, the S-matrix may be expressed as a 2× 2 block matrix

S(ω) =

(
rL(ω) tLR(ω)
tRL(ω) rR(ω)

)
(8.1)

in lead space, which was discussed in detail in chapter 5. Each block rα (tᾱα) has
dimension Nα ×Nα (Nᾱα), where Nα is the number of channels in lead α (including
spins). From tracing over the diagonal blocks from the unitarity relations of the
scattering matrix, we found the relations

Re
α(ω) + Aeα(ω) + T eᾱα(ω) + Aeᾱα(ω) = Nα (8.2)

Re
α(ω) + Ahα(ω) + T eαᾱ(ω) + Ahαᾱ(ω) = Nα (8.3)

These probability current conservation laws (see figure 5.4), as well as particle-hole
symmetry, are used later to demonstrate a symmetry between the antisymmetric
components of local and nonlocal differential conductances which may be measured
in this device.

8.1.2 Weidenmüller formula for the S-matrix

The proximitized wire in figure 8.1 is described by the Hamiltonian

H = HS +Hleads +HT (8.4)
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where HS is the system Hamiltonian, Hleads that of the metallic leads and HT is the
tunneling matrix. The latter is given in terms of electron creation operators Ψ†σ in
the system, and c†ka of the leads

HT =
∑

ka

ta
(
Ψ†(xa)cka + h.c.

)
(8.5)

where a is the channels of the leads (which is different from the lead index α), xa is
the position of the channel in the system, and ta is the tunneling amplitude between
electrons in the lead and the system channel a. We may re-write the creation and
annihilation operators as a linear combination

Ψ†(xa) =
∑

n

(
γ†nun(xa) + γnvn(xa)

)
(8.6)

in terms of the Bogoliubon operators γn (see eq. (2.15)). Respectively, the un and vn
factors are electron and hole probability amplitudes for a given quantum number n.
Inserting for eq. (8.6) into eq. (8.5), we can re-write the tunneling Hamiltonian as

HT =
1

2

∑

kna

(
γ†n γn

)
Wna

(
cka
c†ka

)
+ h.c., (8.7)

where

Wn,a = ta

(
un(xa) −v∗n(xa)
vn(xa) −u∗n(xa)

)
, (8.8)

is the coupling matrix in the channel a. The coupling matrix elements tunnel couples
electrons and holes of the leads to the Bogoliubon quasiparticle excitations in the
proximitized superconductor.

For wide-band leads, the density of states of the leads is approximately constant,
thus the lead Hamiltonian can be linearized around the Fermi wavevector. Assuming
the leads are perfectly transmitting, and the density of states in both leads are iden-
tical, the S-matrix for an incident mode with energy ω, is given by the Weidenmüller
formula[29]

S(ω) = 1− 2πiνW † (ω −HBdG + iπνWW †)−1
W . (8.9)

The derivation of this formula is outlined in appendix D, for a general scattering
region connected to an arbitrary number of perfectly transmitting leads. W is the
coupling matrix which parametrizes the tunnel coupling between the scattering region
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and the leads as in eq. (8.8), ν is the density of states of the leads, and HBdG

is the BdG system Hamiltonian. iπνWW † is the self-energy, which incorporates
the renormalization in the energy of the central scattering region, due to it being
proximitized by the leads[24, 29]. The form of this self-energy is analogous to the
self-energy, see eq. (3.17), resulting in the normal-superconductor proximity effect.(
ω −HBdG + iπνWW †)−1

is thus the effective Green’s function of the system being
proximitized by the leads.

In the following, we make the assumption that tunneling only takes place be-
tween the leads and the end sites. The coupling matrix lives explicitly in lead ⊗
electron− hole space. Therefore, every coupling to the respective lead is weighed by
the electron and hole probability amplitudes as in eq. (8.8). With the given set-up,
all except the leftmost and rightmost sites of the system are coupled to the leads, and
thus the coupling matrix (in site-space) W =

(
Wn,L Wn,R

)
(see eq. (8.8)) only

couples the electron and hole amplitudes at these very leftmost and rightmost sites.
Assuming the number of channels NL = NR = 1 (that is, assuming only one internal
degree of freedom in each site, such as spin), the total coupling matrix is

W =

(
tLuL −tLv∗L tRuR −tRv∗R
tLvL −tLu∗L tRvR −tRu∗R

)
(8.10)

where, respectively, uα and vα are the electron and hole amplitudes with the lead
index α. We have suppressed the index n in all elements of this matrix. This form of
the coupling matrix is used to determine the S-matrix for a single Andreev level in
section 8.3.1.

8.1.3 Particle-hole symmetry of the S-matrix

The scattering matrix obeys particle-hole symmetry, PS(−ω)P−1 = S(ω), where
P = τxK is the particle-hole symmetry operator, τxi (xi = x, y, z) are Pauli matrices
acting on electron-hole space and K is the complex conjugation operator1. The
particle-hole symmetry in each block of the S-matrix,

rα = τxr
∗
α(−ω)τx and tαᾱ = τxt

∗
αᾱ(−ω)τx,

which explicitly reads

ree(ω) = r∗hh(−ω), reh(ω) = r∗he(−ω),

tee(ω) = t∗hh(−ω), teh(ω) = t∗he(−ω) (8.11)

1This can be shown by noting τx
(
WW†)∗ τx = WW†, τxW∗τx = −W (see eq. (8.8)), and

τxHBdGτx = −HBdG.
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for the individual probability amplitudes, where the lead index has been suppressed.
Inserting this in the definitions for the probabilities in terms of traces (see eq. (5.30)),
one obtains

Re
α(ω) = Rh

α(−ω), T eᾱα(ω) = T hᾱα(−ω)

Aeα(ω) = Ahα(−ω), Aeᾱα(ω) = Ahᾱα(−ω). (8.12)

This equivalent statement of particle-hole symmetry explicitly tells us that, for every
electronic process at energy ω, there is a corresponding hole process at the negative
energy −ω which is equally likely. Eq. (8.12) becomes key in the next section.

8.2 Differential Conductance and its Symmetries

The differential conductance is defined as

Gαβ =
dIα
dVβ

(8.13)

with lead indices α, β ∈ {L, R}, from which a differential conductance matrix

G =

(
GLL GLR

GRL GRR

)
≡
(

dIL
dVL

dIL
dVR

dIR
dVL

dIR
dVR

)
(8.14)

may be constructed. We assume that all scattering probabilities are independent of
the bias voltages on either side of the wire. Consequently, the Fermi-Dirac distribu-
tions f̃α(ω) = f(ω + eVα) − f(ω) are the only voltage-dependent ingredients of the
current

Iα =− e

h

∫ ∞

−∞
dωf̃α(ω) [Nα −Re

α(ω) + Aeα(ω)]

+
e

h

∫ ∞

−∞
dωf̃ᾱ(ω) [T eαᾱ(ω)− Aeαᾱ(ω)] . (8.15)

Eq. (8.15) was derived in chapter 5. The lead indices α 6= ᾱ, while β and α are free.
Performing the derivative with respect to Vα, the voltage dependence of the other
lead, Vᾱ, drops out. Thus, in general:

The contuctance matrix element

Gαβ =
dIα
dVβ

= Gαβ(Vβ)

is always a function of Vβ.
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Performing the derivative of the current in eq. (8.15) explicitly, the conductance
matrix is

G =
e2

h

∫ ∞

−∞
dω

(
hL(ω) [NL −Re

L(ω) + AeL(ω)] −hR(ω) [T eLR(ω)− AeLR(ω)]
−hL(ω) [T eRL(ω)− AeRL(ω)] hR(ω) [NR −Re

R(ω) + AeR(ω)]

)

(8.16)

where

hα(ω) = −df(ω + eVα)

d(ω + eVα)
, −df(ω)

dω
=

1

4kBTcosh2(ω/2kBT )
. (8.17)

In the zero-temperature limit, df(ω)/dω approaches a Dirac-delta function δ(ω). This
limit will be considered in section 8.3.1. For now, the temperature is a free parameter.

The antisymmetric part of the conductance exhibits an important symmetry,
which was the first main result in the publication [15]. Define the symmetric and
antisymmetric conductance as

G
sym/asym
αβ (ω) ≡ Gαβ(ω)±Gαβ(−ω)

2
(8.18)

for a general energy ω measured relative to the chemical potential in the scattering
region. Setting the left and the right bias voltages equal to one another and imposing
particle-hole symmetry, it follows that the antisymmetric local conductance, Gasym

LL ,
equals the antisymmetric nonlocal conductance, Gasym

LR , up to a minus sign. In order
to demonstate this, consider the sum (see eq. (8.16))

GLL(V ) +GLR(V ) = − e
h

∫ ∞

−∞
dω f ′(ω + eV )H(ω), (8.19)

where H(ω) = NL − Re
L(ω) + AeL(ω) − T eLR(ω) + AeLR(ω). Inserting for NL − Re

L(ω)
as expressed from the conservation of probability current in eq. (8.3),

H(ω) = AeL(ω) + AhL(ω) + AeLR(ω) + AhLR(ω)

becomes the sum of only Andreev reflection and CAR probabilities. Therefore, H(ω)
can be viewed as a completely nonlocal quantity.

Particle-hole symmetry, expressed in terms of these Andreev reflections (see eq.
(8.12)), implies that H(ω) is an even function of ω. Also noting that f ′(ω) is even
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(see eq. (8.17)), we can see that the integral in eq. (8.19) is also even in V :

GLL(−V ) +GLR(−V ) = − e
h

∫ ∞

−∞
dωf ′(ω − eV )H(ω)

=
e

h

∫ −∞

∞
dω′f ′(−ω′ − eV )H(−ω′)

= − e
h

∫ ∞

−∞
dω′f ′(ω′ + eV )H(ω′)

≡ GLL(V ) +GLR(V ).

In the second and third equalities, the substitution ω = −ω′ is made, and the fact
that f ′(ω) and H(ω) are even functions is employed. The same holds interchanging
the left and right indices. Thus, the total conductance

Gαα(V ) +Gαᾱ(V ) is even in V, (8.20)

which is equivalent to

Gasym
αα (V ) = −Gasym

αᾱ (V ), α 6= ᾱ (8.21)

(which can be seen by subtracting−GLL(V )−GLR(−V ) from both sides of eq. (8.20)).
This is what we wanted to show, and is our first key result in this chapter. Note that
this is only possible because we have a two-terminal set-up: with a single lead, we
cannot define a nonlocal conductance, per construction.

We stress that the symmetry eq. (8.21) only holds in the case VL = VR = V .
We made the important assumption throughout that, the scattering probabilities are
independent of the bias energy V , which is valid if the system is truly non-interacting.
Therefore, any measured deviation from the symmetry in eq. (8.21), in for example
experiment, must be due to interaction effects.

In the next section, we show that for a single Andreev level, the symmetric and
antisymmetric nonlocal conductances have a specific dependence on the charge that
is probed at the ends of the wire.

8.3 Probing charge by explicit calculation of con-

ductance

8.3.1 Single Andreev level

In order to more easily understand the physical properties of the system, while being
able to calculate the conductance analytically, we choose to model a simple central
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region that only has a single Andreev level coupled to the leads. We construct the
Hamiltonian in its diagonal basis,

HBdG =

(
E0 0
0 −E0

)
(8.22)

and thus the energy E0 of the Andreev level is taken to be a known parameter.
Inserting for the Hamiltonian (eq. (8.22)) and the coupling matrix (in eq. (8.10))
into eq. (8.9), we may completely determine the S-matrix for this simple model, at a
given temperature.

Inserting for eqs. (8.22) and (8.10) into the effective Green’s function in (8.9), we
obtain

[
G0

eff(ω)
]−1 def.

=
[
ω −HBdG + iπνWW †]−1

=
1

det (G0
eff(ω))

[
ω + E0 + iγ −2πiν

(
|tL|2uLv∗L + |tR|2uRv∗R

)

−2πiν
(
|tL|2u∗LvL + |tR|2u∗RvR

)
ω − E0 + iγ

]

(8.23)

with γα = πν|tα|2nα (see below) and γ = γL + γR, and where we have used that the
inverse of a two-by-two matrix

A =

(
a b
c d

)
is given by A−1 =

1

det(A)

(
d −b
−c a

)
,

where a through d are numbers. The determinant is2

det
(
G0

eff(ω)
)

= (ω + iγ)2 − E2
0 + γ2

L + γ2
R − ξ2 + 8Re

[
ξ2
LR

]
(8.24)

We have introduced the weights nα = |uα|2 + |vα|2 and charges qα = |uα|2 − |vα|2 at
either end of the wire. Respectively, γα = πν|tα|2nα and ξα = πν|tα|2qα parametrize
the coupling of these weights and charges to the leads. The quantities γ = γL + γR,
ξ2 = ξ2

L + ξ2
R, and ξ2

LR = π2ν2|tLtR|2uLu∗Rv∗LvR are also defined for ease of notation.
Temperature is only accounted for once we integrate the Fermi function over energies
ω in the current (see eq. (8.15)).

2Simply consider the matrix:

G0
eff(ω) =


 ω − E0 + iγ 2πiν

(
|tL|2uLv∗L + |tR|2uRv∗R

)

2πiν
(
|tL|2u∗LvL + |tR|2u∗RvR

)
ω + E0 + iγ






8.3. PROBING CHARGE BY EXPLICIT CALCULATION OF CONDUCTANCE103

Zero temperature

For zero temperature, the derivative of the shifted Fermi-Dirac function appearing
in the conductance in eq. (8.16) is approximated by a Dirac-delta function, h0

α(ω) =
δ(ω + eVα), yielding the dimensionless conductance matrix gT=0:

g0 =

(
NL −Re

L(−eVL) + AeL(−eVL) − [T eLR(−eVR)− AeLR(−eVR)]
− [T eRL(−eVL)− AeRL(−eVL)] NR −Re

R(−eVR) + AeR(−eVR)

)
. (8.25)

Algebraically, it is a great deal of work to obtain the explicit form for the scattering
matrix and hence the conductance matrix in eq. (8.25), even in this simple model.
One needs to multiply the Green’s function (see eq. (8.23)) by the coupling matrix
as in eq. (8.9), and then calculate the absolute square of each term in the S-matrix
with itself, yielding the probability amplitudes defined in eq. (5.30).

Instead of doing the whole calculation by hand, a Mathematica script (see [3])
may be used instead. In the script, the probability amplitudes are obtained from
constructing the scattering matrix eqs. (8.9) in lead ⊗ electron− hole space. These
are inserted in the differential conductance matrix in eq. (8.25)3. Evaluating the
same expressions, but substituting for ω → −ω, one can use eq. (8.18) to find the
symmetric and antisymmetric components of these local g0

αα and nonlocal g0
ᾱα con-

ductances. Simplifying the expressions with the Mathematica function FullSimplify

finally yields:

g0,sym
LR (ω) = −4ξLξR

E2
0 + ξ2 − 8Re {ξ2

LR}+ 2γLγR + ω2

(E2
0 + ξ2 − 8Re {ξ2

LR}+ 2γLγR − ω2)
2

+ 4γ2ω2
(8.26)

g0,asym
LR (ω) = −4ξLω

2E0γR + 8Im {ξ2
LR}

(E2
0 + ξ2 − 8Re {ξ2

LR}+ 2γLγR − ω2)
2

+ 4γ2ω2
(8.27)

g0,sym
LL (ω) = −γLγR − 4Re [ξ2

LR]

ξLξR
g0,sym
LR (ω)

+ 8ω2 γ2
L − ξ2

L + 4Re [ξ2
LR]

(E2
0 + ξ2 − 8Re [ξ2

LR] + 2γLγR − ω2)
2

+ 4γ2ω2
(8.28)

g0,asym
LL (ω) = −g0,asym

LR (8.29)

3In defining the complex numbers {uα, vα}, we make sure to explicitly define one variable for the
amplitude, and another for the complex phase. In this way, the Mathematica algorithms can more
easily make useful simplifications of the expressions, such as trigonometric identities and canceling
of terms.
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8.3.2 Differential conductance spectroscopy

We are interested in probing the properties of the single Andreev bound state with
energy E0. Thus, we now consider the case where the energy is close to resonance,
ω ≈ E0. With this assumption, the squared bracket in 1/|det(G0

eff)|2 from eq. (8.23)
can be Taylor-expanded to zeroth order in δ = E2

0 − ω2 around zero. That is, (δ +
constant)2 ≈ δ2 +O(δ + constant), such that 1/|det(G0

eff)|2 is

1

[E2

0 − ω2] + ξ2 − 8Re
{
ξ2
LR

}
+ 2γLγR︸ ︷︷ ︸

constant




2

+ 4γ2ω2

≈ 8E2
0

(E2
0 − ω2)

2
+ 4γ2E2

0

≡ L0(ω) (ω ≈ E0). (8.30)

The line function L0(ω) describes the shape of the conductance peaks as a function of
ω for a given set of parameters. L0(ω) is symmetric in ω and is peaked around ±E0,
where it has a peak value 2/γ2. Hence4, its full width at half maximum (FWHM) is
approximately 2γ.

For small level broadenings (E0 � πν|tα|2), the line-function approximates to

L0(ω) ≈ 2π

γ δ(E0 − |ω|)
. (8.31)

With this approximation, the differential conductances (eqs. (8.26) through (8.29)),
are

g0,sym
LR (ω) ≈ −ξLξRL0(ω) (8.32)

g0,asym
LR (ω) ≈ −ξLγRL0(ω)sign(ω) (8.33)

g0,sym
LL (ω) ≈

[
γLγR + γ2

L − ξ2
]
L0(ω) (8.34)

g0,asym
LL (ω) ≈ ξLγRL

0(ω)sign(ω). (8.35)

Finite temperature

In fact, the common denominator 1/|det(G0
eff)|2 can always be factorized in front of the

conductance matrix, for any temperature, because it arises from taking the absolute
square of the elements of the scattering matrix (eq. (8.9)). This scattering matrix

4FWHM(L0(ω)) = |±(ω1 − ω2)|, where ω1/2 =
√
E0

√
E0 ± 2γ are the values that positive

ω takes at the points where L0(ω) is at half its maximum value. Taylor-expanding in small γ,
ω1/2 ≈ E0 ± γ.
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contains the inverse of G0
eff(ω), given by eq. (8.23), for which 1/det(G0

eff) is clearly
factorized outside the whole expression.

At finite temperature, the conductance matrix in eq. (8.16) can be expressed in
terms of the zero-temperature conductance matrix elements from eq. (8.25) as

g(VL, VR) =

∫ ∞

−∞
dω

(
hL(ω) g0

LL(ω) −hR(ω) g0
LR(ω)

−hL(ω) g0
LR(ω) hR(ω) g0

RR(ω)

)

The finite temperature conductance matrix is also multiplied by the line-function in
eq. (8.30). The finite-temperature result is then obtained by convoluting the line-
function by the function hα(ω) (see eq. (8.17))

df̃α(ω)

dVβ
=
df(ω + eVβ)

dVβ
,

where β is the second index in g0
αβ. Thus, the energy integral of eq. (8.31) is

L(Vβ, T ) =
1

e

∫ ∞

−∞
dω
df(ω + eVβ)

d(ω + eVβ)

d(ω + eVβ)

dVβ
× 2π

γ
δ(E0 − |ω|)

=
π

2kBTγ

∫ ∞

−∞
dω sech2

(
ω + eVβ
2kBT

)
δ(E0 − |ω|)

=
π

2kBTγ
sech2

(±E0 + eVβ
2kBT

)
,

or equivalently, one may re-write the bias at the arbitrary lead β as ω, and write

L(ω, T ) = π
2kBTγ

sech2
(
E0−|ω|
2kBT

)
. In other words, having a finite temperature re-shapes

the zero-temperature conductance in the same way for all energies E0(λ), even though
the independent variable λ, which in some manner parameterizes the energy, may
vary.

Importantly, the nonlocal symmetric conductance is proportional to the charge
coupling at both leads, while the antisymmetric component is only proportional to
that of the left lead. The relations also hold interchanging L and R. Therefore, in
this approximation, the local charge qα scaled by nα at either end of the wire, (Qα),
can be probed by measuring the nonlocal symmetric and antisymmetric conductances
and taking their ratio

Qα =
g0,sym
ᾱα (E0)

g0,asym
ᾱα (E0)

sign(E0) =
qα
nα
. (8.36)

This is another key result. In section 8.4, we demonstrate this relation and when it is
valid with a numerical simulation for a one-dimensional Oreg-Lutchyn tight-binding
model.
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8.3.3 1D Oreg-Lutchyn model: Eigenenergy dependencies

The Oreg-Lutchyn Hamiltonian in one dimension

H =

(
−~2∂2

z

2m∗
− µ− iαR∂zσy

)
τz + ∆τx + VZσz (8.37)

models a proximitized topological superconducting wire along the z-direction and lives
in Nambu (the combined electron− hole and spin) space. The chemical potential
of the wire is µ, αR is the Rashba spin-orbit coupling strength, and VZ = BZ/2
parametrizes the Zeeman field, where BZ = gµBB is the Zeeman splitting of an
electron due to the applied parallel magnetic field B, and g is the gyromagnetic ratio
in the wire. ∆ is the induced superconducting gap, taken to be real for convenience,
and σ and τ are Pauli matrices in spin and electron-hole space, respectively. If the
wire is infinite, the system is in the topological phase for

µ <
√
V 2
Z + ∆2, (8.38)

as discussed in chapter 4.3.3. The dispersion relation is given by eq. (4.20).
Consider again the local gates depicted in the set-up in figure 8.1. Each gate

produces a local potential between points a and b along the wire. We model this
potential by adding V (z, a, b)τz to the Hamiltonian, where V (z, a, b) = Vg,i is constant
for z ∈ [a, b] and zero elsewhere.

Using the Hellmann-Feynman theorem dE
dλ

=
〈
dH
dλ

〉
, where |ψ〉 = (u↑, u↓, v↑, −v↓)T

is the Nambu spinor and λ is an arbitrary independent variable that parameterizes
the eigenenergy E, the added gate term yields

dEn
dVg

=
d

dVg
〈ψ|V (z, a, b)τz |ψ〉

= 〈ψ|
∫ b

a

dz |ψ〉 〈ψ| τz |ψ〉

=

∫ b

a

dz (q↑(z) + q↓(z)) , (8.39)

where the local charge at the spacial coordinate z with spin σ is qσ(z) = |uσ(z)|2 −
|vσ(z)|2. In the second equality, a resolution of identity is inserted and the derivative
has been performed. We stress that

The energy dependence on the gate voltage is given by the integrated charge
between points a and b and is therefore not a local quantity.
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If the gate voltage is constant and along the whole wire, it can be mapped to the
chemical potential of the wire up to a sign: In the Hamiltonian, µ couples to −τz,
while the gate potential is coupled to τz, and therefore

Mapping from a constant global gate potential to µ introduces an extra sign.

This is useful to note because µ will be an independent variable in the numerical
simulations.

We are also interested in the energy dependence on the Zeeman field. Using the
same ingredients as above, one obtains

dEn
dVZ

=

∫
dz (q↑(z)− q↓(z)) . (8.40)

We emphasize that

The energy dependence on Zeeman field is given by the integrated spin polar-
ization.

For strong fields, the topological phase is in an almost fully spin-polarized regime5.
With higher spin polarization, one would expect the energy dependence in eq. (8.40)
to be governed by the integrated charge −

∫
dz q↓(z). When this is indeed the case,

there is effectively also an extra minus sign to account for if we try to relate dEn/dVZ
and the charge of the ground state.

Any deviation between the integrated charge in eq. and the actual, local end
charges qα in this model (obtained from diagonalizing the Hamiltonian in eq. (8.37))
is affected by two factors: (i) the degree of spin-polarization in the ground state, and
(ii) the degree of which the integrated and actual local charges qα differ, due to the
end state not being completely localized at the edge sites α. On the other hand, when
the independent variable is the global gate voltage, that is, µ in the Hamiltonian, the
deviation can only be attributed to (ii) (delocalization, because the chemical potential
couples directly to the integrated charge in eq. (8.39), and not to spin polarization).
These findings, from applying the Hellmann-Feynman theorem to the Hamiltonian
with added gate potentials that couple equally to electrons and holes, are used to aid
in interpreting the numerical results in section 8.4.

5If the system is perfectly spin polarized, the model can be mapped onto the Kitaev chain. This is
a way one can argue that the Oreg-Lutchyn model describes a topological system for the appropriate
choice of spin-orbit coupling and (strong) applied field in a superconducting wire (see chapter 4.3.3).
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8.4 Numerical Results

8.4.1 Construction of the S-matrix

tRtL
a

z1 z2 zi−1 zi zi+1 zN−1 zN

Figure 8.2: Discretization of the one-dimensional Hamiltonian into hopping (solid black
lines) and onsite (circles) terms, depicted in real space. Each onsite term sits on a site
at the z-coordinate zi, where i = 1, 2, . . . , N . The inter-site distance is a. Normal leads
are attached at the left and right end sites. The coupling to the leads is modeled by the
hoppings tα (blue dotted lines).

In performing the numerical simulations, the coupling matrix and the Hamiltonian
are discretized for every ficticious site. The inter-site hopping is approximated as
nearest-neighbor, yielding the tight-binding version of the Oreg-Lutchyn Hamiltonian

Hnum =
N∑

i=1

Honsite |ziστ〉 〈ziστ |+ {Hhop |zi+1στ〉 〈ziστ |+ h.c.} (8.41)

where

Honsite = (2t− µ) τz + VZσz + ∆τx (8.42)

Hhop =

(
−t+

{
iαR

2a
σy + h.c.

})
τz. (8.43)

If the total number of sites is N and the length of the wire is L, the inter-site distance
is a = L/N . The kinetic hopping amplitude is t ≡ ~2/2m∗a2 in electron-hole space,
while the hopping contribution from the spin-orbit coupling is tR ≡ αR/2a.

Like the S-matrix, the coupling matrix is a block matrix in lead space

W †
num =

(
W †

L

W †
R

)
.

In our model, as depicted in figure 8.2, the lead only couples to the left and right edge
sites. Thus, the coupling to the leads is zero for all other sites, and we implement

W †
L =

(
1 0 . . . 0 0

)

W †
R =

(
0 0 . . . 0 1

)
︸ ︷︷ ︸

N blocks

,
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where each block are specified in Nambu space and are thus 4×4 matrices. Contrary
to the single Andreev level model, the energies of the system nor the diagonal basis are
known by construction in the numerical model, and have to be determined by numer-
ical diagonalization. Only after the diagonalization routine can the {uσ(zi), vσ(zi)},
i = 1, 2, . . . N factors be extracted from the eigenstates.

The weaker the tunnel couplings are to the leads, the sharper the measured con-
ductance peaks become. In other words, one may choose the lead coupling such that
the conductance peaks are more narrow than a typical energy spacing of the states
one finds useful. If, on the contrary, the peak width is too large, the conductance
peaks may overlap significantly, and one may lose information due to interference
between peaks, or alternatively put, interference in the effective Green’s function
ω − H + iπνWW† in the S-matrix. When constructing the coupling matrix in the
simulations that follow, the coupling terms are chosen as 2πν|tL|2 = 2πν|tR|2 = t/2,
such that |tα| are significantly smaller than the system hopping. With this particular
choice of symmetric tunnel couplings, the S-matrix (see eq. (8.9)) assumes the form

Snum(ω) = 1− i t
2
Wnum

(
ω −HBdG + i

t

4
WnumW

†
num

)−1

Wnum. (8.44)

Implementing a non-symmetric lead coupling can be done by Wα → tαWα and
specifying ν as a separate variable from t and tα.

From Snum(ω), we calculate the conductance as a function of µ and VZ for a
range of energies ω of incident single particles in the leads, which is given by the bias
voltages applied at either side. We take the bias to be the same V = VL = VR at each
side, similarly to in section 8.2. This is done for a specific set of system parameters.
As outlined in section 8.3.1, the zero-temperature conductance matrix in eq. (8.25) is
calculated from accessing these probabilities in the scattering matrix Snum(ω). The
results are presented in section 8.4.2.

By diagonalizing the low-level system Hamiltonian in eq. (8.41), the Nambu spinor
at site i and the eigenenergy En of the n’th eigenstate

∣∣ψEni
〉

=
(
uEni,↑ , v

En
i,↓ , u

En
i,↓ , −vEni,↑

)T
(8.45)

are obtained, from which the charges and weights

qEni =
∑

σ

∣∣uEni,σ
∣∣2 −

∣∣vEni,σ
∣∣2, nEni =

∑

σ

∣∣uEni,σ
∣∣2 +

∣∣vEni,σ
∣∣2 (8.46)

at for instance the end sites can be calculated and compared to two key quantities:
the integrated charge in eqs. (8.39) and (8.40), and to the charge probed by the
nonlocal symmetric and antisymmetric conductances, using eq. (8.36).
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8.4.2 Nonlocal antisymmetric differential conductance

We implement a tight-binding Hamiltonian with the Rashba-spin orbit strength αR =
0.28 eV Å, induced superconducting gap ∆ = 180µeV , and effective mass m∗ =
0.023me, with me the electron mass. The wire is 1500nm long and has N = 800
sites. Thus, the inter-site distance (lattice constant) is a = 1.875nm. Hence, the in-
tersite hopping energy from the kinetic term in the Hamiltonian is t = 471meV , while
tR = 7.5meV , the hopping due to the spin-orbit term, is two orders of magnitude
smaller.
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Figure 8.3: The nonlocal antisymmetric conductance plotted as a function of bias V ,
and chemical potential µ in (a) and (c), with VZ = 400µeV , and as a function of VZ for
µ = 0 in (b) and (d). Panels (c) and (d) show a zoom in of the near-zero bias peaks in the
conductance, for segments of the topological region.

Figure 8.3 displays the results from the simulations for both trivial and topological
regions. The peaks of the nonlocal antisymmetric conductance (red and blue broad-
ened lines) overlap with the energies found by numerical diagonalization of the tight-
binding Hamiltonian. The topological phase transition takes place at |µ| ≈ 350µeV
in (a) and VZ ≈ 200µeV in (b). Inside the topological region, near-zero bias peaks
in the conductance emerge. These peaks oscillate around zero bias due to the finite
size of the system, which renders the end state wavefunctions with a finite overlap.
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The sign in the conductance changes close the maxima of the energy. This can
be understood as being the manifestation of the Hellman-Feynman theorem, which
can be re-stated as eqs. (8.39) and (8.40). When the derivative of the energy is zero
(at the maxima and minima of the energy E0), the integrated charge is necessarily
zero, according to the theorem. Similarly, when VZ is variable, the derivative in
the energy should follow the integrated spin-polarization. In the high field limit, an
increase in the spin-polarization may strengthen the correlation between dE/dVZ and
the integrated charge.

Considering figures 8.3c and (d) more closely, the sign changes in the conductance
do not coincide exactly with any of the energy maxima. This ’shift’ is completely
attributed to the discrepancy between how we measure conductance, and what the
Hellman-Feynman theorem states: conductance is only probed at the end sites, while
dE/dλ is the exact, integrated charge for the closed system. The nature of local and
integrated quantities are discussed in section 9.2.

8.4.3 Numerical conductance spectroscopy and local BCS
charge

The antisymmetric and symmetric components of the nonlocal conductance in figures
8.3c and (d), are read off along the lowest energy E0. This energy is calculated from
diagonalizing the Hamiltonian (in eq. (8.41)), and is shown in figure 8.4a, together
with the conductances. Numerically speaking, this trace along the lowest energy E0

is given by the set of points {λ[i], V [j]} in the space spanned by {λ, V } in figure 8.3c
and (d). The resolution is i = 1, 2, . . . , 1000 in the λ-direction, and j = 1, 2, . . . , 800
in the V -direction for this particular simulation. For every point λ[i], the algorithm
picks j such that |V [j]− E0[i]| is minimized.

The lattice spacing a has been chosen to be so short that the eigenenergies
do not change significantly by decreasing the lattice constant further. Specifically,
the eigenenergies changes less than the difference between the local and integrated
charges, both of which are shown in figure 8.4. For our purposes, the continuous
model is therefore represented accurately enough by the tight-binding Hamiltonian.

The antisymmetric component (blue line) oscillates between positive and negative
values, and has two types of zeros: one where the energy crosses zero, and another
when the energy is close to one of its extrema.

? At the eigenenergy zero crossing, the zero in the conductance g0,asym
LR [i, j] man-

ifests as a dip.

4 Near the extremal points of the eigenenergy, the conductance g0,asym
LR [i, j] crosses

zero and the sign of the conductance changes.
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Figure 8.4: (a) and (b) show the nonlocal symmetry-decomposed differential conductances
traced along the energy E0, in the same domains of µ and VZ as in figures 8.3c and 8.3d. In
(c) and (d), their ratio (green line) is shown, together with the exact end charge QR (black
line) and the derivative of the energy (gray dashed line), both determined from numerically
diagonalizing the effective system Hamiltonian 8.41.

Numerically, the symmetric component (orange line) only has near zeros around
the energy extrema points 4. In particular, when the tunnel coupling to the leads
is not negligible, the traced symmetric component does not completely reach zero in
our numerical simulations. We attribute this to small numerical inaccuracies6.

In figure 8.4c and (d), we probe the local charge at the right edge site, QR, both
from estimating it using the ratio of the conductances as in (8.36) (green line), and
from diagonalizing the system (black line). For significant domains in µ and VZ , the
charge is indeed probed by the nonlocal conductance, as is expected in the single
Andreev bound state model (see section 8.3.1).

The charges align better the further away from the divergencies they are. For
example, for the higher µ values, the effective distance traced in V, µ space is longer
between each divergence because the amplitude of the energy oscillations increases.

6The resolution in the biasenergies (3× 10−2/800) is finite. We can minimize |V [j]− E0[i]| and
find the best j for the given resolution, but this does not mean we have the true value of the
biasenergy for which the conductance is, for instance, exactly zero.
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Therefore, charges coincide better for higher µ in this case. This is another way
of saying that probing the charge using the conductances is more reliable when the
energy spacing becomes larger compared to a given level broadening. The nature of
the divergences is discussed further in section 9.1.

For comparison to the integrated system, the derivative of the energy is shown
(gray dashed lines). Its sign roughly follows that of the charges, although it is shifted
significantly to the right. One reason for this discrepancy can be interpreted as being
due to the charge not being completely localized at the ends. The energy is related
to the integrated charge, while the charge QR and the ratio g0,sym

LR [i, j]/g0,asym
LR [i, j] are

probed at the ends of the wire. As a result, the shift in the energy from the charge
may quantify the degree of which the near-zero mode charge is localized at the ends of
the wire.

Observe that the discrepancy between the integrated (−dE/dVZ) and local (QR

and g0,sym
LR /g0,asym

LR ) quantities is larger when the magnetic field is the independent
variable. In section 8.3.3, we argued that any discrepancy between the derivative
of the energy and the local end charge must stem from either delocalization, or the
system not being completely spin-polarized. That is, spin polarization may also
contribute to the shift between −dE/dVZ and QR observed in figure 8.4d.

This observed shift is further discussed in light of the real-space dependence of
probability density, spin polarization and charge in sections 9.2.2 through 9.2.4.

8.5 Nonlocal conductance simulations using Kwant

We now turn back to working with the Kwant package. We first build the tight-
binding system, given by the onsite Hamiltonian in eq. (8.42), and the nearest-
neighbor hoppings in eq. (8.42). The zero-temperature expression (see eq. (8.25))
for the local and non-local differential conductances are calculated from accessing the
transmission and reflection probabilities from the S-matrix, which Kwant outputs for
the model (see [3]). The relevant entries in the S-matrix are, for a given biasenergy
and independent variable λ (these variables, indexed by i and j, respectively, are both
looped over):

Re
L[i,j] = smatrix.transmission((0,0),(0,0))

AeL[i,j] = smatrix.transmission((0,1),(0,0)))

T eLR[i,j] = smatrix.transmission((0,0),(1,0))

AeLR[i,j] = smatrix.transmission((0,1),(1,0))

(8.47)

The left (right) lead corresponds to the 0 (1) index. See figure 6.6 for a refresher on
the indexing convention, and for how the electron-hole symmetry is defined for the
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Figure 8.5: A line-cut of the in-gap conductance calculated for the same system as in the
main results, but now using Kwant. The local, symmetric conductance, G0,sym

LL , is outside
the range of the values plotted on the conductance axis.

lead Builder objects. This symmetry is necessary to provide explicitly, in order to
access the electron and hole components as done in eq. (8.47). The program flow is
as outlined in chapter 6.3.

We use the same system parameters as in the earlier results, but with a much
coarser discretization of 60 sites for a 1500nm wire, thus a = 25nm, and t =
6.80meV . The tight-binding parameter of the leads is tleads = 1meV , which cor-
responds to a band-width of 2meV . The pincher is implemented with tpincher = 3 tsys.
We reproduce the symmetry relation G0,asym

LR (V ) = −G0,asym
LL (V ), for a line-cut at

µ = 0.2meV . The different components are shown in figure 8.5. Whether the dif-
ferential conductances are being accurately represented for energies above the gap,
and to what degree the tight-binding Hamiltonian represents the continuous model,
are different questions. The fact still stands: the symmetry between the local and
nonlocal antisymmetric conductance is, per construction, a mathematical property of
any non-interacting scattering region with a lead geometry that supports non-local
measurement.



Chapter 9

Discussions and Conclusions

9.1 Divergent peaks in the ratio g0,sym
LR /g0,asym

LR

From figure 8.4, we saw that the value g0,sym
LR [i, j]/g0,asym

LR [i, j] diverges near the zero-
energy crossings (at points 4), and near the energy maxima (at points ?). De-
creasing the tunnel coupling further, the traced symmetric component more strongly
approaches zero at the zero-energy crossings. As a result, the divergent peaks become
more narrow. The width of these peaks can, in principle, be made arbitrarily narrow,
by decreasing the tunnel coupling to the leads. One may have to adjust the resolution
in λ and the biasenergy to see the peaks if they become very narrow.

We note that, when computing the fraction g0,sym
LR [i, j]/g0,asym

LR [i, j] around the
points 4, it diverges towards positive or negative values, depending on which side
this point is approached from. Whether the sign is positive or negative on either side
of points 4, is determined by sign(g0,asym

LR [i, j] × g0,sym
LR [i, j]), where the symmetric

component always has the same sign when traced along E0.

Around the energy zero crossings at points ?, where the symmetric component
is finite, the fraction also diverges. At these points, the two lowest energy states
given by ±E0(λ) cross. The conductances g0,asym

LR as a function of E0(λ) → 0, and
g0,asym
LR of −E0(λ)→ 0, destructively interfere at the points ?. In fact, this destructive

interference must be a feature in the effective Green’s function G0
eff(ω).

From the Hellmann-Feynman theorem, we expect the charge to be maximal when
the derivative dE/dλ has a local maximum or minimum (at points ?). However, this
theorem can only be applied to a single eigenstate with energy±E0(λ). Therefore, any
interference effect in the differential conductance is unaccounted for by this theorem.
In addition, the points ? coincide with regions where the energy spacing ∼ 2E0 is
not much larger than the broadening of the conductance peaks. Due to both these
factors, the ratio g0,sym

LR [i, j]/g0,asym
LR [i, j] does not actually probe the charge given by

115
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eq. (8.36), close to the points ?.

The lowest two eigenenergy solutions are inherent physical properties of the closed
system. While divergences at points 4 are a consequence of how we choose to probe
the system, the divergence at the zero energy-crossings cannot be removed by letting
the tunnel coupling to the leads approach zero.

9.2 Real space considerations

In figure 8.4, we have already seen that there is a discrepancy between the integrated
charges (dE/dλ, for λ = µ, VZ) and local end charges (the exact charge QR = QL

and the fraction g0,sym
LR (λ)/g0,asym

LR (λ) probing it). When the discrepancy is significant,
the bound state must have non-zero weights away from the ends of the wire: if it did
not, there is no way in which the integrated charge could be different from the end
charges, because there would be no charges to integrate over away from the ends. Had
the two charge signals been completely aligned, we cannot tell conclusively that the
wavefunction is localized at the ends. A state with significant weight away from the
ends of the wire may also produce a charge profile in real space that, when integrated
over, yields exactly the same charge as the end charges.

In this section, we seek to quantify the degree of localization of the actual wave-
function and charge profiles in real space, so that we can compare it to the shift
between dE/dλ. We additionally compute the spin polarization in real space, to see
whether this polarization may have influenced the integrated charge when λ = VZ
(see figure 8.4d). In broader terms, the aim of this investigation is also to demonstrate
in more detail the nature these two quantitative measures.

9.2.1 A function quantifying the localization of a signal

Consider a one-dimensional complex signal φE0
i (λ), specified on a discrete lattice as a

function of the lattice site i. E0 is the energy quantum number specifying the state,
and λ is an independent variable. In our simulations, this variable is either µ or VZ .
We seek a function which encapsulates whether or not a signal is localized around
some point(s) in the lattice.

Following the formulations in [30], the degree of localization can be modeled by
the localization function AβL(λ) for a given set of quantum numbers β. In our case,
β = E0. The proposed localization function is given by

AE0
L (λ) =

1

L

L∑

l=1

exp
(
2πiPE0

l (λ)
)
. (9.1)
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The total number of sites in the system is L, and the phase-factor

PE0
l (λ) =

l∑

i=1

∣∣φE0
i (λ)

∣∣2. (9.2)

is expressed as the sum of the absolute square of the signal, summed accumulatively
up to and including site l.

By considering some examples of signals, we can get an idea of how well AE0
L (λ)

may distinguish between signals in our simulations. Comparing certain signals, one
may expect the ’degree of localization’ to be widely different. This is illustrated now.

If the wavefunction is completely delocalized, it is a constant as a function of real
space, as illustrated in the second plot from the left in figure 9.1a. These are arbitrary
signals, thus we omit the E0 index. In this case, Pl(λ) ∝ l/L for all l (see the second
plot from left in figure 9.1b). Assuming that the number of sites is sufficiently large,
the set of all complex numbers {exp(2πiPl)}l will swipe out the whole unit circle in
the complex plane, yielding |AL| = 0. See the same column in figure 9.1c, which
shows how the real and complex components of AL accumulates as a function of l.

On the contrary, if the wavefunction is completely localized at one site i0 (φE0
i (λ) =

δi,i0 is a Kronecker delta), the phase is Pl(λ) = 0 for l < i0 and Pl(λ) = 1 for l ≥ i0. All
these phases contribute with elements exp(2πiPl) = 1, such that

∣∣AE0
L (λ)

∣∣ evaluates to

1 (see the first column in figure 9.1 (a) through (c)). For these two examples, AE0
L (λ)

is a perfect measure of the degree of localization of the signal φE0
i (λ). It assumes the

values

AE0
L (λ)

{
= 1, if completely localized,

= 0, if completely delocalized,
(9.3)

which perfectly reflect our expectations about these signals.
We also want a function that reflects whether a signal is neither completely local-

ized nor delocalized. When the function in eq. (9.1) evaluates to a value between 0
and 1, it may be that the signal is, to a certain extent, delocalized. However, there
are some cases where the phase cancels in a symmetrical way, yielding |AL| = 0, even
though the signal is not perfectly constant.

Three sinusoidal signals are analyzed in figure 9.1, in the three last columns from
the right. We choose to categorize them as being delocalized signals with features.
Due to the first two sinusoidal signals (from the left) being half-periodic, |AL| becomes
exactly zero in these cases, because of cancellation that occurs from summing over the
phase factor. This exemplifies a potential short-coming of quantifying localization in
this way. However, for the sinusoidal signal that is not half-periodic, the localization
function is finite. We therefore conclude that, although

∣∣AE0
L (λ)

∣∣ seems to quantify
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Figure 9.1: (a) Example signals for a non-normalized wavefunction φi. From left to right
(N = 100): δi,N/2 (completely localized, Kronecker-delta function), i/

√
(N) (completely

delocalized), sin(2π× i), sin(1.5× 2π× i), and sin(1.25× 2π× i), where i is the site index.
(b) Phases Pl from the normalized probability density of φi. (c) Cumulative value of the
localization function |AL| (black line) as higher elements of the sum over sites is performed.
The real and complex components are shown in blue and orange dotted lines, respectively.
|AL| is the cumulative function at i = 100, and the completely localized (delocalized) signals
yield |AL| = 1 (0). The half-periodic sinusoidal signals yield |AL| = 0, while the localization
function for the sinusoidal signal that is not half-periodic (right-most plot) is finite.

that a delta-function is localized while a constant function is completely delocalized,
it may not be a perfect measure for more complicated functions in general. On the
other hand, it does capture delocalized signals, with or without features, when it
takes values less than 1.
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9.2.2 Probability density in real space

The probability density corresponding to the lowest energy mode E0 (see figure 8.4)
is shown in figure 9.2a and 9.2b for λ = µ and VZ , respectively. The same parameters
are used as in the previous simulations (see for example figure 8.3), but the number
of sites used is reduced to N = 200 due to computation cost.

Before entering the topological region in site, µ-space in figure 9.2a, the lowest
energy wavefunction satisfies the boundary conditions by going towards zero at the
edges. The probability density largely assumes a single wavelength that is two times
the system length.

Inside the topological region, |µ| . 350µeV , two end-states (red peaks) form near
the ends. For larger positive µ-values still inside the topological region, the probability
density becomes more ’textured’, that is, smaller peaks also form between the end
states. Note that the probability density is symmetric around the middle of the wire,
because the model Hamiltonian does not distinguish between left and right sides in
real space.

The effective topological gap, ∆top, is estimated numerically (gray line). It is
calculated by finding the minimum energy of the dispersion in the Oreg-Lutchyn
model, given by eq. (4.20), for every value of λ. In devising the algorithm performing
this calculation, it was crucial to include the appropriate domain of wave-numbers k
that contains all the minima in the dispersion. The resolution in k, as well as the
fact that this dispersion is intended to describe an infinite system, are the two main
sources of error in the algorithm.

The effective superconducting gap and the localization function (black line) have
similar dependencies on µ (figure 9.2c). The localization function

∣∣AE0
N (µ)

∣∣ of the

probability density is calculated analogously to earlier (φE0
i (λ) = ψE0

i (µ) in (9.2)).
Close to the two topological phase transitions, ∆top approaches zero, but does not
reach exactly zero within the numerical resolution in λ = µ and VZ . However, the
localization function does reach zero within this resolution1.

For example, on both sides of the first topological phase transition at µ1,∆top =
−357µeV for the gap and µ1,|ψ|2 = −348µeV for the localization, both ∆top and

AE0
N (µ) monotonically increase until reaching a maximum value. In the topological re-

gion, a maximum ofmax(∆top(µ)) = 179µeV is reached at µ = −128µeV , after which
it stays approximately constant (it increases by the order of 1% of max(∆top(µ))) until
µ = 128µeV . Thereafter, the gap decreases monotonically until a second almost-zero
point around the second phase transition at µ2,∆top = 357µeV . The localization

1Note that in these numerical calculations, the numerical resolution in AE0

L (λ) is set by the
resolution in µ. Thus, the localization function being zero at µ1(2),|ψ|2 means it is zero within its

uncertainty set by its numerical resolution.



120 CHAPTER 9. DISCUSSIONS AND CONCLUSIONS

−500 0 500
0

50

100

150

200

si
te

(a)

0 200 400 600 800

(b)

−500 0 500

µ [µeV ]

0

1

2

∣ ∣ ∣A
E

0
N

∣ ∣ ∣
[

]

0 200 400 600 800

VZ [µeV ]

(d)

0.5 1.0 1.5 2.0 2.5

×10−2

|ψE0
i (λ)|2 [m−1]

∆top [102 µeV ] ∆top [102 µeV ](c)

Figure 9.2: The normalized (
∑N=200

i=1

∣∣∣ψE0
i (λ)

∣∣∣
2

= 1) probability density
∣∣∣ψE0
i (λ)

∣∣∣
2

=
∣∣∣uE0
i,↑ (λ)

∣∣∣
2

+
∣∣∣uE0
i,↓ (λ)

∣∣∣
2

+
∣∣∣vE0
i,↑ (λ)

∣∣∣
2

+
∣∣∣vE0
i,↓ (λ)

∣∣∣
2

is plotted in (a) and (b) as a function of site

i and λ = µ, VZ . Level-crossings with a higher excited state has occured in the grey
area with black skewed lines. In (c) and (d), |AN | (black line) quantifies the degree of
localization of the wavefunction for a line-cut in site-space at every µ- and VZ-value. Eq.
(9.1) (with φE0

i (λ) = |ψi(λ)|2 in eq. (9.2)) has been implemented, obtaining this. The
gray (white) background denotes the normal (topological) region as estimated from the
topological gap ∆top (gray line). This gap has been calculated numerically by finding the
global minimum energy from the energy dispersion of the Oreg-Lutchyn Hamiltonian given
by (4.20), making sure that all minima in the bands were present in the chosen momentum-
domain. All model parameters, except the number of sites N = 200, is identical to the
previous numerical results shown in this chapter.

reaches its maximum value max(AE0
N (µ)) = 0.68 at µ = −45µeV . In the region

where this function looks mostly flat, −200µeV . µ . 200µeV , it changes by about
0.03, or 4% of max(AE0

N (µ)). Close to the second phase transition, the localization
function becomes zero at µ2,|ψ|2 = 375µeV . Although the gap and the localization
are similar, the latter saturates faster away from the topological phase transition, and
it reaches zero at systematically higher chemical potentials (by the order of 10µeV ).

Also note that the effective topological gap calculated numerically actually does
not go completely to zero at the phase transitions. As a function of µ, it reaches its
minimum value of 0.24µeV or 0.1% of max(∆top) = 179µeV , and as a function of
VZ , a minimum of 0.53µeV or 0.3% of the same maximal value. Given that a closing



9.2. REAL SPACE CONSIDERATIONS 121

of the gap should signify a topological phase transition, these minima being non-zero
could imply that the particular values of the very small minima or zeros found in∣∣AE0

N

∣∣ are not so important for discussing whether or not the phase transition occurs.
If this is the case, the most important take away from the localization function may
be that it has a minimum close to where the phase transition is expected to occur.
In what follows, we therefore restrain citing precise values in

∣∣AE0
N

∣∣.
For higher chemical potentials after the second phase transition, the localization

function continues to increase until the lowest eigenenergy crosses with the second
lowest one. At that point, the lowest energy eigenstate is a different state with a dif-
ferent localization profile, and should not be compared to the topologically protected
lowest energy state. The areas of µ, site-space where level crossing has occurred is
therefore not shown (gray, striped overlay).

Similarly to in 9.2a, end states form inside the topological region |VZ | & 200µeV
(see figure 9.2b). For larger magnetic field, the probability density also becomes more
textured. Outside the topological region, the lowest energy state is a superposition
of several different frequencies, contrary to in 9.2.a, where it is more or less a single
mode.

In figure 9.2d, the gap continues to increase in a linear fashion on both sides of
|VZ | = 180µeV , where it has a minimum. For higher fields, it reaches a maximum
max(∆top) = 179µeV at VZ = 360µeV , after which it stays approximately constant
(it decreases by 1% of max(∆top)). The localization reaches a maximum value 0.69 at
VZ = 356µeV , and decreases significantly thereafter. Because ∆top stays constant for
higher field, it may not be related to the observed decrease in

∣∣AE0
N

∣∣ for higher fields.

Given that
∣∣AE0

N

∣∣ is a reliable measure for localization in this specific case, we
may propose that the observed decrease in localization is affected by the total spin-
polarization of the system because: As the system becomes more spin-polarized, the
topological protection diminishes. In section 9.2.3, we show the spin-polarization,
similarly to in figure 9.2. We investigate whether or not the total spin-polarization
increases in this region of higher fields, where the localization function decreases.

9.2.3 Spin polarization in real space

Figure 9.3 shows the spin polarization for the same system parameters as before, and
with sub-figures similarly as in figure 9.2. In the trivial region in figure 9.3a, the spin
polarization is approximately a single mode. In the topological region, the end states
are highly spin polarized, while in the bulk, the spin polarization oscillates between
both positive and negative values. However, with field as the variable in 9.3b, the
spin polarization alternates between positive and negative values as a function of real
space in both the topological and the trivial region. The finite magnetic field has
spin-split the energy band of the system.
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Figure 9.3: The normalized spin polarization qE0
i,↑ (λ) − qE0

i,↓ (λ) =
∣∣∣uE0
i,↑ (λ)

∣∣∣
2

−
∣∣∣vE0
i,↑ (λ)

∣∣∣
2

−
(∣∣∣uE0

i,↓ (λ)
∣∣∣
2

−
∣∣∣vE0
i,↓ (λ)

∣∣∣
2
)

in real space as a function of µ and VZ are shown in (a) and (b),

respectively. The localization function AN (black line) of the spin polarization (φE0
i (λ) ≡

qi,↑(λ)− qi,↓(λ) in eq. (9.2)) and the absolute value of the total spin summed over all sites
(orange line) are shown in (c) and (d). The sign of the total spin polarization is first negative
and then positive after the second topological phase transition in (c), while it is negative
for all VZ in (d).

The localization function of the spin polarization, and the absolute value of the
total spin are shown in figure 9.3c and 9.3d as a function of µ and VZ , respectively.
In figure 9.3c, the localization function has a local minimum which is close to the
first topological phase transition. At higher µ-values, the spin polarization signal
transitions from being approximately single-mode to being multi-mode in real space.
At the order of tens of µeV after the second phase transition of the continuous infinite
Oreg-Lutchyn model (the interface from the white to the gray area in the figure), the
localization has a second non-zero minimum.

In figure 9.3d, the localization function is approximately constant in the trivial re-
gion, and decreases steadily for increasing magnetic field in the topological region. Si-
multaneously with this decrease, the system becomes more negatively spin-polarized.

The key take away from the spin polarization is:

• Even though the total spin polarization changes significantly as a function of
µ inside the topological region, the localization of the probability distribution
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∣∣ψE0
i (µ)

∣∣2 does not. This suggests, but cannot verify, that the degree of local-
ization of the wavefunction is independent of the total spin polarization when
µ is the independent variable.

• At the same time as the spin-polarization
∣∣∑

i q
E0
i,↑ (VZ)− qE0

i,↓ (VZ)
∣∣ increases for

higher magnetic fields, the localization function of the probability density,
∣∣ψE0

i (VZ)
∣∣2,

decreases. This supports the argument that the degree of localization of the
wavefunction in general should depend on the spin-polarization when VZ is the
independent variable, see (8.40).

In section 9.2.4, the BCS charge is calculated in real space in order to evaluate how
well the shift between the local and integrated charges is correlated to localizations
in real space.

9.2.4 BCS charge in real space

In section ??, the delocalization of the bound state was suggested to explain the
shift between −dE0/dµ and QR. This was based on the energy dependence on the
integrated charge shown in (8.39).

If the local and integrated BCS charges are almost the same, the localization
around the local charge is high, and their difference is close to zero. Therefore, one
minus this difference should quantify the degree of localization in the similar terms
as the localization function

∣∣AE0
L

∣∣ from eq. (9.1):

1−
(
QR +

dE

dλ

)




= 1, if completely localized.

∈ (0, 1) in between completely localized/delocalized.

= 0, if completely delocalized or in between.

(9.4)

If (9.4) overlaps with the localization function
∣∣AE0

L

∣∣ of the charge signal, these func-

tions may seem to work similarly. If eq. in addition is similar to
∣∣AE0

L

∣∣ of the prob-
ability density (see figure 9.2), this would suggest, but not confirm, that the charge
quantity is an appropriate measure of delocalization. Again, we stress that when eq.
(9.4) is zero, the wavefunction may still have significant weights away from the ends
of the wire.

The charge is plotted in figure 9.4.a and 9.4.b in real space as a function of µ
and VZ , respectively. Up to negligible numerical errors, the global charge

∑N
i=1 Qi

overlaps completely with −dE/dλ in these calculations (both are not shown). In
the normal region, the charge is approximately single-mode and always positive in
figure 9.4a, while its sign alternates in the corresponding region in figure 9.4b. In the
non-trivial region, depending the given value of µ or VZ , the charge either oscillates
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Figure 9.4: BCS chargeQi =
∣∣∣uE0
i,↑

∣∣∣
2
+
∣∣∣uE0
i,↓

∣∣∣
2
−
∣∣∣vE0
i,↑

∣∣∣
2
−
∣∣∣vE0
i,↓

∣∣∣
2

in real space for i = 1, 2, . . . N ,

N = 200 sites, as a function of µ in (a) and of VZ in (b). The localization function AN of
the charge (φE0

i (λ) ≡ Qi(λ) in eq. (9.2)) is shown in black in (c) and (d). Identity minus
the deviation between the local charge, QR, and the integrated charge, −dE/dµ, is shown
as a gray line.

between positive and negative values, or it oscillates, but the sign of the charge does
not change. The charge becomes small, but finite, at the ends of the wire.

The localization function of the charge shows similar behavior as that of the
probability density in figure 9.2c, and that of the spin polarization in figures 9.3c and
9.3d. In the topological region, it tends to oscillate around a slightly decreasing value.
The amplitude of these oscillations also increases with higher values of µ and VZ .

The alternative localization given by (9.4) (gray line) is similar to the localization
function in figure 9.4c, including the oscillatory behavior. For instance, the first and
second minima in both the localization function and the charge difference are non-
zero numerically and do overlap. However, the charge shift reaches consistently larger
values in the trivial regions compared to AE0

N (µ).

In figure 9.4d, the localization function AE0
N (VZ) stays approximately constant

during the topological phase transition, similarly to the case of the spin polarization
in figure 9.3d. In the same region, the charge shift (eq. (9.4)) changes significantly
and is consistently smaller than

∣∣AE0
N (VZ)

∣∣. Thus, the latter may be a better indicator
of the topological phase transition than the former in this case.

For all the localization calculations combined:
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• The topological phase transition is associated with a local minimum in the
localization function AE0

N (λ), for φE0
i (λ) = ψE0

i (µ), qE0
i,↑ (µ)− qE0

i,↓ (µ), Qi(µ), and

ψE0
i (VZ). However, the localization function for the spin polarization and the

charge as a function of VZ , does not change significantly around the topological
phase transition.

• The fact that neither the probability density, spin polarization nor the charge is
completely localized for any µ or VZ, suggests that, by probing local quantities
at for example the end sites, the information gained should not fully describe
integrated quantities, such as dE/dλ.

9.2.5 Reconciliation of numerical models: Green’s function
approach and Kwant

In this work, we have used both the Green’s function approach, implementing the
Weidenmüller formula (see eq. (8.9)), as well as the Kwant package. Both approaches
are based on the same theoretical machinery, namely solving the scattering problem
at the boundaries between a the sample region and the leads.

Apart from small numerical errors, one particular source of apparent inconsistency
could stem from how the pincher is implemented. With Kwant, the tight-binding pa-
rameter for the onsite potential (see eq. (8.42)) at either side of the wire, tsite L and
tsite R, are increased above the tight-binding parameter for the remaining scattering
region, t. In effect, a potential barrier exists on these end sites. The barrier strength
is parameterized by tsite α/t, which, in turn, alters the reflection and transmission
coefficients, as we saw in chapter 3.2 (see for example figure 3.8). The transmis-
sion coefficient is also parameterized by the tunneling coupling in the Weidenmüller
formula. Therefore, there exists a mathematically rigorous mapping between the
strength of the potential barrier, implemented with Kwant, and the tunnel coupling
in the Green’s function approach. Hence, the main source of inconsistency between
the particular Kwant model, generating the conductance line-cut in figure 8.5, and
the other model, generating the data in for instance figure 8.3, should arise due to
the difference in discretization, and not due to the rest of the model.

9.3 Conclusion

We have considered a device that is three-terminal, but effectively two-terminal in
terms of single particle current for energies below the gap. The S-matrix obeys
particle-hole symmetry. The unitarity of the S-matrix gives rise to two conservation
laws, for the probability current traveling through a superconducting, one-dimensional
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scattering region: one describing the incoming, another describing the outgoing elec-
trons in a given normal lead.

Contrary to a two-terminal device, with one superconducting and one normal
lead, the three-terminal setup allows for current, at one end of the wire, to be cor-
related with the bias applied at the opposite end. (In the real system, this bias is
measured between the wire and the grounded superconducting lead.) In other words,
a conductance matrix with both local and nonlocal components, can be constructed.
Assuming that scattering probabilities are independent of the bias applied to each
lead, the non-locality of the current is encoded only in the Fermi-Dirac distribution
in the lead opposite to where the current is measured. Hence, the differential con-
ductance Gαβ is always a function of the voltage Vβ.

We find that the differential conductance shows distinct symmetries for three-
terminal devices with a superconducting scattering region. Setting the left and the
right bias voltages equal to one another, and imposing particle-hole symmetry, it
follows that the antisymmetric local conductance, Gasym

LL , equals the antisymmetric
non-local conductance, Gasym

LR , up to a minus sign. The S-matrix formalism for non-
interacting systems is used to calculate the local and nonlocal differential conductance,
both analytically and numerically.

The conductance matrix of a single Andreev bound state is probed spectroscopi-
cally, and is shown to contain information about the charge at the points where the
system is probed. At finite temperature, the conductance peaks of the symmetry-
decomposed conductance matrix, is re-shaped by a line function that does not change
as a function of energy (µ and VZ in the Oreg-Lutchyn model). Close to resonance,
the non-local conductance is related to the local end charge. Dividing its symmetric
(g0,sym
LR (ω ≈ E0) ∝ qLqR) by its antisymmetric (g0,asym

LR (ω ≈ E0) × sign(E0) ∝ qLnR)
component, the proportionality factors cancel, yielding only the charge Qα ≡ qα/nα
in (8.36). The energy of the Oreg-Lutchyn Hamiltonian derived with respect to the
chemical potential, which can be thought of as a global gate along the whole wire,
equals the charge of the system, integrated along the length of the gate. Similarly,
the energy derived with respect to the energy VZ is the integrated spin polarization.

The discrete version of the S-matrix is implemented numerically, with two different
approaches to solving for the S-matrix: The Green’s function approach, and with the
Kwant package for the Python language. The conductance matrix is obtained with
both approaches, and show similar results when applied to the three-terminal device.
The conductance, mapped in bias-λ space, λ being either the chemical potential or
the applied magnetic field, displays a closing of the gap around where the topological
phase transition is expected from the Oreg-Lutchyn model of an infinite wire. In the
topological region, the near-zero energy modes are gapped. These modes oscillate
due to the finite-size effect. The spectroscopic conductance is obtained by tracing
the conductance along the eigenenergy obtained from numerically diagonalizing the
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Hamiltonian of the closed system. The non-local antisymmetric conductance changes
sign near the local maxima in the energy oscillation of the gapped modes. This
component alone specifies where the end charge changes sign.

The numerically calculated fraction g0,sym
LR /g0,asym

LR overlaps with the end charge
in the regions where the energy E0 is much larger than the width of the non-local,
antisymmetric conductance (around the energy maxima), and away from the zero-
energy crossings. The divergences around the energy peaks, may be removed by
decreasing the tunnel coupling to the leads. The divergences at zero-energy crossings
are an integral feature of the system.

The energy, obtained by diagonalizing the tight-binding Oreg-Lutchyn Hamilto-
nian, is a global quantity, while the end charges, either probed by the non-local
conductance or calculated from numerical diagonalization, are local. As a result, a
non-zero shift in the energy from the charge may quantify the degree of which the
near-zero mode wavefunction is localized at the ends of the wire. The shift between
the derivative of E0 and the local charge, is comparable to the result obtained from a
toy localization function we introduce. As a function of VZ , this shift becomes more
complicated, and may be a combination of both the delocalization of the probability
density, as well as the total spin-polarization of the system. The localization func-
tion exhibits a minimum for the real-space signals that change, from being mostly
composed of the lowest possible frequency that satisfies the boundary conditions, to
a higher frequency signal. For most signals considered (except the spin-polarization
and the charge, both versus field), such a minimum appears close to the topological
phase transition. The localization function for the probability density, decreases for
increasing fields inside the topological region, even though the theoretically predicted
effective topological gap (for an infinite, 1D Oreg-Lutchyn Hamiltonian) does not.
This decrease could be attributed to the observed increase in spin polarization, which
may diminish the effective gap.

9.4 Outlook

9.4.1 Including bias-dependence in the S-matrix.

The symmetry relation G0,asym
LL (V ) = −G0,asym

LR (V ), has been demonstrated experi-
mentally in a three-terminal hybrid device [1]. For sub-gap energies (of aluminum),
the relation seems to hold slightly better for lower bias voltages. This could suggest
that the effective potential in the system was bias-dependent in the experiment. For
energies above the gap, the relation continues to deviate increasingly with bias. This
may be explained by the fact that quasiparticles are allowed to carry current inside
the superconducting lead, which is not captured by our model. In the experiment,
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they also observe that the sub-gap energy conductance peaks depend on the plunger.
In the numerical model here, the plunger is modeled by the tunnel coupling to the
leads, which only changes the width of the conductance peaks, and not the energy of
the peaks themselves.

Reverting our attention back to sub-gap energies, there are still some limitations
of our model assumptions. When we use the Landauer-Büttiker formalism, we assume
that the scattering probabilities (see eq. (5.30)) are energy-independent. As a result,
the particle has a constant energy between the points where it enters and leaves the
system. In a real system, there may be interaction effects that enables modes to
transition between energy channels, for instance as is sketched in figure 9.5.

(a) lead Rlead L

conductor
TLR(E)

TRL(E)x

y

contact L

µL

contact R

µR

(b)

fL(E)

E

i+L
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1
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fR(E)

E

i+R
i−R

1

µR

Figure 9.5: (a) A conductor is connected to two reflectionless contacts through leads.
The transmission probabilities are energy dependent. (b) Energy distributions of leads at
finite temperature. Several energy channels (red boxes) in the conductor can carry current.
Dashed line: example of ’vertical flow’ between energy channels.

An example where the scattering probabilities are energy-dependent is when an
electron increases its energy by absorbing a phonon. This may lead to phonon-assisted
tunneling. However, the picture in figure 9.5 only depicts one possible scattering
mechanism, when in reality, one has to consider all non-negligible ways in which
particles can travel between the leads. In fact, phonon-assisted tunneling may de-
pend on many independent variables, such as biasenergy, temperature and phonon
frequency[31].
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Another example where increasing the interactions does not necessarily increase
the conductance, is a Coulumb blockaded system[32]. Strong Coulumb interactions
prevents electronic charges from entering the system. Turning on the Coulomb in-
teractions couples different scattering events, that were completely uncoupled in the
non-interacting picture. With these interactions, processes where several electrons
meet in time and space are very unlikely to take place. In the Landauer-Büttiker
formalism, on the other hand, an arbitrary number of particles can scatter off the
same point in space and time, as long as they belong to different channels. Therefore,
this formalism does not capture the unlikeliness of these processes.

9.4.2 Three-terminal model for energies above the gap

Throughout the numerical simulations in this thesis, we have implemented the effec-
tive Hamiltonian, with an effective, proximity-induced superconducting gap. Perhaps,
the proximity effect can be demonstrated with transport measurements using Kwant.
To clarify, consider the low-level system shown in figure 9.6. With this system, one
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Figure 9.6: The graph of a low-level system, whose scattering region consists of 1D semi-
conducting onsite and hopping potentials (leftmost blue sites with vertical orange lines
between each site), coupled to a 2D superconducting lead (on the right). The two one-
dimensional leads are semiconducting.

could experiment with calculating the conductance between the two normal leads,
and between one normal and the superconducting lead. One may be able to read off
the induced gap inside the wire from the conductance, but not from diagonalizing the
closed system.
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An advantage of this low-level system, is that it accounts for the quasiparticle
current for energies above the gap (see figure 3.8). Therefore, this three-terminal
system could be simulated to possibly demonstrate a bias-dependent deviation from
the symmetry relation, G0,asym

LL (V ) = −G0,asym
LR (V ), as was observed in experiment,

for energies above the gap. If a deviation in the symmetry relation is observed in
such a simulation, the combination of supercurrent and quasiparticle current in the
superconducting lead (see for instance eqs. (3.39) through (3.42)), should explain any
such deviation.

9.4.3 Implementing tunnel-coupling to the leads in Kwant

The end sites in the effective Green’s function model have the same onsite potentials
as the rest of the scattering region. It is the tunnel couplings to the leads which
are different, in fact smaller, than the hopping terms inside the closed system. This
exact kind of pincher implementation is impossible2with Kwant, because the scatter-
ing region has to end with a site (not a hopping), and the leads are translationally
invariant. One could try to circumvent this problem with the following steps, in
order:

1. Build the scattering region like usual, but with one extra site on each end where
the leads will be attached.

2. Overwrite the last hoppings, on both ends, by a hopping term with t substituted
by t̃ < t.

3. Overwrite the end sites, on both ends, by an onsite term with t substituted by
the tight-binding parameter, tleads, for the leads.

4. Attach normal leads, with onsite and hopping terms given in terms of tleads.

One might wonder which site the end charges should be read off when using this
graph. The real end charge, in the sense it has been considered in our analysis so
far, should be that of the second to last end sites in this closed system. However, the
non-local conductance probe would probe the very last sites. If the end sites indeed
have the same onsite potential as the leads, there should not be a difference between
the wavefunction solutions at this site and in the first site in the leads. However,
the boundary condition actually changes: Kwant will solve the scattering problem,

2Recall from the code example in figure 6.6 that, in order to define a hopping term, Kwant
requires two input sites between which the hopping term acts as a tunnel coupling. As far as
the author knows, it is not possible to specify a hopping between two sites belonging to different
Builder-objects in Kwant v1.4.1.
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with the Dirichlét boundary conditions at the sites on the outside of the barriers. In
the future, one could construct this type of graph, and see how the charge probed by
non-local conductance measurements changes with this slight alteration of boundary
conditions.
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Appendix A

BCS theory

A.1 Expectation value of the number operator

The expectation value of the total number operator, when measured by the BCS
ground state, is derived explicitly in the following. The number operator N̂qσ =
c†q,σcq,σ quantifies whether or not the electronic state with momentum and spin q, σ

is occupied (
〈
N̂qσ

〉
= 1) or unoccupied (

〈
N̂qσ

〉
= 0). Thus, the total number of

electrons is the expectation value of the sum

N̂ =
∑

q,σ

c†q,σcq,σN̂ = 2
∑

q

c†q↑cq↑. (A.1)

In the second equality, we have assumed spin symmetry. We seek to measure this
number with the BCS ground state given by (2.7), that is, to explicitly calculate

〈
N̂
〉

= 〈ψBCS| N̂ |ψBCS〉

= 2 〈ψBCS|
∑

q

c†q↑cq↑
∏

k

(uk + vkc
†
k↑c
†
−k↓) |0〉 .

In the following, we adopt the notation |ψBCS,k〉 = (uk + vkc
†
k↑c
†
−k↓) |0〉.

Consider the factor in the BCS ground state bra and ket that has the same
momentum-index as that in the number operator. Applying those components to
the number operator yields a factor

2 (u∗q + v∗qc−q↓cq↑) c
†
q↑cq↑ (uq + vqc

†
q↑c
†
−q↓).

All but the |vq|2c−q↓cq↑c†q↑c†−q↓ term measure to zero when they meet the vacuum bra
and ket with index q, because all other terms apply an annihilation operator on the
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vacuum. Hence,

〈
N̂
〉

= 2
∑

q

|vq|2
(∏

k′ 6=q

〈ψBCS,k′ |
)
〈1|−q↓ 〈1|q↑ |1〉q↑ |1〉−q↓

(∏

k 6=q

|ψBCS,k〉
)

= 2
∑

q

|vq|2. (A.2)

The bras and kets with identical momentum and spin indices, have identical occupa-
tions, and altogether normalize to 1.

A.2 Variance of the number operator

We seek the variance in the number operator, given by

δN̂2 =
〈
N̂2
〉
−
〈
N̂
〉2

. (A.3)

The second term is (A.2) squared. In determining the first term, note that the spin
symmetry used in equation (A.1), when squared reads

N̂2 = 4
∑

q,p

c†p↑ cp↑ c
†
q↑ cq↑ . (A.4)

Consider splitting up one of the sums from (A.4) in the expectation value

〈ψBCS| N̂2 |ψBCS〉

= 4 〈ψBCS|
(∑

p=q

+
∑

p6=q

)∑

q

c†p↑ cp↑ c
†
q↑ cq↑

∏

k

|ψBCS,k〉 .

Evaluating the p = q sum is similar to what was done calculating the expectation
value of N̂ , in that only the |vq|2-term is non-zero upon measurement. Now now,
there are two, and not one, number-operator like (c†c) factor being measured, that is

4 (u∗q + v∗qc−q↓cq↑)c
†
q↑cq↑c

†
q↑cq↑(uq + vqc

†
q↑c
†
−q↓)

= 4 |vq|2 (c−q↓cq↑) c
†
q↑cq↑c

†
q↑cq↑

(
c†q↑c

†
−q↓

)
.

It makes no difference having this extra number operator, as opposed to having only
one of them, when applied to the ket on the right. In fact, having any integer number
of such operators with the same quantum numbers multiplied with each other will
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not change the measured result. Hence, closing with the whole BCS states, the first
sum evaluates to

4 〈ψBCS|
∑

p=q

∑

q

c†p↑ cp↑ c
†
q↑ cq↑

∏

k

|ψBCS,k〉 = 4
∑

q

|vq|2. (A.5)

The second sum where p 6= q is

4
∑

q

∑

p6=q
〈ψBCS| c†p↑ cp↑ c†q↑ cq↑ |ψBCS〉

= 4
∑

q

∑

p6=q

∏

k′

∏

k

〈0| (u∗k′ + v∗k′c−k′↓ck′↑) c
†
p↑c
†
−p↓c

†
q↑c
†
−q↓(uk + vkc

†
k↑c
†
−k↓) |0〉

= 4
∑

q

∑

p6=q
|vp|2|vq|2. (A.6)

In the second equality, N̂ applied to the k = q and k = p parts of |ψBCS〉 yields
∏

k=q,p

c†p↑ cp↑ c
†
q↑ cq↑ (uk + vkc

†
k↑c
†
−k↓) |0〉k

= vqvp c
†
p↑ c

†
−p↓c

†
q↑ c

†
−q↓ |0〉p↑,−p↓,q↑,−q↓ .

When closed with the corresponding bra for k′ = q, p, all the operators measure to
1. In order to see this, consider first the case where k′ = p. Only the v∗k′-term from
the 〈ψBCS,k′ | survives the measurement when applied to the middle term, yielding

|vp|2 p↑,−p↓〈0|c−p↓cp↑c†p↑c†−p↓ |0〉p↑,−p↓ = |vp|2

and similarly (|vq|2) for the factor where k′ = q. Hence, (A.6) is obtained. In sum,
it has been demonstrated that

〈
N̂2
〉

= 4
∑

q

|vq|2
(

1 +
∑

p6=q
|vp|2

)
(A.7)

by adding up (A.5) and (A.6).
Inserting for (A.2) and (A.7) in the variance given by (A.3), one obtains

δN̂2 = 4
∑

q

|vq|2
(

1 +
∑

p6=q
|vp|2

)
− 4

∑

q′

|vq′ |2
∑

p′

|vp′ |2

= 4
∑

q

|vq|2
(

1 +
∑

p6=q
|vp|2 −

[∑

p′ 6=q
+
∑

p′=q

]
|vp′ |2

)

= 4
∑

q

|uq|2|vq|2, (A.8)
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In the last equality, the p,p′ 6= q sums cancel, and the normalization condition
1 − |vq|2 = |uq|2 is invoked. As long as there exists at least one q state in the
superposition that is the BCS ground state, for which neither one of the coefficients
are zero, the variation in the number operator (A.8) is finite. If for example one of
the amplitudes squared is one, the other is necessarily zero. Such a component will
not contribute to δN̂2, as is the case for energies εk far away from εF , as illustrated
in figure 2.3.

A.3 Explicit form of the free energy

Consider the expectation value eq. (2.13). The calculation for the first term is

identical to what was done for
〈
N̂
〉

(see appendix A.1), apart from the extra ξk-

factor which resides in the sum of the Hamiltonian eq. (2.9). Therefore, we have

〈ψBCS|
∑

k

ξk

(
c†k↑ck↑ + c†k↓ck↓

)
|ψBCS〉 = 2

∑

k

ξk |vk|2.

First considering the factor of |ψBCS〉 with the same index as the fermion operators
(denoted p) in the second term of the Hamiltonian, allows for the simplification
(omitting the real −∆p factor and

∑
p)

〈ψBCS|
(
c†p↑c

†
−p↓ + c−p↓cp↑

)
(up + vpc

†
p↑c
†
−p↓) |0〉p↑,−p↓ |ψBCS,k 6=p〉

= 〈ψBCS|
(
upc

†
p↑c
†
−p↓ + vp

)
|0〉p↑,−p↓ |ψBCS,k 6=p〉

where |ψBCS,k 6=p〉 =
∏
k 6=p

(
uk + vkc

†
k↑c
†
−k↓

)
|0〉k. Only the cross-terms survive, be-

cause all other terms annihilate the vacuum. Similarly decomposing 〈ψBCS|, the above
expression is

(
u∗pvp + v∗pup

)
, using that the BCS kets are normalized to 1. Combining

the first and the second terms yields the free energy

F =
∑

k

[
ξk 2|vk|2 −∆k (u∗kvk + v∗ku

∗
k)
]
. (A.9)

For simplicity, take µ = 0 and real uk and vk, for which

F =
∑

k

[εk{cos(2θk) + 1} −∆ksin(2θk)] (A.10)

θk is used to parameterize uk = sin(θk) and vk = cos(θk), which ensures that
the normalization u2

k + v2
k = 1 holds1. The identities 2cos2(θ) = cos(2θ) + 1 and
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2cos(θ)sin(θ) = sin(2θ) have been inserted for, in anticipation that F is to be de-
rived with respect to θk.

Minimizing the free energy

F can be minimized with respect to θk by first setting its first derivative to zero.
Hence, for every k inside the sum in ∂F/∂θk,

tan(2θk) = −∆k

εk
. (A.11)

This enables one to (i) relate the parameter θk, and hence also uk and vk, to (ii) the
relevant energy parameters in the BCS theory, εk and ∆k.

(i) Using the trigonometric identity tan(x) = ±sin(x)/
√

1− sin2(x) and the pre-
viously used trigonometric identities, the left-hand side of eq. (A.11) can be expressed
in terms of uk and uk as follows

tan(2θk) = ± 2sin(θk)cos(θk)√
1− 4sin2(θk)cos2(θk)

=
2ukvk
v2
k − u2

k

. (A.12)

In the second line, we use 1 = u2
k + v2

k to complete the square in the denominator.
(ii) Scaling the numerator and denominator on the right-hand side of eq. (A.11)

by Ek, we may identify

2ukvk =
∆k

Ek
, v2

k − u2
k = − εk

Ek
. (A.13)

Finally, combining the last equality in equation eq. (A.13) with u2
k + v2

k = 1 yields
the desired relations for uk and vk in eq. (2.14).

A.4 BCS density of states derivation

The density of states

d(ω) =
dn

dω
=

1

V
dN

dω
(A.14)

1For simplicity, uk, vk and ∆k are all assumed to be real numbers when we show the derivation in
the next section. For the general case where these parameters are complex numbers, we can perform
a rotation (Gauge transformation) in the Hamiltonian and the eigenvector in electron-hole space,
(uk, vk)T . In doing so, gain a complex factor |∆| → eiφ|∆| and similarly in vk, for which we obtain
the same result as eq. (2.14).
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is a probability density. Thus, it can be expanded in terms of a sum over the spectral
probability density A(kσ, ω) (the spectral function). kσ is the quasiparticle momen-
tum and spin, while V is the volume of the whole system. The spectral function is
given by the retarded BCS Green’s function. By analytical continuation, the density
of states is

d(ω) =
1

2πV
∑

kσ

A(kσ, ω)→ − 1

πV
∑

kσ

Im
[
GRσσ(k, ω + iη)

]
.

where the Green’s function is the BCS mean-field theory Matsubara Green’s function[16,
sec. 18.4]. Inserting for the explicit form of the Green’s function, Gσσ(k, ω + iη) =
ω+iη+ξk

(ω+iη)2+E2
k
, we can write the density of states in the form2

d(ω) = − 1

πV
∑

kσ

Im

[
1

ω − Ek + iη
− 1

ω + Ek + iη

]
ω + ξk
2Ek

, (A.15)

Note that, in d dimensions, dk = (2π)d

V . In the continuum limit, the sum over momenta
can be converted into an energy integral as follows

1

V
∑

k

→ 1

V
1

dk

∫
dk =

1

(2π)d

∫
dk

dξk
dξk. (A.16)

Inside the energy integral, we can use the identity

1

x+ iη
= P

1

x
− iπδ(x) (A.17)

to extract the imaginary component in eq. (A.15), where P is the principal value.
Inserting for eq. (A.17) and eq. (A.16) into eq. (A.15), and performing the integral
for ω < 0 and ω > 0 separately, yields the final result in eq. (2.16), for all ω.

2Having completed the square in the denominator of Gσσ(k, ω + iη), one may do the following
factorization:

ω + iη + ξk
(ω + E + iη) (ω − E + iη)

=

(
A

ω + Ek + iη
+

B

ω − Ek + iη

)
ω + ξk
2Ek

.

Multiplying both sides by the full denominator of the left hand side, one can match terms on the
left and right hand sides. This yields A = −B = −1 and, hence, eq. (A.15).
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BTK theory

B.1 Algebraic manipulation leading to eq. (3.28)

First, all u terms in (3.27) are moved to one side, and all v terms to the other side
of the equal sign. When both equations are squared, and then all terms are moved
to one side, we have avoided making any cross-terms between u and v terms. Setting
the equations equal to one another, we have

(E − ξk)2 u2 −∆2v2 = (E + ξk)
2 v2 −∆2u2.

For example re-arranging for

u2 = v2
[
(E + ξk)

2 + ∆2
] / [

(E − ξk)2 + ∆2
]

and inserting this into the normalization u2 + v2 = 1 gives

v2 =

[
1 +

(E + ξk)
2 + ∆2

(E − ξk)2 + ∆2

]−1

=
1

2

(
1− ξk

E

)
= 1− u2,

which is equivalent to (3.28).

B.2 Derivation of continuum equation for the prob-

ability density current

In order to see this more clearly, consider for example

∂

∂t

(
ff †
)

= f
∂f †

∂t
+
∂f

∂t
f †

=
~

2im

[
f∇2(f †)−∇2(f)f †

]
+

∆

i~
(
gf † − fg†

)
.
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In the second line, ∂f (†)/∂t from the BdG equations eq. (3.24) and eq. (3.25) are in-
serted. The terms containing µ(x) and V (x) cancel, as they are completely imaginary
and their complex conjugates are added together.

The first two terms are

~
2im

[
f∇2(f †) + f †∇2(f)

]

=
~

2im

[
∇ ·

(
f∇(f †)

)
−∇f ·∇f † + ∇ ·

(
f †∇(f)

)
+ ∇f ·∇f †

]

=
~

2im

[
∇ ·

(
f∇(f †)−∇(f)f †

)]

=
~
m

∇ ·
[
Im
(
f †∇f

)]
.

In the second term of the first line, the fermion operators f and f † have been com-
muted. In the second line, the identity φ∇2ψ = ∇ · (φ∇ψ)−∇φ ·∇ψ, for arbitrary
wavefunctions φ and ψ, is inserted for. Again, the two last terms are commuted,
giving an extra minus sign whence the very last term is canceled. Similarly,

∂

∂t

(
gg†
)

= − ~
m

∇ ·
[
Im
(
g†∇g

)]
− ∆

i~
(
gf † − fg†

)
.

Hence,

∂P

∂t
=

∂

∂t

(
f f †

)
+
∂

∂t

(
g g†
)

=
~
m

∇ ·
[
Im
(
f∇f †

)
− Im

(
g∇g†

)]
,

where the term containing ∆ has canceled. From this and the source-less continuum
equation eq. (3.35), the probability current is identified as eq. (3.36).

B.3 The explicit probability currents for the scat-

tering processes

For velocities equal to the Fermi velocity, any probability A through D is

Probability X = JXP /vF (B.1)

For instance, inserting for the particle momentum q− at point (6) into the reflected
wave in eq. (3.32), the Andreev reflected wavefunction is

ψrefl(x) = a

(
0
1

)
eiq
−x, thus f(x) = 0 and g(x) = a eiq

−x.
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In this case, we can see that |g(x)|2 = a∗a. Inserting for the electronic and hole
components f and g and their spatial derivatives into the probability current in eq.
(3.36) yields

JAP = −~q−

m
|g(x)|2 ≈ vF |a|2. (B.2)

−~q−/m is the velocity of the current, which is assumed to be sufficiently close to
the Fermi velocity. Hence,

A = JAP /vF = |a|2. (B.3)

Similarly, we obtain

JBP = vF |b|2,
−~q+

m
≈ vF , J

C(D)
P = vF |c(d)|2

(
|u|2 − |v|2

)
,
~k+(−)

m
≈ vF (B.4)

The probability currents for processes scattering into the superconductor, JCP and JDP ,
are proportional to the Cooper charge.

B.4 The explicit forms of the probability ampli-

tudes

a through d are found by imposing the boundary conditions of eqs. (3.33),

ψinc(0) + ψrefl(0) = ψtrans(0)(
1
0

)
+

(
b
a

)
=

(
uc+ vd
vc+ ud

)
,

and (3.34)

∂ψtrans(x)

∂x

∣∣∣∣
x=0

− ∂ (ψinc(x) + ψrefl(0))

∂x

∣∣∣∣
x=0

=
2mH

~
ψ(0)

i

(
k+cu− k−dv − (q+ − q+b)
k+vc− k−ud− (q−a)

)
=

2mH

~

(
1 + b
a

)
,

and solving the resulting system of four equations:



0 −1 u v
−1 0 v u
0 q+ − 2mH

i~ k+u −k−v
−2mH

i~ − q− 0 k+v −k−u







a
b
c
d


 =




1
0

q+ + 2mH
i~

0


 . (B.5)
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This set of equations can be solved by for example row-reducing the corresponding
augmented matrix to its reduced echelon form1. Imposing the approximation that all
momenta are at the Fermi momentum, the general form of the probability amplitudes
are

a =
uv

γ
(B.6)

b = −(u2 − v2) (~2Z2 + i~Z)

γ
(B.7)

c =
u (1− i~Z)

γ
(B.8)

d =
iv~Z
γ

, (B.9)

with γ = u2 + (u2 − v2) ~2Z2.



Appendix C

Schrieffer-Wolff second order
perturbation theory of the
Oreg-Lutchyn Hamiltonian

Consider the second order perturbation theory of the Oreg-Lutchyn Hamiltonian in
eq. (4.28), represented by a matrix H in the helical basis:

H ≈ H(0) +H(2).

H(i) is the i’th order perturbation. The 0’th order perturbation is the low energy
block,

H(0) =

(
ξk − κ ∆p

∆p −ξk + κ

)
,

while each mm′ matrix element, H(2), is given by [33, app. B]

H
(2)
mm′ =

1

2

∑

l

Hoff−diag
ml Hoff−diag

lm′

(
1

Em − El
+

1

Em′ − El

)
. (C.1)

Hoff−diag
ml is the off-diagonal, ml matrix element of H, where m 6= l. The sum over l

runs over all elements, except m. Em is the diagonal, mm element, which corresponds
to one of the helical energy bands in this case. This second-order perturbation corrects
for perturbations with the low-energy sector, spanned by {e−, h−}, to and back from
the higher-energy sector, spanned by {e+, h+}. Carefully applying eq. (C.1) to H
yields

H(2) =

(
∆2
s

2ξk
0

0 −∆2
s

2ξk

)
.
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Define the high-field limit as VZ � αRk. The diagonal terms in H(2), ∆2
s

2ξk
≈ ∆2

2ξk
,

are constants as a function of the field. The diagonal terms of H(0), on the other
hand, contain κ, which approximates to |VZ | in said limit. Since these latter terms
blow up, while the diagonal terms in H(2) are constants as a function of the field, the
system is approximately described by the lower-energy sector, H(0), in the high-field
limit, as long as |VZ | � ∆2

2ξk
.



Appendix D

S-matrix of a scattering region
connected wide-band leads

We outline the derivation of the S-matrix for a general scattering region, attached
with an arbitrary number of normal leads. The approach used is based on [29].

The proximitized wire is described by the total Hamiltonian

H = HS +Hleads +HT (D.1)

where HS is the Hamiltonian of the scattering region, Hleads that of the metallic leads
and HT is the tunneling Hamiltonian between the two. In this derivation, we assume
both systems can be described by an effective, non-interacting theory, with fermionic
excitations.

In the wide-band limit, we may linearize the lead Hamiltonian around the Fermi
wavevector. That is, Taylor-expanding in small |k − kF | � kF around kF , we have

Hleads =

Nch∑

j=1

∫
dk

2π

k2

2m
ψ†j(k)ψj(k) ≈ vF

Nch∑

j=1

∫
dk

2π
k ψ†j(k)ψj(k),

where ψj(k) are fermion operators in the lead. We assume the unit ~ = 1 throughout
this calculation. Every channel j = 1, 2, . . . , Nch incorporates both the transverse
mode index, the lead index and the spin index. The deviation k from the Fermi
wavevector is assumed to be identical for each channel.

With roman letter indices for the leads, and Greek letter indices for the system,
the tunneling Hamiltonian between the system and the leads is

HT =

Nch∑

j=1

M∑

α̃=1

∫
dk

2π

[
Wα̃jψ

†
α̃ψj(k) + h.c.

]
,
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where M is the number of channels in the closed system, and Wα̃j is a general matrix
element parametrizing the tunnel coupling between channel α̃ in the system and
channel j in the leads. α̃ is also a composite index, comprised from transverse mode,
lead, and spin indices.

We obtain a Schrödinger equation

ε ψj(α̃)(x) = Hψj(α̃)(x) (D.2)

by applying the Fourier transformed lead (scattering region) wavefunctions, ψj(α̃)(k),
to the total Hamiltonian in eq. (D.1). At x 6= 0, the Schrödinger equation for the
leads reduces to a simple differential equation, whose solution is a left-moving plane
wave with wave-vector k = vF/ε [29, eq. (C.5)]. Assuming the leads are perfectly
transmitting, the combined scattering matrix for all leads is identity: every particle
stays inside the same channel throughout the leads. A second simplification arises
from assuming the tunnel coupling is only present at x = 0, that is, at the interfaces
between the scattering region and the leads. Thus, the scattering matrix for the
scattering region is given by identity when x 6= 0. Hence, the lead wavefunction
solutions assume the simple form

ψj(x) =





e−ikx
∑

l a
out
l for x < 0,

ψ(0+)+ψ(0−)
2

at x = 0,

e−ikx
∑

l a
in
l for x > 0,

(D.3)

where

aouti =

NCh∑

j=1

Sij a
in
j (D.4)

is the outgoing scattering amplitude in channel i, which is the sum over all incident
scattering amplitudes in channels j, weighed by the probability amplitude of scatter-
ing from channel j to i. Inserting for eq. (D.3) into both Schrödinger equations from
eq. (D.2), the system of two equations can be solved for aouti . Bringing the expression
for this amplitude on the form in eq. (D.4), the S-matrix can be read off, obtaining
the Nch ×Nch dimensional S-matrix:

S = 1− 2πiνW † (ε−H + iπνWW †)−1
W. (D.5)
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